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or THE 



LONDON MATHEMATICAL SOCIETY. 



VOL. XXV. 



TmRTIETH SESSION, 1893-94. 
November 9th, 1893. 

Annual Oenebal Mebtino^ held at 22 Albemarle Street, W. 
Mr. A. B. KEMPB, F.R.S., President, in the Chair. 

Special Meeting. 

The President stated that, in accordance with a notice sent out to 
all members capable of attending, the meeting had been made a 
" special " one, for the purpose of considering the following resolution, 
which would be submitted by the Council, viz., " That the London 
Mathematical Society be incorporated as a Limited Liability Company, 
under Section 23 of the Companies' Act, 1867, and that the Council 
be empowered to take the necessary steps to carry this resolution into 
effect." 

The adoption of the above resolution was moved by Mr. Basset, 
seconded by Dr. Larmor, and further supported by Mr. S. Boberts 
and the Chairman. The resolution was carried unanimously, and the 
meeting then became the 

Annual General Meeting. 

The President informed the members of the recent decease of 
Mr. W. S. B. Woolhouse, F.RA.S., and gave the following short sketch 
of his life and work : — 

Since our last meeting we have lost by death one who had been a 
member of our Society for over twenty-five years, viz., Wcstley 
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Stoker Barker Woolhouse, who has just passed away at the age of 
eighty-four. In laying before the Society a very slender sketch of 
his life and achievements, I must express the obligations I am under 
to his grandson, Mr. Rea, and our Secretary, Mr. Tucker, for infor- 
mation without which I could not have ventured to make even the 
brief tribute of respect to his memory which I propose to make. I 
regret that the time and opportunities at my disposal have not been 
such as to enable me to do something more to testify to our apprecia- 
tion of one who was in many respects remarkable. 

Mr. Woolhouse was bom on May 6th, 1809. As a boy, though 
fond of practical jokes, he was regarded as particularly dull, his 
stupidity at figures prompting a mode of education which was at one 
time much in vogue, viz., blows on the head with a ruler. This 
mode of stimulating the brain, though not approved of in our own 
times, seems to have been effective, for he suddenly developed a most 
pronounced mathematical faculty, which came to light by the dis- 
covery of some diflBcult integrations chalked on the shop shuttera in 
the lower part of the town of North Shields, where he resided. 
These having been traced to young Woolhouse, the interest of the 
learned of the town was excited, and his progress became assured. 

The communication of problems to the Newcastle Magazine, and the 
Lady*8 and Oentlemans Diary, followed, and at thirteen he obtained a 
prize from the latter for higher mathematics, over the heads of 
several mathematicians of repute. At nineteen, without, it is said, 
ever having seen any treatise on the subject, he published a work on 
geometry of two dimensions. He also, about the same time, pub- 
lished some interesting investigations in dynamics. 

These indications of his powers led to the adoption of a scientific 
career, and, after beginning as a computer for the Nautical Almanack, 
he rose to the post of Deputy Superintendent. The appendices to 
the Almaiuick bear witness to the part he played in constmcting the 
formulsB employed in its calculation. Thus, in the Almanack for 
1835, there are to be found (Appendix, 1-39) " New Tables for com- 
puting the occultations of Jupiter's satellites by Jupiter, the transits 
of the satellites and their shadows over the disc of the planet, and 
the positions of the satellites with respect to Jupiter at any time," 
and a paper " On the Computation of an Ephem^ris of a Comet from 
its Elements " (Appendix 40-48). The Almanack for 1836 has an 
Appendix by him (pp. 53-148) " On Eclipses," and that for 1837 one 
** On the Determination of the Longitude from an observed Solar 
Eclipse or Occultation " (Appendix, pp. 172-183). 
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Subsequently he became the actuary of the International Loan 
Fund. His actuarial work on the tables employed by life assurance 
offices was of first-rate importance ; but perhaps ^' his most remark- 
able feat was the solution of a problem in probabilities in connexion 
with the Ten Hours Bill. The question was how far the factory 
girls had to run in a day, when attending the ' mules ' and trotting 
backwards and forwards to tie the threads which were constantly 
breaking. Mr. Woolhouse was engaged by Lord Ashley to go down 
to Manchester and obtain the necessary data. He performed the 
journey, obtained the data, solved the problem, wrote his report, and 
sent it ofF by the same evening's post. Mr. Woolhouse's calculation 
showed that the thread girl ran upwards of thirty miles each working 
day." Some remarks of his on the problem are to be found in the 
Lady^s and OentlemarCs Diary for 1869, pp. 91-96. 

The Philosophical Magajsine contains several papers from his pen. 
There was one in 1836, " On the Theory of Gradients on Railways " 
{Fhil. Mag., viii., 243-6), and another, in the same year, " On the 
Theory of Vanishing Fractions '* (Phil, Mag,, viii., 293-400 ; ix., 
18-26, 209-212). One in 1860, " On the Deposit of Submarine 
Cables " (Phil, Mag,, xix., 346-361), led to a letter from the late 
Astronomer Royal, highly complimenting him on having " com- 
pletely mastered a rather difficult investigation." And a paper in 
the same magazine in 1861, " On the Rev. T. P. Kirkman's Problem 
respecting certain Triadic Arrangements of Fifteen Symbols " (Phil, 
Ma^., XXII., 610-616), shows that he must be numbered among those 
who have attacked the " Girls' School Problem."* 

The Royal Society's catalogue of scientific writings refers also to 
a paper by him in the Mathematical Miscellany of 1838 (Vol. i., 
pp. 336-343), " On the Theory of Exponential and Imaginary 
Quantities." 

To our own Proceedings he communicated but one paper, which was 
" On General Numerical Solution," Vol. ii., p. 76, 1868. 

In a list of his writings before 1880, which has been furnished me 



* In the Lady*» and Gentleman's Diary fur 1862 (pp. 84-88), and again in that 
for 1863 (pp. 79-90), Woolhouae fully discusses, in very small type, this question , 
which was first proposed, in the Diary for 1850, by the Rev. T. P. Kirkman. Of 
the previous solutions he says : '* They are irregular in construction, and do not in 
their present state suggest any system of derivation.*' He proposes, in his remarks, 
to give " a complete and systematic solution, with a few observations.'' Further, 
in the Diary for 1866 (pp. 94, 95), he gives a short note on Combinations, in con- 
nexion with the Phil, Mag, article on 'Hiads. 

b2 
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by Mr. Tucker, I find reference to the following works, besides those 
of which I have already spoken : — 

" On the Application of Algebraic Analysis to Geometry," Lond., 
1831, 8vo ; 

" On Musical Intervals," 1835, 8vo ; 

" Tables of Continental Lineal and Square Measures," 1836, 8yo ; 

" On the Mortality in the Indian Army," 1839, 8vo ; 

" Elements of the Differential Calculus," 1852, 8vo ; 

** Measures, Weights, and Monies of all Nations," 1856, 12mo ; 

"Memoirs of the Early Life of W. S. B. Woolhouse," North 
Shields, 8yo. 

I have reason to believe that the list which I have given from the 
materials at my disposal is far from exhaustive,* and that other 
important papers might be referred to. Among his minor works 
may be mentioned the editing of the Almanacks of the Stationers' 
Company for half a century, and an edition of Tredgold " On the 
Steam Engine." He was a frequent contributor to the mathematical 
columns of the Educational Times. 

Some allusion should be made in conclusion to his character, which 
was one of unblemished simplicity. He was, says his grandson, " a 
perfect child in business affairs, always too ready to please, and too 
willing to be led." 

He next gave a brief account of Prof. Klein's mathematical work, 
in connexion with the fourth award of the De Morgan Medal (made 
at the June meeting of the Council) to that gentleman. As Prof. 
Klein was unable to be present, the medal, at his instance, was 
given in charge to Prof. Greenhill and Dr. Forsyth ; these gentlemen 
made suitable replies to the President's address.f 

The Treasurer then read his Report. Its reception was moved by 
Dr. Forsjrth, seconded by Mr. S. Roberts, and supported by Mr. Basset 
(who expressed the hope that, with a succession of favourable reports 
and strict economy, the time was not far distant when the Society 
would have rooms of its own with suitable accommodation for its 
accumulating library), and carried unanimously. 



* The theorem now known as Holditch*8 Theorem (Williamson, Int, Calc., third 
edition, p. 206) was first proposed in the Diary for 1858 (Prize Qaest. 1928). 
Mr. Woolhouse gives a general solution (ef, Williamson, l,e,) on p. 96, and, in the 
Diarff for 1859, he gives (pp. 89-95) some "general theorems in further extension 
of Quest. 1928.*' 

t This address is given, in extemOf in Nature^ November 23rdy 1893 (p. 80). 



1893.] Annual General Meeting. 5 

At the request of the Chairman, the Bev. T. B. Teny consented to 
act as Auditor. 

From the Report of the Secretaries, it appeared that the number of 
the members during the session had been 221, but was now reduced 
to 216, in consequence of two deaths, two withdrawals, and one 
removal. The number of compounders is 98. 

The Society had to regret the loss, by death, of Mr. Hari Dis 
Sdstri, M.A., who was elected a member December 11th, 1890 ; and 
of Mr. Westley Stoker Barker Woolhouse, F.B.A.S., who was elected 
a member December 12th, 1867. 

The following communications had been made or received : — 

(Collaboration in Mathematics (Valediotory Address) : Prof. Ghreenhill. 

Note on the Equation y' — « (a:* — 1) : Prof. W. Bumside. 

Some Properties of Homogeneous Isobaric Functions : Prof. E. B. Elliott. 

On certain General Limitations affecting Hyper-Magic Squares : Mr. S. Roberts. 

On a Theorem in Differentiation, and its Application to Spherical Harmonics : 

Dr. Hobson. 
Notes on Determinants: Mr. J. E. Campbell. 
On the Evaluation of a certain Surface-Integnmly and its Application to the 

Expansion, in Series, of the Potential of Ellipsoids : Dr. Hobson. 
On the Application of the Sylyester-Gliflord Qraphs to Ordinary Binary 

Quantics (second part) : Mr. A. B. Kempe. 
On the Vibrations of an Elastic Gixovlii|(i9tpng : Mr. Love. 
Note on Secondary Tucker-Ciroles : Mr.- J. Ghriffiths. 
On a Group of Triangles inscribed in a given Triangle ABC, whose Sides are 

Parallel to Connectors of any Point P with A, B, C: Mr. R. Tucker. 
On the Thirty Cubes that can be constructed with Six differently Cdouxed 

Squares : Major P. A. MacMahonj^^^ 
Note on the Stability of a Thin Ekstilflmt Mr. Love. 
A Geometrical Note : Mr. R. Tucker. 
The Di«)ptrie8 of Gratings : Dr. J. Larmor. 
On a Threefold Symmetry in the Elements of Heine's Series: Prof. L. J. 

Rogers. 
Note on the Centres of Similitude of a Triangle of Constant Form inscribed in a 

given Triangle : Mr. J. Griffiths. 
On a Problem of Conformal Representation : Prof. W. Bumside. 
On the Collapse of Boiler Flues : Mr. Love. 
On some Formulas of Codazzi and Weingarten in relation to the Application of 

Surfaces to each other : Prof. Cay ley. 
On Complex Primes formed with the Fifth Roots of Unity : Prof. Tanner. 
The Singularities of the Optical Wave-Surface, Electric Stability, and 

Magnetic Rotatory Polarization : Dr. J. Larmor. 
On the Linear Transformations between Two Quadrlcs : Dr. H. Taber. 
Note on some Properties of Gkiuche Cubics : Mr. T. R. Lee. 
Pseudo- Elliptic Integrals, and their Dynamical Applications : Prof. GreenhiU. 
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Ck)mplex Integen derived from 0*- 2 - 0, and on the Atgebndoal Int^gen derived 

from an Irreducible Cubic Equation : Prof. G. B. Mathews. 
Note on the Oentree of Similitude of a Triangle of Conitant Form drewntcr^td to 

a given Triangle : Mr. J. QriflBths. 
A Note on Triangular Numbers : Mr. B. W. D. Christie. 
The Harmonics of a Ring: Mr. W. D. Niven. 
Toroidal Functions : Mr. Basset. 

On the Expansion of certain Infinite Products (2) : Prof. L. J. Rogers. 
A Theorem for Bicircular Quartic Curves and for CycUdes analogous to Ivory's 

Theorem for Conies and Conicoids : Mr. A. L. Dixon. 
On Maps and the Problem of the Four Colours : Prince C. de Polig^c. 
On Fermat's Proof that Primes of the Form 4fi -f 1 can be broken up into the 

Sum of Two Squares : Mr. S. Roberts. 
On Canchy's Condensation Test for the Convergency of Series : Dr. M. J. M. 

Hill. 

The same Journals had been subscribed for as in the preceding 
session. An additional exchange of Proceedings had been made with 
the Mathematical Society of Amsterdam. 

As it is some years since the list of exchanges has been printed in 
the Proceedings^ it is here given as it stands at the present time. 

Addresses of Societies and Persons, not Members, who receive the 
*' Proceedings of the London Mathematical Society ^ 

1. The Royal Society. 

2. The Royal Society of Edinburgh. 

3. The Royal Irish Academy. 

4. The library of Trinity College, Dublin. 
6. The Oambiidge Philosophical Society. 

6. The Philosophical Society of Manchester. 

7. The Institute of Actuaries. 

8. The Library of University College, Gower Sireel. 

9. The Principal Librarian of the British Museum. 

10. The University Library, Cambridge. 

11. The Bodleian Library, Oxford, 

12. The Faculty of Advocates, Edinburgh, Advoeaiet^ Library. 

13. The Librarian, Mason Science College, Birmingham. 

14. The Edinburgh Mathematical Society, Edinburgh. 

15. The Editor of JVa/Mrtf. 

16. The Canadian Institute, Toronto. 

17. The Smithsonian Institute, JFathington, D.C., U.S.A. 

18. The United States Kaval Observatory, Wathington, D.C., U.S.A. 

19. The Connecticut Academy, New-Haven, Conn., U.S.A. 

20. The Editors of the <* American Journal of Mathematics," Johm Hopkins 

UniversUg, Baltimore^ Md., U.S.A. 
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21. The Editors of **TheAnnaUi of Mathematics/' Leander MeCormiek Obter' 

vatory. University of Virginia^ U.S. A, 

22. L'Institut NatioDal de France, Paris, 

2:i. La S(x:iete Mathematique, 7 JR<4e des Grands- Any uaiint, Paris. 
24« La Soci6t^ Philomathique, 7 £us dss Grands- Auyustins, Paris, 

25. [M. le General Commandant] TEcole Polytechnique, Paris, 

26. La Soci^t^ des Sciences physiques et naturelles, Bordeaux, 

27. Biblioth^ue Universitaire de m6decine et des sciences alli^es, 8t, Michel, 

Twilouse. 

28. L*Acadeuiie Koyale des Sciences, des Lettres, et des Beaux Arts de 

Belgique, Palais des Acadimies, Bruxclles, 

29. La 8oci6t^ Hollandaise (par Tentremise du Bureau scientifiqne central 

N^erlandais), Haarlem, 

30. M. le Prof. Bierens de Haan, Redacteur de '< Nieuen Archiv,'* Leiden. 

31. The Editors of the << Annales de i'Eiole Polytechnique ^ Delft." 

32. The Mathematical Society of Amsterdam. 

33. Reale Istituto Lombardo di Scienze e Lettere, Milan. 

34. Reale Accademia dei Lincei, Palazzo delle Scienze, Lunyara 10, Roma. 
3o. Reale Accademia di Scienze, Lettere, ed Arti, Modena. 

36. Reale "Accademia delle Scienze fisiche e matematiche," Napoli. 

37. Reale Istituto Veneto di Scienze, Lettere, ed Arti, Venezia. 

38. Gircolo Alatematico di Palermo. 

39. M. le Prof. F. Qomes Teixeira, Coimbra. 

40. La Societe Mathematique, [CSabinet de Mdcanique, University,] Odessa, 

41. Akademie der Wissenschaften, Berlin. 

42. The Editor of the " Journal fur die reine und angewandte Mathematik 

(Crelle)." 

43. The Authors of the " Jahrbuch uber die Fortschritte der Mathematik," 

Berlin. 

44. Die Edaigliche Gesellschaft der Wissenschaften, Gottinyen. 

'45. [Dem Herm Bibliothekar von der] Universitat (an der Physischen und 
Medicinischen Gesellschaft), Brlanyen. 

46. " Beiblatter zu den Annalen der Physik und Chemie," Leipziy, 

47. Die Kotiigliche Sachsische Gesellschaft, Leipziy, 

48. Die Naturforschende Gesellschaft, ZOrich. 

49. The Editors of the " Prace matematyczno fizycne " of Warsaw. 

The meeting next proceeded to the election of the new Council. 
Mr. Jenkins having read the rales bearing on the election, the 
President nominated, as Scrutators, Prof. Hudson and the Rev. T. R. 
Terry. These gentlemen, having examined the balloting lists, declared 
the following gentlemen duly elected : — 

Mr. A. B. Kempe, F.R.S., President ; Mr. A. B. Basset, F.R.S., 
Prof. Elliott, F.R.S., Prof. Greenhill, F.R.S., Vice-Presidents ; Dr. J. 
Larmor, F.R.S., Treasurer; Messrs. M. Jenkins and R. Tucker, 
Honorary Secretaries. Other Members of the Council : Lieut.-Col. 
J. R. Campbell, F.G.S., Lieut.-Col. A. J, Cunningham, R.E., Dr. A. R. 
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Forajth, F.R.S., Dr. J. W. L. Glaisher, F.R.S., Dr. M. J. M. Hill, 
Dr. E. W. Hobson, F.R.S., Mr. A. E. H. Love, Major MacMahon, R.A., 
F.R.S., Mr. J. J. Walker, F.R.S. 

The following communications were made : — 

A Mechanical Solution of the Problem of Tethering a Horse to 
the Circumference of a Circular Field, so as to Graze over an 
nth part of it : Prof. L. J. Rogers. (The solution turned on a 
property pf the cycloid.) 

The Stability of certain Vortex Motions : Mr. A. E. H. Love. 

Cyclotomic Quartics : Prof. Q. B. Mathews. 

On the Application of Elliptic Functions to the Curve of Inter- 
section of Two Quadrics : Mr. J. E. Campbell. 

Notes on the Theory of Grroups of Finite Order: Prof. W. 
Bumside. 

Prof. Hudson showed, and explained, some mechanical construc- 
tions by his son, R. W. Hudson, for the Parabola, Hyperbola, 
Cubical Parabola, and Semi-Cubical Parabola. 

Me8si*s. Hill, Basset, Greenhill, Walker, and ihe President, took 
part in the discussions which followed the reading of the papers. 

The following presents were received : — 

Cabinet Likeness of Mr. G-. Heppel, for the Albam, from Mr. Heppel. 

Mukhopadhyay, A. — ''Elementary Treatise on the Geometry of Conies," 8to; 
London, 1893. 

" Proceedings of the Royal Society," Vol. uv., No. 327. 

"Beiblatter zu den Annalen der Physik nnd Chemie," BandxTn., Stfick 9 ; 
Leipzig, 1893. 

'* Journal of the Institute of Actuaries," Vol. xzxt., Part 1, No. 171 ; October, 
1893. 

'* Institute of Actuaries," List of Members to September, 1893. 

<* Proceedings of the Royal Irish Academy," Vol. ii., Nos. 4, 5, N. 8., May, 
August, 1893; Dublin. 

Issaly, Mons. I'Abb^. — ''Optique G^m^rique," 5* Memoire, Extrait des 
M^moires de la Sod6t6 des Sciences physiques et naturelles de Bordeaux, T. iv., 
i* Scrie. 

*' Bulletin of the New York Mathematical Society," Vol. in., No. 1 ; October, 
1893. 

** Rendiconti del Circolo Matematico di Palermo," Tomo vii., Fasc. 3, 4, and 5. 

^* Atti della Reale Accademia dei Linoei," 1893, Serie 5*, Rendiconti, Vol. ii., 
Fasc. 7 and 8, 2« Sem. ; Roma, 1893. 

*' Kiucational Times," November, 1893. 

" Annals of Mathematics," Vol. vii., Nos. 6 and 6 ; October, 1893 ; University of 
Virginia. 

*' Indian Engineering," Vol. xiv., Nos. 13, 14, 15, 16. 
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Notes on the Theory of Groups of Finite Order. By Prof. W, 
BuBNSiDE. Beceived November 2ud» 1893. Bead November 
9th, 1893. 

I. On the proof of 8ylow*8 Theorem. 

The one definite fact known with regard to the stmcture of a 
finite group, on whose order no restriction is placed, may be summed 
np in the following theorem, due to Herr Sylow. 

If pT is the highest power of a prime p which divides the order of a 
finite group, the group contains a single set of conjugate sub-groups of 
order pT ; and the number of such conjugate sub-groups is congruent with 
unity, modulus p. 

Herr Sylow's proof of this theorem is given in a paper in Vol. v. of 
the Maih. Annalen. He first shows that the group necessarily con- 
tains a sub-group of order j/, this part of the proof being founded on 
the theorem, due to Cauchy, that if the order of a group is divisible 
by a prime p, the group contains an operation of order p, Cauchy's 
proof of this theorem, which is also given with slight modifications 
by M. Jordan in his TraitS des Substitutions, involves the repre- 
sentation of the given group as a group of substitutions performed, on 
a certain number of symbols. Herr Netto, in his " Substitutionen- 
theorie," gives an independent proof of the first part of Sylow's 
theorem, depending again on the representation of the group as a 
permutation-group. Herr Sylow's proof of the second part of his 
theorem, which is reproduced by Herr Netto, depends on the concep- 
tion of the transitivity of a permutation-group. Now, since every 
group of finite order can be represented as a permutation-group, there 
can be no objection to the validity of the proofs above referred to ; 
but from the point of view of right method they leave something to 
be desired. 

A theorem so fundamental in the theory, which also from its 
statement is independent of the infinite variety of forms in which a 
group can be presented, should not depend for its proof on the pro- 
perties of a very special mode of representation. The proof that 
follows will be found to be entirely independent of such extraneous 
considei*ations. 
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For the sake of completeness, the three following well-known 
theorems are stated as lemmas. 

Lemma I. — The order of a sub-group is a factor of the order of the 
main-group of which it is a sub-group. 

Lemmu II. — The operations of a group which are permutable with 
a given operation form a sub-group. 

Lemma HI. — The opei*ations of a group which are permutable with 
eveiy operation of the gi-oup {i.e. the self <x)n jugate opei^ations) form 
a self -con jugate sub-group. 

Every group contains one self-conjugate operation, namely, the 

identical operation. Suppose first that this is the only self -conjugate 

operation that the group contains, and divide up all the operations of 

the group into conjugate sets. If ^ is the order of the group, and n 

the order of the sub-group formed of those operations which ai-e 

permutable with a given operation 8, then S forms one of a set of 

N . . 

conjugate operations. Now the total number of opeiutions is N, 



n 
and hence 



^=i+j^+4 + 4+.... 



n n n" 



Each term on the right-hand side is an integer, and therefore one or 
' more of the numbers n, n\ n must be divisible by 2>* ; that is, the 
given group has a sub-group whose order is divisible by ^•. 

If next the group contains more than one self-conjugate operation, 
these will form a self-conjugate sub-group F. Fonn the group Q\ to 
which the given group Q is merihedrically isomorphous, so that to 
the identical operation of Q' there corresponds the self -conjugate sub- 
group r of (r. If G contains no self-conjugate operation except the 
identical one, it must, by the previous case, contain a sub-group whose 
<)rder is divisible by the highest power of p entering in the order of 
Q\ and Q will then contain a corresponding sub-group whose order 
ifl divisible byp*. 

If, on the other hand, Q' contains other self -con jugate operations, 
the same process may be repeated. 

Hence, finally, in any case, the original group contains a sub-group 
whose order is divisible by jj*. The same reasoning shows that this 
sub-group must itself contain a sub-group whose order is divisible by 
jO*, and, continuing in this way, we must at last ariive at a sub-gix)up 
whose order is /?'. 
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For the proof of the eecond port of the theorem it is conTsnieiit to 
point ont that a group whose order is the power of a prime must con- 
tain self- conjugate operations ; for otherwise we shontd have an 
equation of the form 

where W, n, »' are all powers of ^, while n, n', Ac,, are less than N, 
which is cleariy impossible. 

Let now If be a sub-groap of of order p* whose existence haa jnat 
been proved. If H is Belf-con jugate within a more extensive snb- 
gronp I, the latter will contain no operations whose orders are powers 
of p except those of H ; tor otherwise I would contain a snb-group 
whose order would be a higher power of p than jT, which is im- 
possible. 

It follows that the only openLtions, whose orders are powers of p, 
that transform H into itoelf are the operations of H. 

Let 5 be a self-conjugate operation of E, and suppose, if possible, 
that S is aleo contained in a sub-gronp H", conjugate to H. 

The group H' will be transformed with itself by those operations 
of R which are common to if and H" ; and these form a sub-gronp of 
order /»*(>< o). 

Hence, when H" is transformed by ail the operations of H, a set of 
p**' diflerent groups will result, and, since 8 b a self-conjugate opera- 
tion of H, each of these groups contains 8. If this set does not 
exhaust the groups conjugate to H which contain S, let H^ be another. 
When H[ is transformed by all the operations of H, a set of p**" 
groups will result, which are all different from each other and from 
the preceding, while they all contain S. This process may be con- 
tinued till the groups conjugate to S and containing 8 are exhausted, 
and the number of groups contained in each set so obtained is a power 
of p. 

Hence the number of sub-groups conjugate to K that contain 8 
is a multiple of p. 

If now if" is one of the conjugate set that does not contain 8, 
neither will any of the series 

W, 8-'S"S, S-^H'S', .... 

Exactly m before, it may be shown that the number of different 
sub-groups in this series is a power of p ; and that all those of the 
conjugate snb-gronpg which do not contain 8 may be arranged in 
similar series. Hence the number of sub-groups conjugate to if 
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which do not contain 8 is also a multiple of p ; and therefore the 
total number of sub-groups in the conjugate set, including JET, is 
congruent to unity (mod p). 

Finally, let h be, if possible, a sub-group of order j?*, not contained 
in the previous conjugate set. 

If ^ is a self-conjugate operation of h, the previous reasoning shows 
that the number di groups in the previous self -conjugate set contain- 
ing 8j and also the number not containing «, are both multiples of p ; 
and this is obviously absurd. 

Hence all the sub-groups of order p^ form a single conjugate set. 

Whether the following deduction from Sylow's theorem, which can 
be very easily proved by the above methods, has ever been noticed 
before in its general form the writer cannot say. Netto states it for 
the case of the symmetric group. 

CoE. — Every sub-group of order p^ (fi<a) of the main group is 
contained as a sub-group in one at least of the conjugate set of sub- 
groups of order p*. 

Let K be such a sub-group of order jp^, and let / be the greatest 
sub-group that contains K self -con jugately. 

If the order of / is not divisible by a higher power of p than jp^, the 
above reasoning shows that the only operations whose orders are 
powers of p that transform K into itself are its own operations. But, 
this being so, the preceding method shows that the number of sub- 
groups in the conjugate set of which K forms part is congruent to 
unity (mod p). This, however, is in direct contradiction to the 
supposition that p^ is the highest power of p that divides the order 
of /. Hence there must be an operation whose order is a power of p 
which, not being contained in K, transforms K into itself, and, com- 
bining this with K, a new group is formed of order p* (y>i8) of 
which JT is a sub-group. This process may be continued till we 
arrive at a group of order j9* ; and the corollary is thus proved. 

II. On the Possibility of Simple Groups whose Orders are the Products 

of Four Primes, 

It is well known that there is no simple group whose order is the 
product of two primes. 

In a memoir in Vol. XL. of the Mathem^ischen Annalen, Herr 0. 
Holder has shown that there is no simple group whose order is the 
product of three primes. As leading up naturally to the discussion 
of the case of the pit)duct of four primes, an independent proof of 
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this theorem is Here given, which suggests the point of view taken in 
the more complicated case. 

Jip, q,r are primes in descending order of magnitude, there are 
fonr cases to consider, according as the order is of the form jp^, p^q, 
p^, or pgr. In the first case, the order being the power of a prime, it 
is known that there is no corresponding simple group. 

In the second case, since q cannot be congruent to unity, mod p, 
the sub-group of order p* contained in the main group is self -conju- 
gate, and therefore the group must be composite. 

In the third case, q being a prime less than p, neither q nor ^ can 
be congruent to unity, mod p, unless jp = 3, g = 2 ; and it is known 
that there is no simple group of order 12. For all other values of p 
and q, the sub-group of order p is self-conjugate, and the group com- 
posite. 

In the last case, unless qr is congruent to unity, mod p, the group 
evidently cannot be simple. If this congruence is satisfied, the group 
must contain (p^l)qr different operations of order j?, leaving over qr 
operations. Now the group cannot be simple unless there are at 
least p conjugate sub-groups of order g, and therefore piq—l) 
different operations of order q. But p (q—l)>qr, so that this is 
impossible. Hence the group must be composite. 

When the order of the group is the product of four primes, there 
are eight cases to deal with, according as the order is of the form 

P\ 1^9^ I^^y P^9 l^^Tt JP^'^^t PT'^t ^^ P9^^> where p, q, r, and $ are 
primes in descending order. 

It will be shown that the only simple group that occurs is the 
icosahedral group corresponding to the particular values j7 = 5, 9 = 3, 
r = 2 of the seventh case. 

Cases 1, 2, 3. Orders j?*, p*q, jf^, — The reasoning just given for the 
case of three primes shows that in none of these cases can the group 
be simple. 

CcLse 4. Order p^. — Since neither q nor g* can be congruent to 
unity (mod p), the sub-group of order p must be either self -conjugate 
or one of c^ conjugate sub-groups. In the latter case, the group con- 
tains (p—l)c^ different operations of order jj, and hence the remain- 
ing c^ form a self -con jugate sub-group. 

Case 5. Order j?qr, — This and the following cases require rather 
more detailed treatment. 

In each case the group is assumed to be simple, and it \r tKetv ^\v«^t^ 
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that Sylow's theorem leads to relations between the numbers of opera- 
tions of different orders which it is impossible to satisfy. 

Consider first in this case the sub-groups of order r. If there 
were either p or q oi them, the group would be composite, since ita 
order is not a factor either of pi or of g ! 

If there are p^q of them, there are p^q (r^l) different operations of 
order r. 

If there are j^ of them, each is self -con jugate within a group of 
order qr, which is therefore cyclical, and hence there are 

J''(3-l)(r-l)+i>'(r-l) =p'q(r-l) 

operations of orders r and qr. 

Similarly, if there are pq conjugate sub-groups of order r, it may 
be shown that there are p^q (r—1) different operations of orders r 
and pr. 

Hence in any case there are p'q (r—1) operations whose orders are 
r or a multiple of r, leaving only p*q operations for the rest of the 
group. 

Consider next the sub-gix)up8 of orders q. If the group is simple 
there must be p^r, p', or pr of them. The above reasoning shows that 
there cannot be pV. If there were j?*, there would be p'(9— 1) 
different operations of order q, leaving only p* for the rest of the 
group, so that the sub-group of order p* would be self -con jugate. 

If, finally, there were pr conjugate sub-groups, order 9, each would 
be self-conjugate within a group of oi'der pq, which is therefore 
cyclical. There would then be 

pr(p^lXq-l)-^pr(q-l)^p'r(q^l) 

operations orders q and pq. But this is impossible, since 

p'q < p'r (q-'l). 

Hence the group cannot be simple. 

Case 6. Order pgV. — Consider first the conjugate sub-groups of 
order p. There must be ^r or qr of them. In the former case, there 
are q'r (p — l) different opei'ations of order p. In the latter case, 
unless p ^ 1 (mod 5), each is self -conjugate in a cyclical sub-group of 
order p^, and there are q'r (p— 1) opci*ations of oixlers p andp^. 

But, on the other hand, p ^ 1 (mod q) is inconsistent with 

qr :ee 1 (mod p). 
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For these two congmences give 

p-l = gr(Xp-r), 

where X is an undetermined positive integer. 

Now, in the case considered, p^r must be a factor of p!, and 
therefore g>iOp-l). 

Hence Xp— r < (X— |)jp < ip, 

and 9 I^ 2, which is impossible. 

There are therefore always 5*^ (jp— 1) operations whose orders are 
jp, or a multiple of p. 

Consider now the conjugate sub-groups of order r. There are 
either pq^^ pq, 9*, or p of them. 

Now j>^ (r— 1) and|9^ (^—1) are both necessarily greater than ^r, 
so that there cannot be p(f or pq such sub-groups. 

If there were g', the sub-group order g* would evidently be self- 
conjugate. 

If there were p, each would be self-conjugate within a sub-group 
of order q\ and there would be at least 

operations of orders r and qr ; and this, as before, is impossible, since 

pq (r— 1) > ^r. 
Hence the group cannot be simple. 

Cdse 7. Order pqr^. — There are gr* or qr conjugate groups of 
order/). In the former case, there are qr* (p—1) different operations 
of oi-der p, leaving only qr*. Hence at once there cannot be more 
than p conjugate groups order g, and p conjugate groups order r*. 
Bat this structure of the group involves the congruences 

gr* = 1 (mod p), 

jP = 1 (mod q), 

JP = 1 (mod r) ; 
from which jp— 1 = qr (kp—r), 

where \ is an indeterminate positive integer, at once follows. 

Now r>Hi'-l). 

since in the case considered pji* must be a factor of p! ; so that the 
above congruences are not consistent. 
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Suppose next that there are qr conjugate snb-gronps order p. 
If jp^ 1 (mod r), each is self -conjugate in a cyclical sub-group of 
order pr ; so that there are ^ (jp— 1) different operations of orders p 
and pr. Also, since p^l (mod r), there are pq conjugate sub-groups 
of order r*, involving certainly not less thsji pq (r— 1) different opera- 
tions of order r ; and, since pg (^—1) > 5^» this is impossible. 

If, on the other hand, jp = 1 (mod r), then, since gr = I (modjp)i 
Pj^I (mod q), and there are either j>r* or jpr conjugate sub-groups of 
order q. There cannot be j^r*, for then the number of operations of 
orders p and q would exceed the order of the group. 

If q^l (mod r), the pr sub-groups of order q are self -conjugate 
within cyclical sub-groups of order qr, and the number of operations 
of orders jp, q, and qr would exceed again the order of the group. 

Hence, finally, the only admissible case is given by the congruences 

gr = 1 (mod jp), jp = I (mod r), 

pr = 1 (mod g), 5 = 1 (mod r). 

Now qr^l (mod jp), |7r = 1 (mod g), 

give Xpg + 1 = (jp-l-g)r, 

where X is indeterminate. 

Since pq > pr or qr, X = 1. 

Hence pq-hl or jp (g — 1) +|>— 1 + 2 is divisible by r, and, since |>— 1 
and g — 1 are both divisible by r, it follows that r is 2. 
The equation between p and q may then be written 

(p-2)(q-2) = 3, 
and hence !> = ^9 9 = 3. 

The only possible case in which the group can be simple is there- 
fore that of order 5.3.2*. 

Case 8. Order pqrs, — If all the operations are of prime order, the 

group must be composite. For on this supposition there must be 

pqr conjugate sub-groups of order 8, since, if a sub-group of order 8 

were self-conjugate within, say, a sub-group of order r», there would 

be operations of order r«. So also there must be at least pq conjugate 

sub-g^ups of order r, and at least p sub-groups of order q. But this 

gives 

pqr(8'-l)-\'pq(r—l)'\'p(q—l) = pqr8—p 

operations of orders q, r, and ft ; and therefore the remaining opera- 
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tions form a self -conjugate snb-group. If the gronp is simple, there 
must therefore be operations of composite order. 

Suppose first that the group contains an operation whose order is a 
multiple of p, say pr. There must be qs conjugate cyclical sub-groups 
of order jTT, and all the operations (except identity) of each of these 
must be different. For if the qs groups of order p contained in the 
cyclical sub-groups of order pr are not all difPerent, there must be 
either qov 8 different ones, and the group could be expressed as |i 
substitution-group oi q ot 8 symbols, which is impossible ; and the 
same holds of the q8 groups of order r. 

Hence there are q8 (pr— 1) different operations of orders pr^ p, and 
r ; leaving only q8 operations over. Now there must be at least p 
conjugate sub-groups of order q ; but, since 

p (2-1) > q8, 

this is impossible. Hence the group is composite if it contains opera- 
tions of order pr; and it is evident that the same holds tor pq and p8. 

Suppose next that there is an operation of order r8. There must 
then be either pq or p conjugate cyclical sub-groups order r8. 

If there are p of them each is self -conjugate within a sub-group of 
order qr8, which must be cyclical, and all the operations of each of 
the p cyclical' groups of order qr8 must be distinct, or else these groups 
would have a common sub-g^up which would be self-conjugate. 
This gives p{qr8^1) different operations, and hence the sub-group 
order p must be self -con jugate. 

If, on the other hand, there are pq conjugate cyclical sub-groups of 
order r8, the sets of pq contained sub-groups of orders r and 8 may 
or may not be all distinct. 

If, first, there are pq sub-groups of both the orders r and «, there are 

pg(r«-l) 

different operations of orders r^, r, and s. There cannot be less thati 
p conjugate sub-groups order g, giving at least p {q — 1) different 
operations order q. Hence in this case the group must be composite. 
If, secondly, there are pq sub-groups of order 5, and only p sub- 
groups of order r, the latter are necessarily self -con jugate within 
p cyclical sub-g^ups of order qr, and then there are 

pq (r-l)(«-l)+^ (s-i)+p (5-l)(r-l)+p(r-l) =pq(rs-l) 

different operations of orders r«, «, qr and r. This leaves only pq 
operations, and leads again at once to the conclusion that the group 
is composite. 

VOL. XXV. — NO. 476. 
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The case in which there are pq sxib-groupB order r, and only p sub- 
gronps order s, may be treated in exactly the same way. 

If, lastly, there are only p snb-groups of order r, and p sub-groups 
of order «, each sub-group of order r must be self -conjugate within at 
least one cyclical sub-group of order gr, and each sub-group of order 8 
must be self -con jugate within at least one cyclical sub-g^up of order 
qs ; so that there are at least p cyclical sub-groups of each of the 
orders qr and qs. There are therefore at least 

=^pq(r8'-'l) 

different operations of orders r5, qr, qs, r, and s ; and as before the 
group is composite. 

Hence, finally, if the group has an operation of order rs, it cannot 
be simple. 

The supposition that the group has an operation of order qs leads 
to the same result, and the course of reasoning by which this is 
established is bo closely similar to that given in the first preceding 
case that it may, perhaps, be omitted. 

Finally, if the group has no operation of composite order in which 
8 enters as a factor, there must be pqr (s^l) different operations of 
order s. Also there must be either p conjugate cyclical sub-groups 
of order qr whose operations are necessarily all distinct, or else ps 
conjugate cyclical sub-groups of order qr whose operations of this 
order are all distinct. In the former case, the sub-group of order p 
would be self-conjugate ; and in the latter, the number of operations 
of orders s and qr would exceed the order of the group, which is 
impossible. 

Hence, in any case whatever, a group whose order is the product 
of four different primes is necessarily composite. 



On the Stability of certain Vortex Motions. By A. B. H. Love. 

Read November 9th, 1893. 

I. Introductory, 

The chief question hei'e coiisidei'ed is that of the stability or 

instability of the state of steady motion of a liquid, genei^ally known 

Rfl " Kirchhoff*8 Elliptic Vortex". It has, in fact, been shown by 

Kirclilioff that a inotioii is possible in which the liquid within a 
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certain elliptic cylinder is in uniform vortex motion, and the liquid 
without the same cylinder is in irrotational motion, provided the 
cylinder rotates with an angular velocity depending on the spin, or 
" molecular rotation", and on the eccentricity of the ellipse. The first 
complete investigation of this state of motion was given by Dr. M. J. M. 
Hill* in 1884. He proved that both the components of the velocity 
and the pressure are continuous in crossing the surface separating the 
fluid moving rotationally from that moving irrotationally. Hill, at 
the same time, proved that KirchhofF's vortex is one of a series of 
possible steady motions of an elliptic cylindrical vortex inside a con- 
focal rigid envelope, viz., it is that particular case for which the 
envelope goes off to an infinite distance, and he gave the relation 
which must connect the angular velocity of the principal axes of the 
two ellipses, the lengths of these axes, and the spin, in order that 
such a steady motion may be possible. These new steady motions, in 
which the fluid in irrotational motion is bounded externally by a 
eonfocal of the internal boundary, I propose to call " Hill's vortices'*. 

In the following, I first investigate the steady motion of Kirchhoff 's 
vortex. One reason for the introduction of this somewhat ancient 
matter is that I wish to emphasize a particular point. It appears, in 
fact, that, alike in this case and in all the remaining cases of steady 
motion and small oscillations here investigated, the condition of con- 
tinuity of pressure across the sui-face of the vortex reduces to an 
identity when the stream -functions are adjusted to satisfy the condi- 
tions of continuity of tangential and normal velocity, and the 
condition that the surface of the voi'tex always contains the same 
particles. This is only known as a general theorem in the case of 
steady motion referred to fixed axes, i.e., where the velocities at any 
point of space are independent of the time ; but the results obtained 
suggest that it is always true for steady motion referred to axes 
moving in a unifoinn manner, and for small oscillations about such 
steady motions. We can throw this suggestion into another form by 
saying that in the investigation of the stability of any steady vortex 
motion it is only necessary to satisfy the kinematical conditions, and 
the dynamical conditions will be identically satisfied. This suggestion, 
if valid, obviously very much increases the confidence with which we 
can attack any problem concerning the stability of vortex motion. 

The stability of Kirchhoff's vortex is investigated on the supposi- 
tion that the spin i of any element in the disturbed motion is the 

* '* On the Motion of Fluid part of which is moving rotationally and part irro- 
tationally," Ffiii. Trans. It. S., 1884. 

C 1 
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same as in the rmdisturbed motion. In any normal mode of oscilla- 
tion it turns out to be convenient to estimate the departure from the 
undisturbed boundary by the ratio of the normal displacement of a 
point on the bounding surface to the central perpendicular on the 
tangent at that point. This ratio is proportional to the quantity 
denoted hereafter by ^l/hl, and it appears that in any normal mode 
of oscillation this quantity is a simple harmonic function of the 
eccentric angle and of the time. In the different normal modes there 
are I, 2, ... m, ... wave-lengths to the circumference. The frequency 
n/2v of any mode is given directly by an equation of the form 






where a, h are the principal semi-axes of the undisturbed ellipse. 
It is easy to show that (with the exception of the case m = 2) all 
the values of n are real, provided 36 > a. When m = 2, however, n 
vanishes. The question of stability for displacements having a com- 
ponent for which m = 2 is therefore undecided by this investigation, 
but it is shown that for displacements having no such component, the 
motion is stable when 36 > a. 

To see what happens when m = 2, it is necessary to examine the 
meaning of the question of stability with constant spin. The problem 
may be stated thus : — ^At a certain instant there exists in an infinite 
fluid a vortex with given uniform spin whose surface is very nearly 
identical with a particular elliptic cylinder ; in the subsequent motion 
will the surface be always nearly identical with this cylinder, supposed 
to rotate with a certain angular velocity P Now the case m =: 2 
corresponds to elliptic displacement, that is to say, the normal section 
of the surface of the vortex is initially a slightly different ellipse 
from the particular ellipse considered. The motion that ensues is 
steady motion, and the new ellipse rotates with the angular velocity 
required by its eccentricity. It will be proved later that no other 
motion of a vortex with an elliptic boundaiy which remains elliptic 
is possible in an infinite fluid, the spin being assumed uniform, and 
there being no slip at the surface of the vortex. In other words, if 
ever there exists an elliptic vortex with unifonn spin, it is a Kirchhoff's 
elliptic vortex. The case m = 2 ought therefore to be excluded from 
the discussion of the stability of the vortex, and our conclusion is that 
if there exists at any instant a vortex with uniform spin whose surface 
is very nearly elliptic, it proceeds to oscillate about the elliptic form, 
provided its major axis is less than three times its minor axis. 
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Partly to throw further light on this question, I proceed to investi* 
gate the steady motion and small oscillations of a Hill's vortex, t.^., 
of an elliptic cylindrical vortex inside a confocal rigid envelope 
which rotates with the angular velocity necessary for steady motion* 
Here any departure from the undisturbed form gives a state which is 
not one of steady motion. In the case of elliptic displacements of 
the surface of the vortex the motion is stable, and the frequency has 
a finite value which tends to zero as the external boundary goes ofE 
to infinity. The general frequency-equation is obtained, and it is 
verified that when the elliptic vortex degenerates into a vortex sheet 
whose section is the line of foci of the envelope the motion is un- 
stable. 

II. Steady Motion of Kirchhoff^s Vortex. 

1. The mode of steady motion known as Kirchhoff's elliptic vortex 
is such that all the liquid within a certain elliptic cylinder is in 
uniform vortex motion, and all the liquid outside the cylinder is 
moving irrotationally, the cylinder itself rotating uniformly without 
change of shape. 

Let the equation of the cylinder, referred to its principal axes, be 



4+^=1 W' 



and let the conjugate functions (, 17 be defined by the equation 

aj-h«y = ccosh (f+«i?) (2), 

where c^ = a'— 6', so that 2c is the distance between the foci. 
Suppose ( is the spin, and o the angular velocity with which the 
axes of X and y rotate ; then the known condition of steady motion is 

u, = 2Cah/(a+hy (3), 

and the stream-functions inside and outside the cylinder are respec- 

*^^®^^ f = - ij (6aj» -h ay") /(a^b) inside, 

and ^ = — (abi^^Cabe'^ cos 2i| putside. 

These satisfy the conditions (a) that the surface (1) always contains 
the same particles, (6) that the tangential and normal components of 
the velocity are continuous in crossing this surface, (c) that the 
pressure is continuous in crossing this surface, (d) that the velocity 
vanishes at 00 , (r) that the circulation in any circuit surroxmAvx^^ 
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the vortex once is twice the suidPace integral of vortex strength over 
the cross-section of the cylinder. 

It is noteworthy that these conditions aro not independent. In 
fact, when the f anctions have been determined to satisfy the remain- 
ing conditions, the condition (c) of continuity of pressure is identically 
satisfied. As the investigation of this condition will be useful to us 
afterwards in forming the pressure equation of the disturbed motion, 
we shall proceed to discuss the steady motion. 

2. Consider a stream-function ^', given by the equation 

f = i(a^+/V) (4), 

where a-f/3=-2i: (5); 

and suppose that this is the stream-function of a rotational motion 
with uniform spin ( inside the surface 

which i-otates (without change of form) with an angular velocity o. 

(a) The condition that the surface always contains the same 
])articles is that 

when x^ja^-k-y^lh^ = 1. 

Hence w = — ""; (6). 

ar — o 

{h) To make the velocities continuous in crossing the surface, we 
must write 

f = ic« [ (o cosh' 4 + /J sinh» £) + (o cosh' {-/J sinh« 4) cos 2i| ] , 

and take for the stream-function of the irrotational motion outside 

^ = ^£-|-Be-"^cos2j|; 

then these have to give the same values of d^/df and d^/di| for a 
particular value {^ of f, which is such that 

c cosh {q = a, and c sinh £o = ^• 

AVc thus obtain the equations 

^ = i(a-h/3)a6 = -4:a6 (7), 

^-r^ = Hi8-«)«& = l(«'^'-W (8), 
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and from the seoond of these, combined with (5), it follows that 

a-^-o a-tb 

and, on substituting these in (6), we obtain the condition (3). 

The condition (d) is satisfied identically by the form assumed for ^, 
and the condition (e) is satisfied in consequence of (7). It thus 
appears that all the constants are determined by the conditions (a), 
(6), (d) without reference to (c) or (e), and if the motion is possible 
the pressure equation must be identically satisfied. 

(c) The equations of motion are 

d« ,/, \3«*i/ \3<* lop 
— — i.w + («-hii«/)---h(t;— «a;)~ = ^, 

ot ox oy P ox 

ot ox oy P oy 

where p is the density, and p the pressure at any point, and ti, t; are 
the component velocities parallel to the axes of x and y. 

At a point within the vortex these equations can be integrated, 
and we find 

const. — 2- = |aj» [aw— (a + o»)/3} +|y« {/3w— (/3-|-o») a} ... (10), 
and, in virtue of the equations giving a, /3, and o>, this becomes 

« 

const. — ^ = uwy-^vutx. 
At a point without the vortex the same equations give us 

const.— -2. — uwy — viax-^-^ (t*'+v') (H)- 

P 

The pressure is continuous in crossing the surface if i (^'+^) ^ 
constant at the surface, and this is the case, for 

i(wHt;^) = 24:« ^'^' 



(a + hy 
at the surface. 

The steady motion is thus shown to satisfy all the conditions. 
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III. Stability of Kirchhoff's Vortex. 

3. . Suppose UQW that the steady motion is slightly disturbed ; the 
stream-functions of the disturbed motion, inside and outside a 
cylindrical sui'face, differing very little from 

aj»/a«+y»/6«=l, 

must both of them satisfy Laplace's equation. Let the stream- 
function of the motion inside the vortex be ij/ + i^\ and that outside 
^+2^ ; then we have to take 

^^'= 2 ^^^coshm£cosmi|+BMsinhm{sinmi|1 1 

5^ = 5 [ ^li, cosh mfo e""* ^' ■ '^ cos mi| -f B^sinhm^e ""•^'"*o^ sin mi|] J 

(12), 

where A^j ... are small constants, and the summations refer to 
integral values of m. Also we have to suppose that the disturbed 
surface is given by the equation 

i?' = {-(i,+a4) = (13), 

where <S{ is a small function of i|, but not of {, and H, A,^, B^, ill, -^l 
are functions of the time. 

The conditions to be satisfied are that at the disturbed surface the 
component velocities and the pressure are continuous, and that this 
surface always contains the same particles. Just as in the steady 
motion it will appear that when the remaining conditions are satisfied 
the pressure condition becomes an identity. 

4. To make the velocities continuous in crossing the surface we 
have to make 

ai^:±M) - 3i!t±^ and 9M±M-3ii±i!^ 

di " 3{ ' 31, ^ 3.1 ' 

when £ = io+S4. 

Taking the second of these first, and observing that, when 
£ = £o+2C and the square of i^ is neglected, 

Oil On <^+o 

we see that we must have 

A'„ = A^ and Bi = B^. 
In what follows we shall therefore omit the accents on A'„ and B'^. 
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Again, we have 
St. = — f (o— 6) [(o+6) oosb^sinli^— (a— b) 0O8li{8mh(co8 2i}l 

when £ = i^+^4. 



In like manner 



'^^ 

di 



-{a6(l-e-'»C08 2j|) 



when £ = £^ + ^{. 

Hence |^-- |*: = -{ [(a' + 6«)-(a'-6«)co8 2,|] H 

= - 2,' (a' sin' i| + 6« cos' i|) «£ 

where AJ is the value of \^\ + \^] > when J = £o- 

Thus the condition of continuity of tangential velocity gives ns 

-|;-^i-fSm[^„e"*'oco8mj| + B^e'"'^sinmj|] =0 (14), 

products of li with A^ and B^ being neglected. 

5. The condition that the surface 

2^ ={-({„+«£) =0 

always contains the same particles is 

— +(m+ii«/) ^ +(v-«aj) ^-= 0, 

d^ cte oy 



or 



^+^ I {^+Sf+i-(^+y')}-|^g^{.^+a^+i<»(a?+yO} =0, 
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S< a(i,,) 

where V denotes the Jaoobian ^ ' v . This condition has to be satis- 
fied when 4 = J^ -|- ^{. 
Now, we have 

ac^v^^a^ a« a^ 
a ({,!,) 3i, a„ 34 

= fa6^(l-2a£)8in2,y-^fa6(l-^cos2,y), 
a+6 9,, \ a + 6 / 

when £ = 4Q-hd£, and squares and products of small quantities are 
rejected. 

Also 

^ ^^ = -^ = Sm [B^ sinh m^^^ cos tm/ — -4,„ cosh wif^ sin wiyl, 
3 (£, j|) 3i| 

when 4 = 4q+^(, and squares and products of small quantities are 
rejected. 

a[f,i«,(a^+y')] 

a (i, i) 

= (—^-- <? \ r-oo8h'i+8inh'£l Bin 2,+ ^2 cosh 4 sinh £^ 

when { = {,4-^(1 and squares and products of small quantities are 
rejected. 

Hence, adding and dividing by ^*, equation (15) may be written 
«1 ^«-2fa6^sin2,«-f-^[a' + 6'-(a«-6')cos2 

+ 5 m [B^ sinh tw^ cos miy — -4,» cosh ml^ sin mii] = 0. 

Remembering that AJ = a' sin' ly + 6' cos' 17, 

we see that this may be written 

3 (Zl\ 2^ah 3. /3«\ 

— Sw[B„ sinh mio cos Wf;—-4;„ cosh w£(j8inmi?J = (16). 



And thirdly, 
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The qnantity S£/AJ which here occurs is ab.lv/pi, where Si' is the 
normal displacement of a point on the boundary, and j7, is the 
central perpendicular on the tangent at the point. 

. • • • ■ • 

6. To form the pressure equation, we suppose that the component 
velocities and the pressure in the steady motion are u, v, p, and in 
the disturbed motion tt-hw', v-k-v, p-k-p- The complete equations of 
motion, referred to the moving axes, are 

dt Ox oy 

P ox 



ct ox Oy 

P dy 

In these equations we may omit products of small quantities u, v\ 
and terms independent of small quantities u, v, p\ so that we find 



du / . . ^du , ,dtt , / X 3m' , fdu 

dt dx dx dy dy 



P 3a;' 



dv , ' , / , N 3t; , # 3r , , V 3t; , # 3r 1 3» 
— +WW +(w4.wi/)— •+M ^ +(v— wa;)-— -ft? — = -^ . 

o^ daj dx dy dy P dy 

Now u' and v' are derivable from a velocity potential which, inside 
the vortex, is the conjugate function to 2^', and, outside, is the conju- 
gate function to Bif/. 

If we denote the velocity potentials by i^' and S^, then it is easy to 
show that the form of the pressure equation inside is 

const. — ^ — ^ = uwy—vuKC-^ -;—■ -f (w-f cDy) tt'-f (t?— «a>) t7'-f2CS^', 
P dt 

and the corresponding equation outside is 
con8t.-£^P- = 1^ +(«+«') (-y-(t) + iO i^x+i («' + »')+«tt'+tT'. 
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The condition that the pressure is continuous in crossing the 
surface is therefore that 



dt 

when £= £g-|-?f. 
Now 



^ «i(tt«+,;«)^.2f if = const (17), 

ot 



Also 



i^' = 5 ^B„ cosh m£ cos mri^A^ sinh ml sin mi|], 
j0 = 2 [— B„ sinh mfQe"'*^*~V cos miy-f-4„ cosh mi,e'"*^'""'o^ sin mi|], 
so that (denoting differentiation with respect to the time by a dot) 

-:r^ — -^ = 2 [B^ e"^© cos rniy— i«e""o sin mi|], 
when £ = ^-|-2£, and products of small quantities are rejected. 

-1 (u*W) = - 2i» -^^ ^ - + -J^^ 
,(.«l-r; ^4 (o+6)'\a« ^ 6'/ 

when ( = Jq + d£, and squares of small quantities are rejected. 
Hence the pressure equation becomes 

2 [B^e""ocosmj|— JLj^e^'osinmii]— , ^ tj 

+24'2 [-4«, cosh mi^j cos mi|-|-B,„ sinh mi, sin mil] = 0...(18). 

7. To deduce the conditions of stability, we notice in the first place 
that the conditions (14), (16), and (18) contain i{ only in the ex- 
pression i(/^, and it is therefore convenient to take 

BE/hl = 2 (a» COS mtj + )8^ sin m»y) , 

where a^ and ^^ &re small functions of the time ; the condition (14) 



gives us 



am = 



2i 



ii.= 



mB„e'"o 
2i 



Since A^ and B^ refer to a normal mode of oscillation, this result 
desciibes the character of the waves. 
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The condition (16) now becomes 

5r (A^ cos mw -h B« sin rrin) e^^ , tnah , rj j • \ mr 

■^^-= ^-S^^' + . . , V, (5m cos mij— il^ sin mi|) c""o 

— B«sinhm4oCOsmi7 + -4,„ cosh mj^sinmii = (1^)- 

Also the condition (18) becomes 

2 {B^ cos mn—A^ sin m»y) e^^o — y^ — r-r^ (-4., cos mii -^ B^ sin mri) e*"*© 
L (o + o) 

+ 2{(-4„ cosh tnfo cos miy+B^sinhrw^ sin mi|) =0 (20). 

Each of the equations last written gives us 

B-- [^^ -2^6— b cosh «a.] A. = 0. 

If now we suppose that A^ and B^, as functions of ^ are propor- 
tional to e""*', the equation to find n is 

1 xj fi I fa-'bX'^ 2mah'] f, /a— 6\*" 2ma6 "I ,q,>. 

and the condition of stability is that all the values of n' are positive. 
Now the value of n* may be written 

in which the negative term diminishes when m increases, and the 
positive term increases provided 



m> 



2ab 



When m = 1, we find 



When m 
When m 



n' = 4ed^Vl^ I {a'\-hy = w* is positive. 

2, we find w' = 0. 

3, we find 

,/« = 4r/-/r^ {a - 3?;) (?> - 3(0 / {a -f />)•, 
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and this is positive if a < 36. Also when 36 > a > 6, it is easy to 

'^ *^* „ ^ a^ + V + ab 

^ ^ 2ab ' 

80 that, with the same condition, n' will be certainly positive for 
greater values of m. 

Hence for all values of m except m = 2, n' is positive if 

a < 36 (22), 

r.^., if the eccentricity of the ellipse is < f y/2. 

The case m = 2 corresponds to displacements in which the 
boundary remains elliptic. For any displacement which has no 
component of the second order, the motion is stable provided a< 36. 

When a small change in the character of the motion is made in 
such a way that the boundary i*emains elliptic, the new ellipse moves 
without change of form with an angular velocity given by KirchhofTs 
equation (3). The new principal axes therefore rotate relatively to 
the piincipal axes of the undisturbed boundary with a small angular 
velocity, and the disturbed motion tends in a very long time to 
become finitely different from the undisturbed motion. 

When a small general disturbance takes place we can regard it as 
resolved into a series of co-existent small motions superposed upon 
the undisturbed motion. All but one of these are oscillatory in 
character, provided a < 36, and the remaining one is secular. It is 
better thei-efore to regard the motion as consisting of a series of co- 
existent small oscillations executed about a state of steady motion in 
a Kirchhoff's elliptic vortex slightly different from the undisturbed 
state. 

It is worth while to remark that the motion is stable for dis- 
placements corresponding to m = 1. If the vortex cylinder is slightly 
displaced in any direction without change of form, it tends to oscillate 
about its onginal position as a mean. The period of these oscilla- 
tions is the same as the period of rotation of the vortex. 

Further, it is noteworthy that the ellipse may be as nearly circular 
as we please, and in the limit it I'otates with an angular velocity ^C. 
In the limiting condition this may be regarded as an oscillation about 
the circular form, and the period is x/w or 27r/<^. This is in accordance 
with the known period for the oscillation of the second oi'der (elliptic 
deformation) of a cireular voi'tex column. (See Basset's ITydro- 
dyuamira, Vol. li., p. -U).) 
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We notice also that with given constant spin we can have a series of 
elliptic forms of the same area, each corresponding to a possible state 
of steady motion of the liquid. The eccentricity of the elliptic 
boundary may be as small as we please, and all the forms are stable 
unless the eccentricity exceeds Jv^2. When the eccentricity has this 
value, the motion corresponding to m = 3 becomes unstable, and it is 
therefore probable that there exists another series of forms for the 
boundaries of steady vortices with constant spin, of which one is 
an ellipse with this eccentricity, and the others are not ellipses. 

8. We conclude this part of our investigation by showing that an 
elliptic vortex with uniform spin cannot move so as to remain elliptic 
unless it retains its shape and rotates with the angular velocity given 
by KirchhofE's condition (3). 

Since we have already shown that if the motion is steady, the 
principal axes must rotate with the said angular velocity, we have 
merely to show further that the ellipse cannot change its form and 
remain elliptic. 

We take as the most general stream-function ^' within an elliptic 
boundary for which the spin is uniform, 

and we suppose the axes of x and y to be the principal axes of the 

elliptic boundary 

a^/a'4-y*/6«-l = 

of the vortex, a and h being functions of the time, and further we 
suppose these axes to rotate with some angular velocity bi which may 
be a function of the time. 

The condition that the surface of the vortex always contains the 
same particles is that 

when aj*/a' + y^jh^ = 1. 

This condition requires that 

• • 

a h^ a?a — Vft 

a h ' a' — }? 
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Now, taking conjugate functions, as in § 1, we may write 
4^' = Jc' [a cosh* 4 +/3 sinh' 4 + (a cosh' £-/3 sinh* £) cos 2i| 

+ 2y sinh £ cosh £ sin 2i}], 
and the form of 4/ outside is 

^^ = ^i-f Be"* cos 2i| + Ce-* sin 2j|. 
To make —■ and -^ continuous at the surface, we must have 

^ = i(a+/3)a5, 
5 ^J = } (a'«-6«/3) = - J («-/8) ab, 

a + 

These equations are incompatible, unless 7 = 0, in which case 
a and & vanish, and the motion is steady. As is now zero, the 
conditions become identical with those in § 2, and the vortex is a 
KirchhofE's elliptic vortex. 

IV. HtlVs Vortex, 

9. We now come to the investigation of the steady motion of Hill's 
vortex. Suppose that within the elliptic cylinder, whose equation, 
referred to axes of aj, y rotating with angular velocity w, is 

there is fluid in rotational motion with uniform spin (, and that 
between this surface and a rigid confocal envelope, whose equation is 

a?/a"-^yyh'' = 1, 

there is fluid in irrotational motion. 

We take for the stream-function within the vortex 

where a-h/J = - 2f (23) ; 

then, just as in § 2, the surface 

always contains the same particles, provided 



01 = — 



a* - // 



(24). 
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Taking conjugate functions as before, we write 

f = ic' [(a cosh* £+/3 sinh' £) + (a cosh* £-/J sinh« I) cos 2ij], 

and the stream-function of the irrotational motion between the two 
confocals is of the form 



'^ = Al-\-Be'^ cos 2j| + Ce'' cos 2i| 



(25). 



Suppose the value £ = £o corresponds to the surface of the vortex, 
and the value £ = hi corresponds to the rigid confocal envelope. The 
condition that the surface £ = £] always contains the same particles 

)/^+«« (as^+y*) = const, 
when I = £i. This condition gives us 



or 



a 4-0 a —0 



(26). 



The conditions of continuity of velocity are that 

^ = ?!^, and^ = ^, 

a{ ar a, a,' 

when £ = 2o- These conditions give us 

_B «i:| + C 5L±^ = i (a-/3) a5. 



a+6 



a— 6 



B «=-U C £±1 = 1 (aa'-/J6') ; 

O+O O— 



from which 



5=J(a+6)(a« + &i8) 
0=1 (a-6)(oo 



+ 6i8)l 
-6^)1 



(27), 



Hence, substituting in (26), and using (24) to eliminate «, we have 



aa 



r (a-t)(a' + y) (a+b)(a'-6') .o."] 



- flfe r («-fc)(a'+y) _ (a+b)(a'-y ) _2ii 
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b \i^-3i^JjD _ (a+b)(a-b') _2j,-l 



r (a-b)(a+b') (a+b)(a-b') g T 
L a'-b' ^ a'+b' J 

i u (a +by (a+b)* 

(a'» + 6'')-(a'+6») ab[(a'+by-(a+by] 

and the angular velocity with which the envelope must rotate is 



(28). 



kf = 



ab([(a'+by-(a+by] 



(a+6)»(a'+fc')'[(«''+6'')-(<»'+6*)] 



(29). 



which reduces to 2fa6/(a+fc)', when a and V are infinite and equal. 

Now, joBt as in KirchhofE's vortex, the pressure equations inside 
and outside are 

const.- ^ =s ioj* [oi#— (a + w) jS] +Jy* [/?•#— (/3+«) a] inside, 



and 



const. — -2. =- 1 (t** + r*) + wtty — v«aj outside. 
P 



Since we have ab:*eady made u and v continuous in crossing the 
surface, the pressure will be continuous if 



is constant when 
This will be the case if 



a^/a'+yV6«=rl. 



a'(a-f «)(a4-/3) = 6' (/3 + «)(a-f /3), 

I.e., if « = - (a'a-6«/J) / (a'-fe'), 

a condition previously obtained. 

It follows that, as in the cases previously investigated, the pressure 
condition becomes an identity when the kinematical conditions are 
satisfied. 
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10. To investigate small oscillations about the state of steady 
motion just discussed, we have to suppose that the disturbed surface 
of the vortex is 

where II is a function of 7 and t. The stream-functions inside and 
outside will be i^'-f^i^' and ^-\-lyl/y where >^' and >^ have been already 
found, and 

^ij''= S [-4,^ cosh nii cos mri-\'B^ sinh tnl sin mi|] 

-f Bl sinh wio ?^, ^/i>'~ir\ sin mif 

8inhm(Ai— to) J^ 

We have to satisfy the conditions that 3 (>^ + ^>/')/9£ and 
9 (i^+^<^)/^if are continuous in crossing the surface 

the condition that this surface always contains the same particles, 
and the pressure condition. 



Now 



^ = - ic« sin 2i, (o cosh« £-/? sinh* I) 

= - i (aa'-/3fc') sin 2i|-(a--/J) ofc sin 2i| ^f, 



when £ = ij+^i. 
Also 

1^^ = -2 sin 2i/ (Pe-*^-h Ce^) 

Cl|. 

= - 2 fp ^ +0''±^^-l sii27-4 f-B ?^ +C^lsin27«, 

when { = io-|-5J. 

The values of 3)^/37 and d^p/dtj are identical, and it follows that yre 
must have 

3^.^737 = 9^1^/97, 



and hence that 



A^ = A'^, and B^ = Bi,. 



We shall thei'efore, in what follows, suppress the accents on A',^ 
and Bl. 

d2 
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Again ^'= ic'sinh^coshf [(a+jS) + (a-/3) oo8 2,] 

= i [(«+jS) + (a-/9)oo8 2,][aJ + (a'+6')«f], 
when { = !,+?£. 

Also 
1^ = ^ + (2(76^-256-*) co8 2ij 

= ^+2ro«±|-B«=J1ooB2,+4rC^+Bi^1oo8 2,i£, 
L a— 6 a+oJ L a— 6 a+6J 



when ^= 4,+5{. 
Hence 

^-^=ii4{(a+/J)(a'+fc«) + oo82,[(«-/J)(o'+fc«)-2(««'-iS6')]| 
= \ (a+/3) 3{ [(a'+6«)-(a»-6') cos 2ii] 

where, as before, h^* = a' sin' i| + 1' cos' i|. 

The condition that 

when f = ^+^f, now becomes 

—2^ ^ + 2m [-4^ { sinh m^ + cosh tw^^ coth m (fj —4) } ^* ^"^ 

+ J5« {cosh m^+sinh m^ coth m (fi— {«)} sin mi|J = 

(31). 

11. The condition that the surface 



always contains the same particles, is (as in § 5) 

a< a it n) 

when i = L-i- c(. 



= 0, 
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= - f (aa«-i8fe') sin 2i| - ah (a-p) sin 2i| ^f 

+ ia6[(a+i3) + (a-./J)co8 2i,] ^, 

dii 

when f = ^+^f, and squares of small quantities are rejected. 
Again ^^ ^^ = -rr^ under the same conditions. 

Also 9{f.f"(^+y')| = -|>,(a«-t')8m2,+wafc^ 

under the same conditions. 

Hence the condition that the surface ^ = ^0+^^ always contains 
the same particles becomes 

Nowi(«+^)+« = i(«+/3)-^5^=-i(a-^)iJ±|;^. 

Thus the above equation becomes 
h(H\ , a6(a-/3) 3 nti 

-|-2m[-4^coshm^jjSinmi|— J5,»sinhm^cosm7] = ...(32). 

12. Again, just as in the case of Kirchhoff's vortex, the pressure 
equations inside and outside the vortex can be vrritten : — 

inside const.- ^i^. = i [a«-(a + «)/J}aj«+i {/3ai--(i3 + «) a] y« 

+ ^ -f (u+oiy) w' + (v-«a5) v' + 2{^f , 

Ot 

outside const. — ^—-2. = uwy^vutx + i (w* + v') 

-f -^ -\-itn -\-rv -\-n tay — r w.i'. 
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As we have already made the velocities continuous at the surface, 
the condition of continuity of pressure becomes 

^' - ^ +2m'-l (a+/3) [(a + «) 0^+ 03+<-) y'] = const., 
when f = ^+Jf 

The last term is i (a +/?) ^^^^ aV ("^ + ^ ) . 

Also, we have 

i^' = 2 [ B^ cosh nii cos wm; — A^^ sinh m( sin mi| J , 

Si, = S |'-B,sinh^.'?g ^"^<f'-f) oosm, 

-{■A^ cosh m^o ^\^/>"^!x sin «*»? • 
"sinhwCfi — fjj) J 

Thus the pressure equation becomes 
2 [B^ Jcosh w^-fsinh m^^ coth m (d'-'io) } cos wiy 

— -i« [ sinh m^o + cosh m^^ coth m (fj — f o) } sin mi| ] 
4- 2f 2 [-4., cosh mfo cos tniy -|- B^ sinh wi^o sin mi| J 

+ 2f^^=4^ fl = (33). 

ar—b' hi 

13. To discuss the stability of the vortex, we notice first that the 
equation (31) gives us 

^( 1 « r 4 cosh m(^ , D sinh m^, . 1 

^; 2; L 8inhm(f,— fo) smhm(fi-fo) -J 

Hence equation (32) becomes 

• • - 

-J r^-. cosh i>i^, , Bni sinhf/i^, . "1 

L 2< smh m (ft — fo) 2f smh rrt (f , - ^) J 



^ «.»-fe' L2{ si] 



cos mi; — 



cosh ?yi^, 



sinhrw (f, — fo) ' ^f 8inhm(fi — fo) 

+ 2 [^'1„. cosh m$^ sin rwi; — jB„ sinh >?i^o cos mi; ] =0. 



sinmif 



] 
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sinh m^a sinh m (fi — ^p) "! 
cosh m^i J 



and it is easy to see that the pressure equation (33) gives rise to the 
same two equations. 

Now supposing that A^ and B^ are proportional to e"*', we find, for 
the frequency of the mth harmonic component vibration, 

n* _ T m (g— /3) ah ^ 2 sinh m^p sinh m (f | — f J 1 
^ •" L {(a' -6*) sinhmf, J 

X r ^(«— /^)«^ _ 2 cosh mfo sinh m tfi— fc) "] /g^x 
L f (a*-feO coshm^i J"^ ^' 

It is easy to verify that this reduces to equation (21) when {| is 
made infinite. 

14. We shall consider the cases m = 1 and m ts 2, First taking 
tn. = 1, we have 



n^ _ [ ah (a-P) _ cosh fi- cosh (fi~2fo) ~| 
(" U(a»-6') sinhf, J 



[ ah («~/3) 
U(a*-h'') 



^ ^- ah (a~g) _ 8inhf,-h8inh ((,-2(.) 

cosh f I 



(36). 



Now we have, by (28), 

ah (a--/3) _ a5[(a--hb0»^(a-h6)']« 



{(a«-6*) (a+6)«(a' + fe0*[(«'' + ^'') -(«' + &•)] 

_ cosh (^ sinh ^p (e^^'-e^o)' 
e^i e^ (cosh 2f , - cosh 2^) * 



Also 



cosh ^, -cosh (f^~2fo) _ a 2V 2ab _ 2sinhfi, . , ,. .. 



sinh ^i 



6' c« 



sinh^i 



to 



The first factor on the right-hand side of (35) can now be reduced 

cosh f, sinh* f«(e2^»-e2«o)» 



e^^ e^^ (cosh 2f,~cosh 2^^) sinh (^ ' 
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In like manner the second factor can be reduced to 

_ sinh (, cosh* & (e^i - e^y 
e^i e^ (cosh 2f, -cosh 2Q cosh f , ' 

Hence the frequency for modes corresponding to m = 1 is given hj 



n 



This agrees with a result found in § 7, when a' = 6' = oo. 
Next, taking m = 2, we can find the equation 

i' I i<? c* \ ah' a« + 6'/J 

r 2afe (g -/9) 4ab (a* -h b«) / g 6^ o«->-6« .VX 



(36). 



and, by using analysis similar to that used in the case m = 1, we can 
transform this into 

n«^ _ 4aV[(a6+aV)(a« + 5«)-a6(a'«+fe'«)] [(a'+60'-(« + &)']* 
^ (a + 6)* (a + 6')* a'^' («'' + ^'') [ (<*'' + &'') - («* + ^*) ]* 

(37). 



It follows that the motion is stable for this kind of displacement, 
and the frequency tends to zero when a' = 6' = oo. 



15. Although the steady motion has been proved to be stable for 
displacements corresponding to m = I and m = 2, yet a comparison of 
the general frequency-equation (34) with that (21) which holds in 
the case of Kirchhoff^s vortex, shows that for very elongated forms 
of section, the motion must* be unstable for displacements in which 
there are more than two wave-lengths to the circumference, and it is 
in fact not difficult to verify the occurrence of instability in the 
limiting case when the boundary of the vortex shrinks to *the line of 
foci, so that the vortex itself reduces to a special vortex-sheet. 
When the boundaiy of the vortex is such that h is very small com- 
pared with a, it is necessary to suppose that ( becomes infinite in 
such a way that t,h is finite. The strength of the vortex sheet, at any 
point distant j; fi'om the centre, is then 2{y, or 2^hy/{\ — j^lcf). In 
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equation (34), we must multiply up by {*, and obtain 

n"= r^ ^ (g— jS) _ > 2 sinh mj^ sink m (6— O l 
L o' — 6' sinhm^i J 



The term 



r a5 (g— i3) > 2 cosh m^ sinh m (^i -^) 1 /ggy 
L a* — 6* cosKth^i J*" 



X m 



m — J — -1-^ = mfao *= = =*-— -—^ , 

a*-2^* (a + 6)«(a' + 6T[(a'> + 6'')-(a« + fe«)] 

and this is finite under the conditions contemplated. The term 

^ 2 sinh mj^ sinh m (f | — ^) 
•■ sinh m(i 

is also finite, but the term 

w 2 cosh m^ sinh m (^i — fc) 
cosh mf, 

is ultimately infinite. Thus the second factor of (38) is ultimately 
infinite and negative. We must therefore investigate the sigpi of the 
first factor, when (^ vanishes, and ((^ has a finite limit. Now it is not 
very difficult to show that the finite limits of the two terms of the 
first factor of (38) destroy each other. In fact these limits are re- 
spectively 

'^''^a«e«^»(co8h2f,-l) 



and — 2fn4 — . 

a 



It follows that the first factor of (38) is small of the order (^, and 
it is necessary to expand it as far as ^ in order to determine its 
sign. 

Now the term 



m 



a5 (a-/3) _ ( e^i - e^fo)* sinh ^ cosh (^ 
a«- 6« ^e^^e^' (co8i2f,-co8h 2(.) 



Again, the term 



= 2mf sinhf,cosh^ J^^^5^ 

= 2mCfo (1 - 2^ coth (,) + terms in f J. 



^y sinh mfc sinh m (f | — (^) __ y cosh m^| — cosh m (f , — 2^^) 
sinh vii^ sinh m^j 

= 2m(^ (I — m^ coth ml^) + terms in 1*^. 
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Also the second factor of (38) is ultimately 

— 2f tanh mE^ 

Hence (38) becomes ultimately 

n' == 4f*ijm [2 coth £, tanh mf,— m]. 

Of the expression in the square brackets, the first term can never 
be grater than 2 coth S^, but the second term increases indefinitely as 
larger values of m are taken, and thus there are always values of m 
for which the vortex sheet becomes unstable. 



Thursday, December 14/A, 1893. 
A. B. KBMPE, Esq., F.R.S., President, in the Chair. 

The following gentlemen were elected members : — Arthur Berry, 
M.A., Fellow of King's College, Cambridge; J. H. Hooker, M.A., 
late Scholar of Queens' College, Cambridge ; F. H. Jackson, M.A., 
Mathematical Master, Cowbridge School, S. Wales ; A. H. Leahy, 
M.A., late Fellow of Pembroke College, Cambridge ; and C. Mwgan, 
M.A., Naval Instructor, Royal Naval College, Greenwich. 

The Auditor (the Rev. T. R. Terry) having made his Report, a 
vote of thanks to him, for the trouble he had taken, was moved by 
Mr. Basset, seconded by the President, and carried unanimously. 

The adoption of the Treasurer's Report was then moved by Lt.-Col. 
Campbell, seconded by Major MacMahon, and carried. 

Mr. Basset read a paper on *^ The Stability of a Deformed Elastic 
Wire." Mr. Dallas gave an account of his paper, entitled " The 
Linear Automorphic Transformations of certain Quantics." Dr. 
Hobson gave a brief outline of a paper on ** Bessel's Functions and 
Relations connecting them with Spherical and Hyperspherical 
Harmonics." 

The following communications were taken as read : — 
A Theorem of Liouville's : Prof. Mathews. 
Note on non-Euclidian Geometry : Mr. H. F. Baker. 
Note on an Identity in Elliptic Functions : Prof. L. J. Rogers. 
Note on a Variable Seven-Points Circle analogous to the Brooard 
Circle of a Plane Triangle : Mr. J. Griffiths. 
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The following presents were received : — 

'* Beiblatter za denAnnalen der Physik und Chemie," Band xvii., Stiick 10; 
Leipzig, 1893. 

D'Ooagne, Hods. H. — "Sar la Coostruction des Calnqnes Cuspidalefl par 
Points 6t Tangentes " (eztrait des ** Nouvelles Annales de Math^matiques ") ; 
"Sor une Classe de Transformations dans le Triangle, et notamment sar certaine 
Transformation Quadratique Irrationnelle " (extrait des '* Nouvelles Annales de 
Math^matiques'*) ; '* Remarque sur la Deformation des Surfaces de Revolution " 
(extrait de la '< Bulletin de la SociM de France'*); '* Sur la Sommation d'one 
certaine Classe de Series '*; ** Sur une M^thode Nomographique, applicable k dee 
^oations pouvant contenir jusqu'k dix variables " (Comptes rendus). 

"Archives Ntolandaises des Sciences Exactes et Natur^es,*' Tome xxvn., 
Livraison 3; Harlem, 1893. 

** Jomal de Sciencias Mathematicas e Astronomicas," Vol. xi., No. 5 ; Coimbra, 
1893. 

''The Physical Society of London— Proceedings," Vol. xii., Pt. 2; October, 
1893. 

" Berichte iiber die Yerhandlungen der KOnigl. Sachsischen Gtesellschaft der 
Wisseoschaften zu Leipzig,'* 1893, 4, 5, 6. 

** Kansas University Uoarterly," Vol. ii.. No. 2 ; October, 1893. 

** Bulletin des Sciences Mathematiques," Tome xvii., 1893, Aout et Septembre ; 
Paris. 

« Bulletin of the New York Mathematical Society," Vol. in., No. 2 ; New York, 
1893. 

"Transactions of the Canadian Institute," Vol. in., Pt. 2, No. 6; Toronto, 
1893; and the fifth ** Annual Report," 1892-3. 

"Atti della R»'ale Accademia dei Lincei — Bendiconti," Vol. ii., Fasc. 9, 
2 Sem. ; Roma, 1893. 

" Journal of the Japan College of Science," Vol. vi., Part 3 ; Tokyo, 1893. 

** Journal fur die reine und angewandte Mathematik," Bd. cxn., Heft 4 ; Berlin. 

" Acta llathematica," xvn., 3, 4 ; Stockholm, 1893. 

*' Annales de la Faculty des Sciences de Toulouse," Tome vn., Fasc. 3 ; Paris, 
1893. 

''Educational Times," December, 1893. 

" Memorie della Regia Accademia di Scienze, Lettere, ed Arti in Modena," 
Serie 2, Vol. vni. ; Modena, 1892. 

Cay ley, A. — "Mathematical Papers," Vol. vi. 

"Indian Engineering," Vol. xiv., Nos. 17-21. 

"American Journal of Mathematics,*' Vol. xv., No. 4. 
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Note on an Identity in Elliptic Functions. By Prof. L. J. Boqkbs. 
Received December 8th, 1893. Read December 14th, 
1898. 

1. In the Fund, Nov., see Vol. i., p. 336, of his collected works, 
Jacobi establishes the identity, 

snasn6 + sna;sn (a;-|-a-|-6) — sn (aj-fa) sn (x-^h) 

= /c* sn a sn 6 sn a; sn (a; + a + fe) sn (aj -f- a) sn (ar + 6)...(l). 



By patting 

this identity becomes 



7n wi— fr , wi-f"' 

2 2 2 



sn (n- I) sn (u+ |i) -sn (n— i) sn («+ 1) +sn 



tri'^l 7W. + Z 

-— — sn — ~ 



m — I m-f-Z 
— r — sn — -— 



(2). 



It will be found convenient to write Ur for 

8n(«-^^)8n(«+|), 

and sn rll for sn Z sn 2Z . . . sn rl, 

when r is a positive integer. 

By (2), putting m = 3Z, we get 

l^U^ C/j sn Z sn 2Z = U^- [7, H-sn Z sn 2Z, 

or, as we may write it, so as to correspond moi*e exactly to formula to 
be obtained subsequently, 

A-'Cr,Cr,8n3Z! = U^BuSl-^U^anl-hsuSll (3). 

sn I 

Multiplying by U^, we get on the right-hand side the products U^U 
and UiU^, which, by (1), may be replaced by linear functions of [7, 
17",, and U^, 
By actual calculation it will be found, after replacing 

snSZ -I . M 7 o7 o; Ai I sn 4Z 
— 1 -I- AT sn Z sn 2Z sn ol sn 4/ by 



snZ 



sn 21 ' 
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to which it may be reduced by (1), we get 

Aj*l7,l7,l7,8n5Z!=== Cr,8n5Z-?^l7,sn3H5^-^^-^ ...(4). 

sn Z sn Z an 2Z 

It will be observed that in (3) and (4) the snccessiye coefficients of 
expressions of the form Ur sn rl bear a similarity to binomial coefficients, 
each factor in the latter being replaced by a corresponding elliptic 
sine. 

The object of the present paper is to establish a general formula 
for the product JJJJ^JJ^.., to n factors. 

It is easily seen, by continued repetition of Jacobi's formula, 
that we ihay reduce the product TJJIJI^,,. to a linear ez{)ression in 
the ITs, which may contain a term independent of u, as in (3), or not, 
as in (4). 

Thus we may assume that 

y*l7il7,l7j ... I7,«^isn (2n+I) Z! 

= A^*.^i 8n(2n+l)Z-^i 17,^.1 sn(2n- 1) Z+...+i^,^i (5), 

where L^^\ is independent of u. 
We see then, by (3) and (4), that 

X^ = sn 3Z!, and Z^ = 0. 

By changing u into u-\-K'i^ snu becomes I-7-A;snu, so that (5) 
becomes 

sn(2n-H)Z! _ ^sn(2n-H)Z il,sn(2n— 1)Z . j.j .^^ 

Z 3Z . 
By making us:-, •--... in succession, we may obtain the values 

• • • • • • ^y ^y 

of all the coefficients A^^, il| ... . 

These coefficients may best be evaluated by considering the corre- 
sponding algebraic identity 

(2n-H)! , . 2n-H . 2n^l ^ ^ 

{"- iW- i) ■■■' '^^W)-' '^^Wf ■ 

2 
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then (2n + l)!/r(r+l)(r-l)(r+2)... 

...1.2r(2r + l)(-l)(2r + 2)(-2)(2r+3)...(-n+r)(r-fn + l) 

therefore ^« - r = ^ 1,^."^.^' ,., , 

(n— r)! (n+r + 1)! 

so that the A*b in (5) and (6) are fully established as corresponding 
to binomial coefficients, as we observed in (3) and (4), and 

A 8n(2n-H)! ... 

""' sn (n^r) l\ sn («+r+l)Z! ^ ^' 

It remains now to find l/s^^i. 

Multiplying (5) by A;* 17^^, sn (2» + 2) Z sn (2n+3) Z, 
and remarking that, by (1), 

UTT IT — ^i»*s— ^in*i+BnZsn(2n + 2) Z . 

snZ sn (2n-f-2) Z 

we see that the coefficient of ZJsm^s in the new pioduct is similar to 
the numerical expression 

fo ^o\fo . Q\ ( 2n + l /2n + l\ 2n-l 
(2n + 2)(2n+3)J-^--2^--( ^ )(2;m)2 

./2n + l\2n-3 .^^ ^ 

But we know, by (7), that this is (2«+3) ; therefore 
i»£».^,(2»+2)(2,.+3) 

= (2n+3)-(2»+3)(2n + l) + (2«+3)(2„_i)_ (8), 

where each numerical factor has to be replaced by the corresponding 
elliptic sine. 

Similarly calculating the absolute term i/2„>6 in 

A:*-** 17,17, ...ir,„^,sn(2n + 5)Z!, 

by multiplying Ic^^^ U.U^ ... Ui^^zsn (2w + 3) Z! 

by A-' Ui„^i sn (2?* -h 4) Z sn (2?i + 5) Z, 
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and noticing that by Jacobi*8 formula the absolute term, in any ex- 
pression such as I^Utn^sUir^M is unity, we see that, in the correspond- 
ing algebraic form, we get 

Lu*,= (2n+4)(2« + 6) J(2n + 3)-(2«+''^)(2«+l) + ... | ...(9). 

Hence, by (8), 

£^^, = A* an (2n+2) I an (2n + 3) I an (2n+4) Zsn (2«+S) I . i^.i 

(10). 

From the known values of 2/, and L^, we see then that 

^4m*l = 0, 

while X4«^8 = A;*"sn(4»i+3)Z! (11). 

We have therefore completely determined a formula 

**-*» U,U^ ... U^,., sn (2n-hl) II 

= 17,,., sn (2n-hl) ^- 55i2nidL^ j^^_^ sn (2n-l) Z^ 

(12), 

where I^n*i = if n is even, 

and A„^i = ik*-Un(2n-f 1)Z! if n is odd, 

a formula which gives an easily remembered equivalent for the 
product of 2n elliptic sines whose arguments are in arithmetic 
progression. 

By changing u into t*-f^'t, we moreover deduce a similar 
expression for the reciprocal of such a product. 

So, too, by the various transformations in elliptic functions, we 
may deduce corresponding formulae for tn-functions, cn-functions, 
dn-functions, sines, tangents, and cosines. 

2. A similar formula may be derived from Jacobi's formula by 
writing , . , 

whence h^ Z7„ sn (u + Z) sn (m + 1) sn (m — l) sn 2m 

= sn (m + Z) sn (w-|-m) +sn (m^l) sn (m— m) --sn2msn (w-|-Z)...(l). 

Thus ^-^ Hn «. r/-sn Z sn 2Z = sn (m + /)— sn li-j-sn (m— Z) ...(3). 

snZ 
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By multiplying by U^ and reducing such products as U^sn (u-\-rr) 
by (1), we get a linear expression in sn (u-f 2Z), sn (u + Z)... for the 
product k*anu, ITir/^ sn 4Z! , there being no absolute term. 



Similarly 



/c** sn t* . U^U^ ... Ui^sn 2nll 



may be reduced to the form 

-4^sn (ft-l-nZ)— -4.1 sn[t* + (» — !) l] + ...— -4iSn [u— (n— 1) Z] 

+iloSn(tt— nZ), 

when the A^a are independent of u. 

By changing u into u-^K'i, as in the last section, we can evaluate 
the coefficients, which will be found to correspond to those in the 
expansion of (!—«)*•; thus 

A:*" sn ft . TT^U^ ... Uf^ sn 2nZ! 

= sn(u4-nZ)-?^^{sn«+(n-l)Z} 

snZ ^ ' 



, sn2nZsn (2n— 1)Z^ f , / o\ 7*) 
^ .^ 7 1 07 ^^ {t*-f (n-2) I] - ... 



sn Z sn 2Z 



(3). 



This formula will also, by the various transformations in elliptic 
functions, lead to others, giving like relations connecting tn- 
functions, <fec. 

Thus k may be changed into k\ and sn into tn throughout, and 
further we may put A; = 1 and write tan for sn. 

If, again, in this trigonometrical identity, we put 

e"'* = g*, and n = jx>, 

we get the formula connecting the ^-series and the ^-product form for 

. 2K . 2K 

an — u tn — u. 
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On BesseVs Functions, and Relations connecting them with 
Hy pet' Spherical and Spherical Harmonics. By E. W. 
Hobson^ Sc.D. Received and read December 14th, 1893. 

The BesseFs fanctions /,« (r) of positive integral oixier m make 
their appearance in the pi-oduct . m$ . J^ (r), which is a particular 
integral of the differential equation 

where x =s r cos $, y =- r sin $. 

The Bessel's functions J^^| (r) of order half an odd integer (known 
sometimes as spherical functions) make their appearance in the pro- 
duct . 

vr 

which satisfies the equation V'F-f 7 = 0, 

y« denoting a surface harmonic of order m. There is, however,- 
another mode in which both kinds of functions may be considered to 
arise; it appears that, if we consider the equation in p variables 
corresponding to V*F+ F = 0, 

the function ^l^.i plays the same part in relation to this equation 
that J^ (r) does in relation to the equation 

a*' ay" 



/,(r) 



and thus that "* ^ ^ may be considered to be the Bessel's function of 

zero order when there are 2m-f2 variables, and also that 

J (r^ 
"*"* \ ^ will be the Bessel's function of zero order when 27H-f3 is 

the number of variables. In the present paper, various propei^ties of 
the functions are developed from this point of view, the method 
having the advantage of dealing with both classes of functions at 
once. A considerable number of relations connecting the functions of 
VOL. XXV. — NO. 478. E 
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different orders, both amongst themselves and with the correspond- 
ing hyper-spherical harmonics, are obtained, many of which are 
believed to be new. Many of these theorems arise from a comparison 
of different ways of expi*essing the same solution of one of the 

equations v* F = 0, V» F+ F = 0, 

the number of variables being uni*estricted. Expressions are 
obtained for the zonal and tessei*al harmonics as definite integrals 
involving BesseFs functions. 



A Tfieorem cftncerning a certain Dlfferetitial Operator. 

1. In a papei** " On a Theorem in Differentiation and its Applica- 
tion to Spheiical Harmonics," I proved a theoi-em which may be 
stated thus : — If /„ (ar,, a*,, ... Xp) denote a ration.il integral function 
of degi-ee n of the p vaiiables a^i, £P„ ... a-^, then 



where 



and 



r» = a^-|-ir^4....+.r«, 






(1), 



dx\ dx\ 



Now suppose that/,, satisfies the differential equation 

^p/» = 0, 

so that /h is a splierical or hyper-spheiical harmonic ; in the above 
theorem the series on the right-hand side reduces to its fii-st term, 
and we have, denoting by S^ (a*,, a-j, ... Xj) such a value of /„, 

In this paper, I shall make use of the theoi-em (2), and I give here 
two examples of its application to the differential equations of 
physics. 



♦ See Proe, Lond, Math, Sce.^ Vol. xxiv., p. 67. 
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(a) It is well known that the real part of — c*"^*'"*'^ represents the 

T 

potential due to a simple source of vibrations in a gas, the expression 

r 
satisfying the differential equation 

• • • 

dfi " V 30,' ay* az« / ' 

it follows fix)m the linear character of the equation that 

" ^dx' 3y' dzf Lr J' 

where 8^ (x, y, z) is a, solid harmonic of degree n, also satisfies the 
differential equation ; applying the theorem (1), we see that the 
function ^» n 

and therefore also 8n (x, y, z) e**"' !!^v ; , 

satisfies the differential equation. It has been remarked bj Lord 
Bayleigh* that the potential of a multiple source, which is of the 

does not in general contain a spherical harmonic S^ (x, y, z) as a 
factor, as it does in the case ic = 0, of the gravitation potential ; the 

reason of this is that - — ^-^ — differs from some operator of the 



form 



s /1, 1, ly 

^ Sx Sy dz ' 



1' 7^ 7\^ 
by a multiple of ^-. + ^~; + ^ i ' 

ox^ dv* oz 



'y 



and thus 8, (x, y, z) e-' '^^^ 



* 



Theory of Sound, Vol. n., p. 216. 

e2 
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is the potential due to a combination of sources of degrees n, n ^ 2, &c.y 
whereas, in the case ic = 0, we have, since 

r 

9* J^ - q / 3 9 9 \ 1 - 8A», y, ') 

omitting numerical factors. 

(6) It is well known that the equation 

dV (d'V d'V d'V\ 

* V 3;^ a7 a** / 



dt 



is satisfied 



by F = P , , -^ f (X) e--^*-"-^^J (iX; 



in fact this is the temperature at a point of an infinite solid of 
conductivity r, due to a source of intensity f (t), commencing at 
time * = 0. We see that 

* dx dy dz ' 
satisfies the di£Fei*ential equation ; thus the expression 

S. (x, y, z) fl ^_/(X) e-''t-"-"dX 
satisfies the diffei*ential equation ; putting 



a« = 



^{t-\y 



we see that the function 



satisfies the difFei'ential equation, 8,^ denoting any solid harmonic. 
The particular case n = 1 gives the class of solutions which I have 
applied, in my paper* on " Synthetic Solutions in the Conduction of 
Heat," to certain pi-oblenis of conduction. 



♦ See Proe, Loud. Math, Soe., Vol. xix., p. 289. 
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BesseVs Futictions of rank p. 



2. The equation 



/3L + .9L+ +Z\ 



9* \ IT— 



a.;. 



F=0, 



(3). 



or 



has 



or 



VJF=0, 



p(p+l)...(p+n-l) p(p+l)...(p+n-3) 

(«-2)! 



n! 



(2n+p-2) (l>-l)l>( l>-H) -(/>+'»-3) ^ 



distinct solutions which are rational integ^l functions of x^^x^, ... x, 
of degree n ; we shall denote snch a solution by £1. (a;,, 2,, ... a;,). 



Consider the equation V,V + V= 



(4). 



Suppose 0^1, x^, ... 2;^ to be expressed in terms of the usual hyper-polar 
system of variables r, 0„ 6„ ... 0,_|, and suppose F to be a function of 
r only ; the equation (3) reduces in this case to 



^V 2llk ^ 



dr" 



dr 



-|-F = 0. 



Now, in Bessel's equation of order m, 



(?u , 1 du . /^ m'\ f. 



put 

then we have 



d^v , 2m + 1 dv , 
— -|- • — — -f-v 

di^ r dr 



= 0; 



thns we see that (4) is satisfied by 

y ^ Jjp-x (r) 



or 



y..-! (r) 

^-1 



where J^^u ^4^-1 *^ ^^® ^^^ Bessel's functions of order ^—1. 

For simplicity we shall for the most part consider the function / 
only ; many of the theorems will apply equally to Y. 

The solutions of (4) which contain r only I shall call the Bessel's 
functions of zero order and rank p; thus the ordinary Bessel's 
functions J^ (r), Y^ (r) are of rank 2. These solutions of (4) may b© 
denoted by r r« .^ V z'*, .^ 
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where J.Q,,r)=i^, r.(p,r)=I^P 

we thua have . 



(5); 



/.(2,r)=/.(r), J.(3,r)=^=^'l?i^, 

it thus appears that Bessel!B functions of even rank are expressible in 
terms of the ordinary Bessel's functions of integral order, and that 
those of odd rank are expressible in terms of the oi*dinary functions 
of bi'der half an odd integer. 

3. In order to obtain unsymmetrical solutions of (3), the theorem 
(2) may be applied ; thus 

^-(|-' a- .- |- ) -^o (!'.'•) = 

)ox^ ox^ ox ' 



dJ' 



s^(x^yx^,.,. x^) jT^^o (p^ ; 



now 



dCr^Y''^^'^ d(i^Y r^'' r^*^-' ' 



W 



leaving out a numerical factor, as the form only of the result is 
required. 

We see therefore that (4) is satisfied by 



^ — ^n K^it 2?j, •«. Xp) „+|p.i> 



that is, a solution of (4) is obtained by multiplying a solution S^ of 
(•^) ^y '^'"1-Kk ' P ' '^^^ ^^®^ p = 2, p=zS of this theorem ai-e well- 
known ; thus, when p = 2, we have 



(.r±.y)"t^, or ^\f.J,(r), 



as a solution^ of the equation 



wheitj 



jc ^s. f COS 9>, ?/ = f ^i'* '^' i 
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again, when p = 3, we have 



SAx^y,')"^-^, 



as a solution of the equation 

4. We have considered only the case in which S^ is a rational 
algebraical solution of (3) ; it may, however, be shown that, if Sn is 

any solution of (3) of degree n in the p variables, 8^ . -^* ^"^_j ^ is a 
solution of (4). 

In (4), put F = S^nU ; the equation then becomes, on the assumption 
that u is a function of r only, 



2 3u/ 3fif, 



2 Cuf 

r dr ^ 



dS. 



dS, 






or, using the theorem 



dXy^ OXp 



«H 



this becomes 



of which the solution is 






thus, whatever the nature of a function S^ of the n^ deg^e may be, 
which is a solution of (2), if it be multiplied by "^Cj^.i > we 
obtain a solution of (3). It will be observed that n may be negative, 
so that S-n "iVriP-i satisfies (3), S^n denoting a harmonic of 
negative degi-ee. 

5. In a paper* on " Systems of Spherical Harmonics," I have given 
a table of some spherical harmonics of deg^e zero ; any one of these, 



* See Proc, Vol. xxn., p. 435. 
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when multiplied by , or — -— , is a solution of the equation 

V«r+F=0; 

we obtain, for example, as solutions of this equation 

X sinr x cosr (r±2?)"* cos ^ 1 sin 

r-j-z y/r ^ r-{-z v^r ' (aj'+y*)**' sin ' \/r cos 

1 , Ir—z sin 1 . _i t/ sin 

vr y r-\'Z cos v r a? cos 

The most general harmonic of degree n is 

we obtain therefore, as solutions of 

V*V+ F = 0, 

the expressions r-*'^^^ { 1/ (?±I2) j J„. (r), 
where / denotes any function. 



Zonal and Tesseral Hyper- Spherical Harmonics. 

6. The systems of zonal and tesseral harmonics for p variables 
have been discussed by vanous wHters ; as, however, some of their 
pi-operties are needed below, I give what appears to me to be a 
simple method of investigating their forms. 

The potential equation (3) is satisfied by 



F = 



{(^i-«,)* + (^,-«,)H... + (^,~a,y]*'-»' 



when p > 2', and by 

^=-^log.{(.r,-a,)«-h(j',-a,)«], 
when p=:2. 
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Denoting the zonal harmonic of rank p hj P^ (jp, cos 6), we have, 
as in the case p = S, 



-ilog.(l-2hcoBe-j'h^) = S/i"PH(2, co8e)J 
Also, as in the ordinary case jp = 3, we find, if jp ^ 3, 



(6). 



where 



n(«) ax; («;+«;;+...+*;)•'-' 

Xp/r = cos = fi. 






Performing the differentiation by means of the theorem (1), we have 
at once 

2) 

( . n(»-l) , «(n-l)(«-2)(«-3) «_. 7 

r 2.2n+p-4,'^ ^ 2A(2n+p-4>X2n+p-6y '" ) 

In the case p=^2, we have 



(7). 



Ph (2, cos tf) = — cos wtf ; 

n 



thns 



^ P- (2, /I) 

- 2"-» J »«« n(n-l) , n( n~l)(n-2)(n~3) *_ ] . 
"^ r 2,2n-2^ ^ 2.4.2n-2.2n-4 ^ '" ] ' 

thus the factor of P^ (2, /i) in the bracket agrees with the series 
factor in (7). 

7. The potential equation (3) may be written 

|r+|£+...+|;!:+(f)V=o, 

so that when - - is treated as a quantity, this equation is of the 



dx 



p 



form (4) with ^—1 variables ; we see therefore that 
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where x (^p) ^ ^^Y function of x^ and a is any integer, satisfies the 
above equation. Let x (a^p) = ^J?]!*? and suppose o.^n\ we thus have, 
as a solution of (3), 

;g.(^,;r^...»,:.) (C- (;r;+^:+ ... +»>-0 ^*'~^'|^"°7 ^^ ^" '*+ -.)» 

where iS. denotes any solid hyper-harmonic of rank /?— 1. iS. may 
itself be expressed as the product of a harmonic of rankjp— 2, and a 
series ; thus, proceeding in this way, we obtain, as a solution of (3), 
an expression of the form of the product 

Ir(|?,n,a,av)L(jp-l,a,/J,av,.,)...i(3,ir,X,a^)(aJi±iaj,y (8), 

where X (p— r, ij, 6, a?,.^) denotes the series 

'"' 2.2^-hjp-r-l '" V«i^^^2+-+*i'-'-i-' 

^ 2.4.2^+j>-rll.2^+^-.r+l ^'"^ ^•^i+^+-+^^-r-i^ - 
If difPerent integral values are assigned to a, |3, ... «r, X, such that 

n>a>i3... ^ic^A, 

the form (8) expresses various hyper-spherical harmonics of degree n. 
It is easy to show that (8) gives a complete set of harmonics of 
degree n; thep— 1 quantities n— a, a — /3, ... i:— X, A, are capable of 
all positive integral values (including zero) which are such that their 
sum is n ; corresponding to any choice of these numbers we have two 
harmonics given by (8), except when X = 0, in which case only one 
harmonic is given ; the number of solutions in which X = is the 
number of ways in which the jp — 2 numbers n— a, a — /3 ... k may be 
chosen so that theii* sum is n; it follows that the formula (8) 
represents 

2 (p~l)y(j>-H)-..(p4-n-2) _ (j>^2)(p-l) ...(p-hn-3) 

n! w! 

distinct harmonics ; this number is equal to 

(i?-h2w-2) (p -l);^(p-H)...(;^-fn-3) ^ 

which, as we have seen in Section 2, is the number of independent 
harmonics of degree n and rank p. It lias thus been shown that all 
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the hyper-spherical harmonics of degree n are included in (8) ; these 
correspond to the system of zonal, tesseral, and sectorial harmonics 
in the ordinary case jp = 3. 



Eacpansion of an Exponential Function. 
9. The differential equation (4) is satisfied by 



•7=:e*" = c 



»reoi* , 



it follows that e**"**** can be expanded in the form 

^a^rT^ip, cos e/-s^i^, 



since Bessel*s functions of the second kind are infinite when r 
and therefore cannot occur. We have therefore 



= 0, 



e-«<- = I o^P, (p, cos 6) ^^f;^ 



^-1 

where a^ are constants to be determined ; substituting the value for 
P„ (p, cos 6) given by (7), and equating the coefficients of r*cos*tf on 
both sides of the equation, we obtain 

i" _ 1 g, n(n-hip-2) 

n(n) '*'*2'»-*'->n(n-|-ip-l) n(n)n(ip-.2)' 



thus 



a. = .- . 2*'-' (» + ll'-l) n (ip-2), 



whence we obtain the result 

^rc^0 = 2*''-» n (^-2) T t" (n-^^p-1) P^(p, cos 6) '^"^jf;\^^^ ...(9). 

M-O f"'^ 

Two cases of (9) &re well known ; putting j? = 3, we have 

^.rco.# „ ^2^ I *« (r* + i) P„ (cos 6) •^LljW ; 

y/r 

again, putting p =: 2, and taking account of the exceptional form of 
P„ (2, cos 0), we have 
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Addition Theorems for BesseVs Functions. 
10. Since J^ (p, r) satisfies the equation (4), it follows that 



JoCp, v'r'-fr''— 2rr' cos ^) 



satisfies the same equation, for 



r»-f r'«-arr' cos tf = arJ-f«J+ ... + (a!p-r)*. 



We see that if J^ (p, -/r«-|-/*-2rr'costf) 

is expanded in a series of the functions P. (jp, cos ^), the coefficients 
must contain "•'•Ip-M^^ and "^^^r^y ^ as factors ; thus 



•^0 (P» ^/r*-f r'*-"2rr' cos 0) 



= ^o(l',^)'^o(l',0+ S /3, '^-i^-' ,^''\'[;:}^-' ^^^ Pn (P, cos e), 



where ^„ is a constant to be determined. Write 



B = yr'H-r'*— 2rr'cos ^, 

and differentiate both sides of the equation n times with i-espect to 
cos 0, remembering that 



thus 



d(Br)^ -2rr'(i (cos 6) ; 



^ ^ d(B*r B^-' '" {rr^^'' d (cos oy ^'"' 

divide both sides of the equation by r'*, and then put r' = ; we get 



(-2r)' 



d' .7.,., (r) 



-^ Jk:ti£=L(!:} 1 2'n (n+ip-2) 

1^' ^-i 2-«»-'n(»»+ip-i) nap-2) ' 



(ii'-2) 



Now 






hence we find j8« = 2*^"^ (w-h^p-l) H (Ji?-2) ; 
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we thus obtain the theorem 

+ 2»'-'n (|p-2) S (n-\-\p - 1) /«,^., (r) J.,^., (/) P, (^, cos 6)} 

(10). 

This theorem has been proved by other methods by Gegenbaner and 
by Sonnine. 

If we put, in (10), jp = 2, we obtain C. Neumann's addition theorem 
^0 W = J,(r)J, (/)+2|/, (r) J, (/) cosna. 

Patting j> = 3, we obtain the addition theorem for the spherical 
functions, /^ (fl) 

= ^ (J.W JiCO + amC-J) S(n+4)J-„j(r)/,„(r')P,(co8fl)}, 



or 



sinjg 
R 



sin r sin ' 



r r 



^ + 2(2n + l)(Vr;7/K 
1 rf (f>') 



d" sinr d" sin/ t> / nx 

— .P„(cos6). 



r •d(p'*)'» r 



It will be observed that the formula (10) is a general addition 
theorem for the functions "^ ^ , "VlL^x • 



TAe Evaluation of a Sui-face Integral. 

11. It can be shown by means of the differential equation (2), in 
the same way as in the case jp = 3, that, if 8^, 8n are hyper-spherical 
harmonics of degrees m and n, 



I 



6f«,Sf,^ = 0, 



provided m and n are unequal, the integration being taken over the 
surface of a sphere of unit radius, the centre being at the origin. 
We shall have occasion to use the value of 



f 



P„ (p, cos d) S^ duf, 
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which I proceed to calculate. Using the system of hyper-polar 
coordinates, given by 

x^ = r sin sin 01 sin^, ... sin 0^.2, 

x^ = r sin 6 sin 0, sin f, ... cos ^^,.1 , 



• • • • • • 



I • • < 



) • • ■ • • • • 



iPp.i = r sin 6 cos 0, , 
x^, = r cos tf , 
we find, for an elementary volume, the expression 

r^'^sin'^'O sin^'^^i ... sin0,.j<ird6c^,c^, ... c^,-i, 
and thus d(a = sin'"* sin*""' ^i ... sin 0j,-jd^d0id0, ... c^j,_j. 
Using the equation 



(r^2^8-e?A')»>^> = }J' (^' '^^ ''^ ^' 



we find 



l-fc» 



(^-^> (1-2^008 g+^r = ^ (2»+^-2>^- (?• "««''> ^"^ 

multipljdng both sides of this equation by iS»„, and integrating over 
the sui'face of the sphere of unit radius, we have 



jp.0.,cos(»)5.i« = ^-^^| — 



2^cose+A*)*' 



s«^, 



where, on the right-hand side, the expression has its limiting value 
when ^ = 1 ; we therefore have 

where 8n (1) is the value of 8^ at the pole of P„ . 



1 



2^*' 



« (¥) ■ 



thus we obtain the theorem 



[p„0,,cos<?)S„rf<- = ^ 



-2 



2ir»' 



2h+i)-2 ii/£r:2\ 



«» (1) 



(11). 
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f 



A particular case of this theorem is 

{p.(2>,co8e)]«(i-^«)*^'"'^^/' 

_ .-2 .^ n(p-^n-3)n(^-^) 

12. Next, let us evaluate j e"» *>+*»*«+ +Vp6f«(iw over the sphere of 
unit radius ; this integral is, by changing the variables, reducible to 
an integral \e^^* Sndta^ where 

Substitute for e^*^* its value given by putting — 1/3 for r in the 
expansion (9) ; then, remembering that 

I S^P^ (p, cos 6) ci« = 0, 

except when m^= n, we have 
I e*— «, do. = 2J'-' n ( Jp- 2) .- (» + ip - 1) ^!^i^^=# J 6'.P. d« 

2« Il(«+ip-l) J 



x/3'{i+2: 



I? 



+ 



/3* 



k¥+2 "•"••• 5 ■ 



2n+p 2.4.2n+y.2»+p 

If f (xj, X,, ... Xp) be a fanction which is finite and continuons 
throaghont the volume of the h3rper-8phere, we have 

J ^*i> '-it ••• •"pJ — " / \*it »j» ••• ip/f 

where ^„ d, ... i, are pat equal to zero after the operation is performed. 

we then have 



a, = 



'S,./(x„«„...x,)du = 



2" n(n+iy-2) 2n+p-2 p/p-2\ 
"Vsa' 7sf.:'7si)\ ^2.2n+p^2.4.2»+p.2n + » + 2J 



af'af, "af. 



/(f. 4 - i,) (13), 
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v« = -^ + -?! 4- + ^ 



and where ^i, ^s, ... ^p are put equal to zero after the operations on 
the right-hand side are performed. 

13. A large number of integrals are included as particular cases of 
(13) ; an important one for our purpose is the case in which 

Sn = Pn(p.coBO), / = (a:J+a^+ ... -f icj J* ; 

we then have, supposing n even, keeping the only term which does 
not vanish, 

j P. (jp, cos tf) sin** tf (i« 



2** ^ ^ 



n(£±!!-2) 



n(£±n+..i)n(|)n(|-.)n(*-|) 



It can easily be shown that 






) 



hence the value of the surface integral is 



(-l)*"2ir*' 



n(^p-2)n(^)n(fc+^) 



or 



= (-l)»»jr* 



- C^+'-O - (f) " (i-^) "('- f ) -Ct^) ■ 
r p. o>,/.)(i -/.')»* <'-''d/i 

n(£±^-2)n(fc)n(fc+£^) 
n(^±-«+.-i)n(-|)n(|-2)n(.-|) 



...(U), 



where w is an even integer. 
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In the particnlar case j? = 3, we have 

p,0»)(i-,i»)*d^ 



= (-!)»"«•• 



f., 

n {^) n Qc) n {k) 



„ ("-±i+*)n(|)y,n(.-j) 



= (-!)*" 



n (it) n (A;) 



= (-l)*"2***> 



^(n)^(^+|)^(^o^(^) 
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..(15), 



The particular case (15) agrees with the value obtained by Mr. W. D. 
Niven.* 



Expansions in Zoned Hyper-Harmonics. 



14. Since e^^'pJ^ip-l, \/«J+«J+...-f ajj_,), 

or e*'^«»Vo(i?-l, rsin^), 

satisfies the equation vj F = 0, 

it is clear that this function must be capable of being exhibited in a 
series of zonal hyper-harmonics of rank p of positive integral 
degrees; thus 



putting 6 = 0, we have 



^ip-^)n(J^—) ""° 



= T a,7^P^ (p, 1) ; 



♦ See Phil. Tram, for 1879, p. 385. 
VOL. XXV. — NO. 479. p 
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thus a, = 5- 

2»(i.-«n(£=^)n(«)P.(i>,l) 

n(f,-3) 
2»(p-')n(£=5)n(p+»-3)' 

we therefore obtain the theoi'em 

V 2 / (16); 

on changing r into — r, we have 

V 2 / (17). 

In the pai*ticular case /> = 3, we have 

e'^«^~Vo(rsin(J) ="5* ^P„ (cosO) (18), 

n-o n! 

c-^*"*Vo(r8in^) =T ^"'^r'^ -P>.(cosQ) (1^)- 

»-o n\ 

On multiplying the senes (18), (19) together, we have 

{/o(rsin^)}'=[l+^P,(cos^)-h^,P,(cos^) + ...J' 

- I rP, (cos 0) -h ~ Pa (cos ^) + ... | *. 

Epilations competing BesseVs Functions of Different Orders, 
15. The equation vj 7+7=0 (4) 

is satisfied by /^(p— 1, v/a-^+a:*+ ...+iP^_i)» 

which is independent of x,,; it is therefore clear that /^ (^j— 1, rsinO) 
can be exhibited in a series of the functions 

p.. (p, cos 0) ^^hP i 
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(r sin «)*('-*) n .0 ' *• " ^^' ^ ^ 7^-' ' 

where /3„ denotes constants which must be determined. 

Multiply both sides of the equation by P^ (p, cosf^)(l— cos' ^)*^"*^, 
and integi*ate with respect to cos $ between the limits ± 1 ; we have 
then, in vii'tue of (12), 



p-2. 
2n+p-2 



v/^ 



U(p-^n^S)U[P^) 



J„4ip-\ (r) 



n{n)n{P^.)u(p~3) 



-U'-l 



equating the coefficients of r" on both sides of this equation, we see 
that /^H is zero when n is odd, and that, when n is even, 



2'»+i'-2 n(»)n(^)n(p-3) 2-*''n(«+ii'-i) 



= (-!)•" 



2"H(>-')n/.|\n( P+"— "^ j 



y^ 



X r P,(jJ, C08«)(l-COs'fl)*"-')'«"d(cOS^) 



2"t*(i>-»). 



, by (14) J 



hence /3„ = v/2 



n(«.^)n(|)n(H-) 



on changing ?£ into 2ra, we have 

/2»+£=^^ n (2«) n {n+ J^=^) 

J.„...(r8ing) _ ,g n (p-3) * V ^ 2 ; ^ ^ I ^ 2 ; 

-(r8m«).<"> ^ ^-' .?. n(P---3)n(«)n(2«+p-3) 



X P,„ (j), COS e) /totjp- 1 ('■) 

f2 



(20). 
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In (20), put p s 3 ; we obtain 

'? s <^"t.*j:W f> (-•) •'-, w (21). 



j;, (r sin fl) 



= v/- 



V' 



»! n! 



Again, put p =s 4 ; we have then 

I - ^ . ^v/ = -^ 5 P,» (4, cos 6) J,.^, (r). 

(r sm tf )■ IT r 



In the theoi:^m (20), put = -— ; we then have 






-1)' 



(2w+^) n(2n) n (n + |--2) n(n-f |~2) 

n(M)n(w)n(2»+p-3) 



•AtH-i-ij»- 1 v) • • • (22) ; 



this expresses a Bessel's function of integral order in a series of 
Bessel's functions of oixier half an odd integer, and conversely. 

A particular case of (22) is when p = 3 ; 

■^•W =n/.VI<-^>"{^^}' (2»-H4)/«.W (23). 

Again, when j) =: 4, we have 

8mr = 2"2*(-l)"/.,„(r) (24). 

16. It is interesting to obtain an expansion corresponding to (23), 
by another method ; on comparing the results obtained by the two 
methods, the evaluation of certain definite integrals is obtained. 

We have 

J^ (w) "^ rfn = e'*-''^"*'-' /o (w) du dt ; 

u-\-r Jo Jo 

un carrying out the integration with respect to u, the inght hand 
becomes, by a known theoi'em, equal to 



I 



e(.-Or 



— " --(Z^ or e''\ —HL^df^; 
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putting 



i — t = it\ 



we have I Ja (u) d« = — I — dt' ; 

Jo «* + ^ ji v/i'*-l 

the integral I 



- e*^*- 



=r dt' is one of a class of integi*als which repre- 
sent Bessel's functions, and has been considered by Hankel,* and 
other writers. Using a result obtained by Hankel, we have 



r 






--|-Y.(r) + ^/,(r); 



on equating the real and imaginary parts on both sides of this equa- 
tion, we obtain the formuUe 

/.(.)= 2 r?i£(^/,(„)d« (25), 

«• Jo ^■^»" 
Y,(r) ^^2[ ^^^^±^J,iu)du (26). 

Jo ^"Tf 

These formulae were first obtained, by a different method, by 
Sonnine. 

On substituting in (25), the value of -HLyf — Zl ^ given by the 

addition formula of Section 10, we have 

T / \ sin r 2 f " ,- / V sin u , 
r «r J, u 

c^* sin r 



+ T(-l)»(2»+l)l(-20-^- 



which may be written 

•-1 vr J, vm 



* See MathtDuttitehe Annalen, Vol. i. 



« « «1 
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On sompanng this expansion with (23), we see that 

Jo v^ 

when M is odd ; and when n is even, writing 2n for n, we have 

Jo v^« ''"-V'2»+il n(«) i ^^''- 

It is clear that, by usini? the addition theorem for ^^ ^ , the 

equation (26) could be applied to obtain a development of Y^ (^) ^^ 
BesseFs functions of the second kind, and of orders equal to half 
an odd integer. 



Definite Integral Relations between BesseVs Functions, 

17. Since rsind = (xJ+a^+...+a^_,)*, 

we see that ^0(^—1, rsin6) satisfies the equation 

vjF+7=0, 

being a solution which is independent of Xp ; it follows that the mean 
value of JJj(j9— 1, rsind) taken over the sphere of radius r is a 
solution of v;F+F = 0, 

which is such that it depends only on r, and is therefore, except for a 
constant factor, equal to J^ {p, r), as it is clear that the Bessel's 
function of the second kind cannot be involved. 



We have 



dd 



+ 1 



[*Vo(/)-l, rsind)sin''-»tf 

Jo 

^P'i^(r8in«l3inP-.0dO 
Jo (rsmtf)*^''-'^ 

_ 1 f*'ll- ^'s^^'^ r*sin*fl 

2*i^-i)n(^)^ '^-^ 2.4.p(p + 2) -3 



-,. A^ sin'" -e do 
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it follows that 

Putting j9 =: 2n + 3, we have 

^-^f*V,(r8intf)8in"*»(J(iO==-^('*)- (29). 

Again, putting p = 2n + 2, we have 

\l w r*^"-* (^sind) sin-* d = ^^ (30). 

A particular ease of (29) is 

rjo(^8in0)sin«(f9 = ?i5I (31); 

Jo ^ 

thus we have relations connecting BesseVs functions of oi-dera 
differing by ^. 

The mode of verification of (28) shows that the relation holds even 
when p is not restricted to be a positive integer. 

Ejppre8sic7is for Zonal and Tesseral Harvionics as Definite Integrals 

involving BesseVs Functions. 

18. Let p' = «^ + ip|+...+<i; 

then we have the well known theorem 

Differentiating both sides of this equation m times with respect 
to p^, we have 

r*-*» (p^+a-J)-** n(2m)Jo p"^ ^ ^ 

In order to find a coii'esponding expression for the even j)<)wei's 

of — , we have 
r 



^ _ •■ 
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on differentiation m times with i-espect to p', we have 
both the equations (32), (33) are included in the foiTnula 






(4W) 



«M" 



n(n-l) Jo p*^"-'^ 



the most important case of this theorem is obtained by putting 



n=;)-2, 



in which case we have 



(35) 



'-' = n(,-3) r """' '"'■'• ^^-'' '"^ ''■ 



From the equation (35), we find, by diffei^ntiating 7i times with 
respect to itp. 



hence 
J 



2* (!»-») n (f~*^\ 
/— ' n(^-3)n(») Jo 



Jo(l>-l,V)^^...(36); 



this is the expi'esKion for tlie zonal hyper- harmonic of deg^ree 
— (m+/)— 2), in terms of BesseFs functions. In paHicular we have 



'';^ = ni)f>-^"'^o(V)^ix (37), 



19. For the ordinary system of zonal and tesseral harmonics of 
rank 3, we have from the equation 
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where i=^ + 'y, V = i"— 'J, 

hence we have 

S.« = __i__,£l-e->.J.(Ap),a (38), 

which gives an expi'eaaion for the tesseral harmonic -—^i ''^s m^ as 
a definite integral. 

We have, putting r = 1, 

i>:(i,) =— J--_ ["A"e-'™V.(Xein*)<IX (39), 

P,(^) = i rAV-'™'J,(XBine)JX (40). 

Some potential problemB may be solved either in terms of the system 
of zonal and tesseral harmonics, or in terms of Beasel's functions ; 
the formulffi of the present iiection afford the means of passing from 
one foiin of solution te the other, 

20. Itmight be expected that,correspondingto (36) and (37), there 
should esist enpresaions for the positive harmonics r'P. (p, ;*), 
r'P^{fi), as definite integrals involving Bessel's functions. If, in (16), 
we write Xr for r, we see, by Caucby's theorem, that 

f'F. ip, cos 6) ^(P-^) 

2*"-'>n(P-^)n(n+y-3) 

2»<J X"' '(Ar sin e)'"-'! '^ 
or <-J*,(p,cose) 

2.'.-.in(?'--^)n(„+p-3), ,_. 

^(;.-;^)^< J r" (ArsinO)'"-'' "^ ■'-*^>' 



% i*L '• 
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where the integral is taken along a complex path represented by a 
closed curve I'ound the ongin X = 0. 

In pai*ticnlar, we have 

r-P. (cose) = .^l[f^J^ (Xrsinfl) d\ (42). 

It may be shown that 

r-p; (cosO) = ir^^ f ^'/.(Arsinft) dX (43). 

The expressions (42), (43) correspond exactly to (37) and (38), the 
only di&i*ence being that in the latter the integrals are taken along 
a I'eal path, and in the foimer along a complex path. 

Expressions for the Zotial and Tesseral Harmofdcs of tJie Second Kind 

in Terms of BesseVs Functiotis, 

2L Let ns evaluate the definite integral 

e-^ Yf, (\p) dK. 






Substituting for Y^ (Ap)» ^be value 

cos (V cosh u) du, 



we have 



rc-*=r,(V)r?x 

I II 



i: 

= I I c"^cos (V cosh ti) dndr 
Jo Jo 

Jo 2;:^-|-p* + p*cosh2n 

2\/r--|-p* L (2z^'\-p*) -hp^cosh 2« Jo 

= — -: -.- - cosh*^ -^^r-- —cosh"* 1 

o/z'+p^L p« J 

1 /2^ + p- . 2rV7T?\ 



1 1 r+-\/r^-(-p* 
loir — — ; 



^V•-|-p* 
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thus we have the theorem 

iiog,^;^=|V"-F.(»f)* («), 

wliich coti'esponds to tbe known theorem 



Hr 



Fi-om (44), we obtain, by differeatiation « times with respect to r, 
the foi-mnla 

%^=i rx»e-'^r,(V)'«^ (*5)> 

where Q, (/j) ia the zonal harmonic of the second kind. As in the 

case of the hamionics of the first kind, we find 

'^f' = ~;j-, (^i-.-"y.(V)<ix («)i 



thns the teaseral harmonic ^^'j'-cosnif is expressed as a definite 
integral involving the elements e'"i'„ (Ap) coswi^. 



Note on a Variable Seven-poiitU Circle, analogotu to the Brocard 
Circle of a Plane Triangle. By John GRtrtnaa, M.A. 
Received December ISth, 1«93. Bead December 14th, 



The object of this note is to show that a seven-points circle can be 
constracted from a vaiiable point U taken on one of three given 
circles connected with a triangle ABC. 

1. On the side BC of a triangle ABC describe a circular arc BUC 
touching AC in C, and let TI be any point on this arc. TUvi i»i^- 



r. 
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struct ion gives 

Z UBG-l UGA = w, and lBUG = ir-O. 




[If I CUA be denoted by » -0, then 
oot = oot 9 -f- oot .8 + oot C] 



2. Let TJ' be the isogonal point of TJ\ i.e., let IT lie on the circular 
arc described on BG and touching AB in B, so that 

/: U'BA = /: UVB =z w, and iBU'G^it-B, 




[ iBXPA^wBy 
and cotfl» »cot9 + cot.8-i-cot(7, 
as before. 

If B =* A, then «» is the Brocard angle of 



This gives Z7' as a point dependent on U. 

3. Let BU interaect the median AM of A ABC in vi; produce the 
join of G and m to meet the circle CUVB in F; then T is a second 
point dependent on U. 



[The points U^ V form two homographic divigions 
on the circle CUVB^ in which C and B are corre- 
sponding points. Hence the envelope of ITT is a 
conic (a hyperbola), having double contact with the 
circle, along the homographic axis AM.'\ 




4. Similarly, let CU' intei'sect the median AM in m \ produce the 
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join of £ and m' to meet the circle BP"F'C in V ; then V ia a third 
point dependent on U. 




This gives £' as a fourth 



5. Let CY and BY' intersect in K. 
point dependent on TI. 

6. Let the perpendicular to BG at M, the mid-point of BG, meet 
the aide GA or GA produced in JT ; on GN describe a circular arc 
00^ similar to the circular arc GUA, i.t., such that 

£CON=zCUA, 
and let this arc CON meet the perpendicular MN in ; then O is a 
fifth point dependent on U. 




If ^ GUA = w~$ (see 1>, 

then £C0N=T-9 and zCOM=e, 

where cotm ^ cottf+cot B+cot C 

If e = A, 

V will be the positive Brocard point, and will be tb 
circumcircle ABC. 

7. Lastly, let BV and GV intersect in A'; then A' i 
dependent on JJ. 



I a sixth point 
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Tke<»-eml. 

The seven points IT, TJ\ V, V, 0, K, A' as defined alrove »!! lie on 
the circumference of a circle whose diameter is OK. 

If 17 be the positive Brocard point, the circle in question is, in fact, 
the Brocard circle. 

By similar constructions to the above with regard to the two other 
sides CA, AB of ABO, it is clear that we have in all three systems of 
variable seven-points circles, each of which has properties analogous 
to those of the Brocard circle of ABC. 



1. The centre of the circle through 0, K, U, U', V, V, A' describes 
a hyperbola as U moves along the arc BUO. 

2. The circle OKU is cnt orthogonally by a fixed circle having its 
centre on the side BC. 

3. Hence the envelope of the circle OKU ifi a bicircular qoartic. 

Theorem III. 

As U moves along the fixed circle BUG, the points and A' 

describe the right line MO perpendicular to BC at its mid-point Jf, 

while K moves on the line thi'ongh M which bisects the perpendicnlar 

AD from A on BC. 




It U be the positive Bi-ocoiJ point of ABC, ther 
median point of ABC. 



s the syra 
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The angle subtended at by 171^' is eqnalto twice the angle TJBC ; 
i.e., to 2k,. 8ee 1. 

Theorem V. 

If from we draw OA', OB", OC perpendicular to the aides BC, 
CA, AB, meeting the circle OKU in A', S, (f, then the triangle J'B'C 
ia inversely similar to ABC. 

Afl V moves on the fixed cirealar arc BUG, the points B^ and C 
each describe a hyperbola. [They can also be directly derived from 
the primal^' point U, since S lies on VU and (X on BET.] 



Let U'A meet the dixile OKU again in B*; then the triangle 
A'B'Cf is similar to the pedal triangle of U with respect to ABC. 

The above are some of the principal results which I have arrived 
at with regard to the variable seven-points cii-cle in qnestion. They 
have been deduced partly by elementary geometi^, and partly by the 
use of isogonal coordinates, which I have employed in previous notes 
on the triangle. 

The isogonal coordinates x, y, z of a point P are connected with its 
trilLnear coordinates by the relations 



which give 'S.ax = "Xayz. 

It thus follows that the equation of a cii-cle in this system of 
coordinates ia expressed by a linear relation 

If we take U as expressed by its isogonal coordinates 

- 515^ - 8'°^ _ sin (g+C ) 

*~ainfj' ^ ain(fl+B)' sin fl ' 

I have found that the equation of the above •Jeven-pointa eii'cle OKU 
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sin (2tf-^) + y aini? sin (0+B)+z8m0sm [0+ C) 



i'tf(l + - 



aPsi 



^cottf 



2Bm*$- 



nBn 



where cot* = cottf+ootB+cotC. (Seel.) 

By writmg this eqaation in the form 

jcos29+<lBin29+j'=:0, 

where i^O, q ^ 0, and { ^ denote circles, it is seen at once that 
the envelope of the seven-points cii^le is the bicircular quartic 
expressed by 

f»+i' = ;*■ 

Since the pointa W, V, V, 0, K, A' are all dependent on V, there is 
no particnlar difficulty in expressing their coordinates as functions of 
those of JJ. 



If P" he given by 



ain^ 



ainfi' " Bin(tf+i()' 
the coofdinates of the six points in question are :- 



n (g+ r) 



V; X = 



cos^ 
A"; -^ 



sin a-y 

-r ^ -Z 2 .in t 

is(fl+a) cos(*+£) ain(2e-A)' 

= — '^= -^-. -J- 
.in («+<;) .in(«+B) 
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where /f = 2 (sin 6 sin il +8m B sin cos ff) 

^ [2sin(^ + J?)8in(^+a)sinil + 8in5 8in0sin(2tf--4)}. 

., X^Y_Z_ a?y8in^-i-a;*8in J?4-ygsin(7 
^ xy Q? yz xy(xzBiiiA-\-yzHiTiB-\'3^ainC)^ 

X Y Z 

or 



sin B sin C sin tf sin* sin (^ + 5) sin* ^ sin (^ + G) 
I If tf = J., we have the known point 

I A = J = ^ 

ahc / 6»' 

which lies on the Bi'ocard circle. 

As I have stated above, the coordinates X, Y, Z must, in all cases, 
; j satisfy the relation ^^j^_ y^^ ^.^ ^ ^ q 



[Appendix. 

At the suggestion of Mr. Tucker I append some additional details 
with regard to the isogonal coordinates of the seven points U, U\ V, 
V\ 0, K, A\ in order to verify the fact that they ai'e concyclic. 

1. If we take the coordinates of the primary point CT to be 

_ sin (7 _ sing _ ain (9 -^ C) 

* sin^' ^ sin(^-l-B)' ^ sintf ' 

the condition that this point shall lie on the circle expressed by the 
equation 

j SinP8in(7 Sin (2^~il) y sin(g-fB) ^ sin(^-hC) 
sin A sin* 6 sin sin 

\ Sin A / 

is Bin' Csin (2^-^) + sin A sin* ff +8in A sin* (ff + C) 

= 2 sin ^ sin* ff +8in B sin C sin 2ff. 

There is no difficulty in proving that this is a tngonometrical 
identity. 
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2. Since 



• _ J^ _ Riv? (0+G)''sin'(e+B) _ 8m(B-C)8in(2g-ii ) 
^ Bin'O "■ sin* 6 



it appears that the equation of the circle in question can also be 
written in the fonn 

/^- J-)(X-x) . ^gy +l(r-y)+.(Z-.)=0. 
\ y' / sin-4 sm(Ji— C/) y 

This cii*cle will pass thix)ugh U" I — , — , — ) if 

(.^-4)(i-.) . »inBy 1/1 U /1_,X 

\ y w \ aj / 8in-4 sm(-B— (7) y \y / ^« / 

t.e., if f — —a; j sin B sin = sin A sin (J?— (7), 

or sin' JB — sin' = sin A sin (J5 — C). 

3. The cooi'dinates of F are 

X = «-. r=x., g^J_ + sin(B-C) . 

2; sm J? 

V will therefoi-e lie on the circle, if 

y \ a sin J? / 



or 



Now, since 



X = 



sin (7 



f _^+ ?iB_(fi-0. = 0. 
y BinB 



sinO _ sin (6 -h C) 



y=r: 



sin 2?' ^ 8in(« + 5)' 



sin(^ 



we have 



■^ --T^ = coti?H-cot0-(cotO+cote) 



y sin -fi sin G' 



sin (0-2?) 
sin B sin C ' 



f'vC/aa 



.-c , sin (B—C) pk 

y sin/> 



4. The coordinates of V are 



A' smC7 a;y 
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Therefoi'e V will Hg on the cii'ule, if 



i'-m- 



J amAain(B-0) y ainG \xy I 

(^_i)+i»!i£ta+=(i._,)=o, 

.•..., if i_,+ ™li»=2 = o. 

y iim£ 

This is an equation satisfied by the coordinates of {7, as I hare jnst 
proved. 

5. The coordinates of are 

X _ T _ Z _ 2ainfl 

COSH -cosC»+0) -oob(«+£) sin (28-^)' 

This point will lie on the circle espressed hy 

y sin Using ■in(2»-^) , y sin(«+B) ^mJS+C} 
amA sin'O sin « ^ sin« 



^ „sinBsinC^^y o sin (t+ii) cos (8+0 ) +..0 (« + C) co. (» + fi) 
sin A sin(2e— j4) 

= 2(l+S!!^^_^^^eot«J, 

•..., ifsinCB+a)cos(«+C)+sin(()+C)cos(«+B)+«in(2«-J)=0, 
or sin(2fl+B + C)+sin(2tf-^) = 0, 

Bin(2tf-J + ;r)+sin(2fl-A) =0. 

6. The coordinates of K are 

X = tBin», r=*Bin(«+C), Z = lsin(»+B), 
where. 5Xsinjf=irZBin^, 

n/l+8in(»+C)sinB+sin(fl+B ) Bing 



or k = 



n(e+fl)Bin(» + 6')BinJ + Bin(»+I))Bin»Bin)) 

+sin(9 + C).in«.i 

2(Binjlsin»+sinEsinCcoB8) 

mBflinC8in(2d-^) + 2 8in^Bin{#+J0sin(fl+(;)' 
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K will therefore lie on the circle expressed by the equation 
j BinBainO Bin (2fl-^) ^ y sinffl + B) ^^ Bin(fl + C) 



., ^fsinBBiaO sin (2fl-^) . ^ ain(fl+g)ain(g+0 T 
t Bin^ Bind "^ gintf 5 



or fc = -r- 



= 2(1 + 5 
2(Hin-^Hinfl + BinBBinCcoHft) 






:^C0tfl), 



n5sinC8in(2fl-,<)+28in^8in(9+ii)8iii(«+C) 
7. The cooi-dinatee of A' are 
X = *rBinB8in08intf, r= iain*OBin(fl+JJ), Z= fcsin*flsin(tf+0). 
Now, since SXain^ =e SY^sinil, 

we hftve fc = - - , 

where JV = 2 (sin^ sinl+sinBstnCcose), 

J) = sin^sinBfiinCBin(e + B)8in(9 + C) 

+ jBin'i?Bin(9 + 0)+Bin'Oflin(fl+J3)}sine; 
A' Tfill therefore lie on the circle expreaaed by 

^ BinBBinC Bin (29-^) y Bin(g+B) „ ain(fl+C) 
sin^ Bin'tt Bintf sinS 



= 2 1+: 



nBBin9cot9\ 



sinX / 
if ft{8in'BRin'f'siii(29-^)+sin'f7Bin'(fl4.B)sbX 

+ Bin'Bain'(9+0)8in-l} 
= 2 (sinX sinfl+BinBBinCcosfl) = W. 
It tbiiB appears that the circle will pass through A, if 
Bin'B8in'0«in(29-X) + {Bin'f7Bin'(fl + B) + ain"Baiii'Cfl+0)j8inJ 
= D=RinX8inBBin(78in(tt + B)Kiii(e+C> 

+ {8in"B«ii. (fl+C)+«n»C6in (tf+B)JBinA 

There is no especial difficulty in proving that this is a trigonometi-ical 
identity. 
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8. It may be noticed hera that, since the above note was commnni- 
cated to the Society, I have found that the circle UU'V ... passes 
tlirongh an eighth point dependent on U ; viz., the intersection of the 
circles AGU, ABU'. 

The cooi'dinates of this point, W, say, are 

^ Bin2fl _ BJnW _ BJnfl 

"^ 8in(2n-J)' ^ Bin(8 + B)' * 8in(8 + (;)' 

As e varies, or the circle UU'V... moves, the locus of IT is a circuiai- 
cubic having A for a doable point. 
The equation of this curve is 

. - „ — - - ; — . = cotB-cotO, 
ysiuB rsinO' 

which' proves that it passes through fi, C, and the foot of the perpen- 
dicular fram A upon BO, and has an asymptote parallel to the 
median AM.] 



On a Theorem of Liouvilln't. By Mr. G. B. Mathews. 
Bead December 14tb, 1893. 

In the first of the series of papers " Sor quelqnes Formules 
G6n4rales qui peuvent €tre Utiles dans la Theorie des Nombres " 
[Jmim. de Math., (2) iii. (1868), p. 143], Liouville has stated without 
proof the following remarkable proposition : — 

Let 2m, the double of any odd integer, be expressed in all possible 
ways as the sum of two odd numberB, a and b, where the decomposi- 
tions 2m = a+h and 2m=b+a are considered distinct, unless 
a= b ^-m; let a denote any divisor of a, and fi any divisor of b, and 
let f (x) be any even function of x, that is, snch that 

/(.-')=/(.'}■ 

Then, if /i denotes any divisor of m, 

S(/(a-/3)-/(..+«}=S/i{/(<')-/(2/')j, 
where the summation on the left applies to all paii-s of di.vUai:% <i. ^im^. 
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ji ivhicb can be derived from each of the partitiona of 2tn, and the 
uammatioD on the right applien to all the divifiora of »i. 

A little consideration will show that the theorem mnat involve the 
following : — 

The number of pairs of uneqiKU associated divisors (a, p) for which 
the sum of n and /3 has any prescribed value ia the same as that of 
the paii-s for which the difference of a and ^ baa the same prescribed 
value. 

Moreover, when this second proposition is proved, it will be easy to 
infer the tiTith of the fii-st. 

To show the meaning of the theorems, and the way in which they 
are connected, suppose m = 7 ; then the partitiona, and the values of 
a and (i in each case, are 

fl-h 13, 
1, 11, 
1, 3, 9, 



1 + 13, 


1 = 1, 


3+11, 


1,3, 


5+9, 


1,5, 


7+7. 


1.7, 


9+6. 


1, 3, 9. 


the last partition being 13 4- 1. 


ue-^ of a+li are 





2, 4, 6, 8, 10, 12, 14, 
occurring respectively 

7, 4, 2, 4, 2, 2, 7 
times ; and the valuea of | a — j8 ] are 

0, 2, 4, 6, 8. 10, 12, 
occurring respectively 

8, 6, 4, 2, 4, 2, 2 

times- Thus, for instance, | a— /3 | = 4, for the combinations (3, 1), 
(5, 9), (9, 5), (I, &), and for no others. In this particular case, then, 

S{/(a-/3)-/(a+/3)}=8/(0)-/(2)-7/(14), 

whioh agrees with S/i J/(0)— /(2>j)j, since the valucB of fi are 
land?. 

The valoes of a, /3 in any associated pair are both odd, and their 
sum is therefore even. It is easy to see that the number of paira 



..(A). 
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(a, j9) for which a +/3 has a pt«sci-ib«d value 2t is eqaal to the 
Bumbei' of positive integral solutions of the diophantine equations 

3-, + (2<— l)y, = 2niv 
3a;i + (2f— 3)y, = 2jk 
l)»i + (21-5)!,, = 2mh 

(2I-1)»,+ !,, = 2»J 

In the same way, the number of paiin (a, >3) for which ] 
is double the number of positive integral solutions of 

f, + (21 + l),, = 2m 
3(,+ (2(+3).i = 2.» 
6f.+(2i + 5),. = 2™ 



(2i-l)&+(21+2i-I)i„ = 2m 



■(B), 



where, for a reason which will anffioiently appear aa we proceed, the 
series of eqaations (B) w supposed to coiitinne indefinitely, althottgh 
it is clear that after a certain point, depending on the value of I, the 
equations cease to have positive solutions. 

For convenience the t*' equation of the set (A) or (B) will b« 
referred to as (<!,) or (B,) roBpectively. 

The equation {A,} may be written 

(ai,-2y,) + (2(+l)y, = 2f»; 
hence, if there is a poeitire solution of the equation, such that 7, > 2y,, 
thevJue. <, = .,-2i,„ „ = j. 

give a positive solution of {B,'). Convei-sely, writing (£,) in the form 

«,+2l,) + (2l-l)l, = 2»., 
we see that from erei'y positive solution of (,ff,) may be derived a 
BolntioD of (j4,) by patting 

a!,=ft + 2ij|, !/, = Hi, 
and, moreover, this gives x,—2y, = („ 
so that z, > 2y,. 

In the same way, every positive integral solutioa at < A.*^ I'^'c -vVv^ 
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3f, > 2y, in associated with a eolation of (B,) ; and, conversely, from 
every solution of (B,) may be derived a solution of (.'!,) for wliich 



Again, the equation (j4,) may be written 

(2( -l)(y,-2^,) + (4i-l) 3", = 2m ; 

consequently, if there is a solution for wliich y, > 2j:,, ve obtain a 
solution of (B() by patting 



and, convereely, from every positive solution of (/I()i "'^ derive a 
solution of (l^,) by putting 



and this ia a eolation for which y, > 2.r,. 

In the same way, every positive solution of {A,) for which y, > 2x, 
is associated with a solution of (B,.i-r) by means of the relations 

and, oonversely, from every poxitive solution of (fl,,i.f) may be 
derived a solution of {A,) by patting 

and this is a solution for which y, > 2x,. 

It will be observed that the conditions », > Sy, and y, > 2x, are 
mutually exclusive ; so tbat, on the whole, each positive solution nf 
the equations (B,), (7?,), ... (B,) is associated with two distinct solu- 
tions of the equations (A). 

Now the equation (B,ti) ia 

(2( + l)f,»,+ (4(+I),,,,%2m. 

which may be wi-itten 

(2fi^,+3,,.,) + (2(-l)(f,», + 2,,^,) =2m; 
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hence we obtain a solution of (i4,) by putting 

Thifl gives i^I— 2y; = — 1|< o , 

2aJi'-3y|=: ^1^,, 

so that the solution is one for which 

2y'i > x[ > iy\ ; 

and, therefore, distinct from those already considered. 

In the same way, every positive solution of (^r+r), where r < f + 1, 
is associated with a solution of (i4r), say (x'r, yr)» ^or which 

2y;>x;>iy:; 

and, conversely, every solution of (Ar) for which these conditions of 
inequality are satisfied leads to a positive solution of {Bt^r) ^^ ^^^ 

^^"^ iur = 2;r;-3y;, 

= 2yr'-Xr. 



Vt 



♦r 



Again, the equation (At) may be written 

(4/-l)(2i/,-3a:,) + (6^-l)(ar,-2/,) = 2m, 

so that, if there is a solution (x'^ yl) for which 

we obtain a positive solution of (1?m) by putting 

(it = 2y[Sx\, 
1/2,=: 2x[—y[; 

and, conversely, every positive solution of (Bjt) leads to a correspond- 
ing solution of (-4,) for which 

yi = 2f2« + 3i;a, 
and 2x[ >y[> ix{ ; 

and, in the same way, every positive solution of (i?af +1.,) is associated 
with a solution of (A,.) for which 

2a-; > y; > K, 
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by means of the relations 

and converaeiy. 

It is now eaay to Bee that if the equations (B) are considered in 
Bnccessive groups, each containing / eqaationa, then, if ((, ij) is any 
positive solution ot the r"" equation of the t* group, we obtain a 
corresponding solution of {A,} hy patting 

in fact, this gives 

(a— i)^''+(2i-a-+i)!,;'' 

= {(2r- I). + (2«-i!r+l)(,--l)}; 
+ {(2r- l)(.-l) + (2«-i!r+l).-j, 
= {2(.--l)< + 2r-lj J+{2ti+2r-l}, 



because (£, ir) ia a solction ot (£«), where 
It will be found that 

1=»Vr '-(»'— 1)4". 

80 that the solution of {A,) is one for which 



y, >xy> 



^+1 . 



9ely, from eveiy such solution may be derived a corre- 
sponding solution of (Hi). 

Similaily, to every solution (x*'\ y'') for which 



i-l' 



'>yV> - 



rresponde a solution of (£,), where 

/=:i( + l-r, 
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which is given by 



Tfieorem nf Liouville'a. 
( = .V,"-(i+l)!^,". 

, = (;.;'-(i-i),». 



Each solution (£, 7) belonging to the t*^ group of equations (B) is 
therefore associated with two solations of the equations (A), while 
every solution of an equation (A) which satiiifieB the inequalities last 
wHtten is associated with one, and only one, equation (B) of the 
group. Moreover, if we consider the inequalities 



a!>2y, 2y>ie>|y, ly>x>is, ... 



-y>x> 



» + !., 



y>2x, ar>3/>fir, ix>y>\x, ... 7— yx>y > — r- «, .... 

where t assumes all positive integral values, it is clear that any two 
positive integers x, y must satisfy one, and only one, of these condi- 
tions, except when x ^ v 

or ^ = i + l, , = .-, 

or a: = i, y = » + l. 

In the case we are considering, it is easy to see that, since m is odd, 
X and y most be both odd or both even if (x, y) is a solution of an 
equation (J,) ; consequently, the only exceptional case to be considered 
is when x = y. 

This gives, for each of the equations (A), 

2te = 2m, or te = m; 

therefore I is a divisor of m, say fi, and 

x = y = ,i', 

where Pit = m. 

If, then, ^ is any divisor of m, theie will be exactly /i combinations 
(o, /3) for which a+(3 = 2;., 

namely, (1,2^-1), (3, 2/.-3), ... (2/.-1, 1), 

not associated with conesponding combinations (a', /)') for which 

1 •■-/)■ I = V 
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These pairs are connected with the partitions 

>''+C2/»-l)/, V + (2/i-3)/,... (2/1-1)/+/ 
(where ft = tn/fi). 
Consequently, the sum of the uncompensated temis/(a+/)) is 

5/-/ (2m). 
The number of terms for which a— /3 = is very easily found. If 
a ^ /3, each must be a divisor of m ; suppose 

. = ,3 = ,. 
Then the combination (/i, fi) arises from each of the partitions 

fi+(2m-fi), 3M + (2m-3/*), ... (2m-/;.)+/«, 
and no others. The number of these partitions is 

^ = (.',••7; 

therefore the number of times n— /3 = is 5/*', or, which is the same 
thing, 2 ft. 

In the triple sum 3 {/(a-/3)-/(o-«-/3)}, 

every term f(u—fi) in which a— (3 is not zero is cancelled by a 
corresponding ierm f (a +fr), and, therefore, finally, 

S{/(.-/3)-/(.+ffl} =/(0)S,— Srf(2^) 

,., . ■=S,,{/(0)-/(2rti, 

which IS LiouvOle's theorem. 



Thursday, January Wlh, 189 1. 

Mr. A. B. KEMPE, F.R.S., President, in the Chair. 

Mr. A. E. Daniels, B.A., late Scholar of Peterhouse, Cambridge, 
Mathematical Master of Nottingham High School, waa elected a 
member. Messrs. H. M. Macdonsld and C. Morgan were admitted 
into the Society. 
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The President commniucated to the meeting the intelligence which 
had jiiBt reached him of the death, on the 10th Jannajy, of Dr. 
Heinrich Radolf Hertz, who was elected an honoraiy foreign member 
of the Society on April 14th, 1892.* 

The following communications were made : — 

The Types of Ware-Motion in Canals : Mr. H. M. Macdonald. 
On Green's Fnnction for a System of non-Intersecting Spheres : 
Prof. W. Bnmside. 

The following presents were made to the Library : — 

" Vmrvaitj of Japan— Calendar for 1B92-3" ; Tokjo, 1893. 

"fieibliittar zu den Annalen der Physilc nnd Chemie," 1893, Bd. zm., 3t. II ; 
Leipzig, 1893. 

"Kieaw Anibief voorWiskunda," 3< Seeks, Deoll., 1 ; Amaterdam, 1894. 

"Proceedingaof theRoj-alSocdfity," Vol. lit., No. 328. 

"Nyt Tids^rift for Uathematik, " A. 1* Aargang, Nr. 4-6. 

"Nyt Tidnskrife for Mathmnatik," B. 4" Aargang, Nr. 3 ; Copenhagen, 1893. 

■ 'Bulletin of the Ne« York UBthematioal Society," Vol. m., No. 3; Deoember, 
1893. 

" Proceedings of the Cambridge Philosophical Society," Vol. vm., Pt. 2 ; 1894, 

" Bevae Semeatrialle dea Publioationa UathfmatiqnsB," Tome □., 1'" Partie ; 
Anutotdam, 1894. 

" Wiskundige Opgavenmet de Oploaungen," Zeede Bed, 2'*Stuk; Amsteidam, 
1893. 

"Bulletin de la SodfU Uath&natiqae de Fnnoe," Tomexxi., Noa, T, 8 ; Paria. 

"Bnlletin dee Sciences HathimatiqueB," Tomexra,, October, 1893; Paris. 

Byerlj, W. E.~-" Elonentarj TreatiBe on Fourier's Setiee, and Spherical, 
Cylindrical, and EUipsoidal Hannonios," 8vo ; Boston, 1B93. 

" L'lntermfidiaire des U&th£niAldciena," Tome I., No. 1 ; Paris, 1894. 

" Annul! di !Mat«Qiatica," Serie 2, Tomoxxi., Fasc 4; Milano. 

" Educational Times," Jannsry, 1894. 

"Atti della reale Accademia dd Lincei — Beodioonti," Vol. □., Fasc. ID, II, 
2 Sem. ; Roma, 1893. 

" Annals of Mathematics," Vol. vm., No. 1. 

" Indian Engineering," Vol. xiv., Nos. 22-S. 

"Tranaactionaof the Royal Irish Academy," Vol. zxz., Pts. 6-10. 

" Proceedings of the Koyal Irish Academy," VoL m., No. 1 ; Dublin, 1893. 
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On Oreen'8 Function for a System of non-Intersecting Spheres, 
By Prof. W. Burnsidb. Received January 8th, 1894. Read 
January lltb, 1894. 

1. Introduction, 

In the application of the method of images to the problem of two 
electrified spheres, series are obtained of the form 



J ^ , gj , , 

OP 0,P 0,P 



••• 1 



where 0„ 0|, &c., are the images of the original point 0, backwards 
and forwards, in the spheres, and Cj, c, ... are certain constants 
depending on the radii of the spheres and the position of the points 0. 
The point P is the variable point, whose coordinates are the indepen- 
dent variables of which the above series is a function. 

Green's function for two sphei'es and the potential at any external 
point due to the charged spheres are both expressible by one or more 
series of the above form. Now, though for purposes of actual calcu- 
lation these series are expressed in a sufficiently convenient form, 
they give, in the form written, no information as to the nature of the 
analytical function of ar, y, z represented by them. A very simple 
modification of the separate terms of the series brings this latter 
point into a clear light. It may, in fact, be shown by elementary 
geometry that, if P„ is the point deiived from P by taking in the 
inverse oixier the set of inversions through which 0„ proceeds from 
0, then 

C'H _. /i; 
OnP OPn' 

where /i„ is the ratio of the infinitesimal linear elements at P^ and P. 
The series is thus expressible in the form 

and the quasi-automorphic character of the function represented, for 
the group of point- transformations generated by inversions at the two 
spheres, is almost immediately evident. 

It is the object of the present paper to lead up to this result, start- 
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ittg dii'ectly from & consideration of the group arising from any Gnitio 
number of non-ititeraecting spberes. The convergency of the chief 
series involved, namely, S^J, is not proved nnconditionally ; but it is 
ahown that, nhatever be the number of spheres, this series will 
certainly be convergent when certain inequalities between their 
radii uid distances apart are satisfied. The groups of trans- 
formations dealt with are the analogues for three dimensions of 
those treated in the author's paper " On a Class of Antomorphic 
Functions " (Proc. Jjond. Math. Soc, Vol. xKiii.) ; and many details in 
the treatment of the two at'e practically identical. The attempt has, 
however, been made to ensure that this paper shall be complete in 
itself. 

2. Notation. 

From n given spheres, and a given point, a series of points may he 
formed by successive inversions. The points thus proceeding from a 
given point P may be conveniently denoted by a suffix notation P,„ ,, 
this symbol denoting the point dei-ived from P by inverting first in 
sphere 1, then in sphere 2, and so on. It may be assumed that in the 
suffix no symbol occurs twice running, since two successive inversions 
in a sphere produce no change. 

Where there is no risk of confusion, any point of the series will be 
represented by P„ the suffix V being an abbreviation for any possible 
combination of the symbols 1, 2, 3, ... n. 

The coordinates of each point in the series are rational functions of 
the cooi-dinates of P; bat, since when two points are inverses 
of each other the coordinates of either are rational functions of 
those of the other, it follows that the coordinates of all the points in 
the series are rational functions of those of any one of them, such 
as P,. 

The n rational reversible operations, by means of which the coordi- 
nates of the successive points in the series are expressed in terms of 
those of P, namely, the invei^ions at the » spheres, may be replaced 
hy an inversion at a single sphere, say sphere 1, and «— 1 pairs of 
invei'sions taken at the spheres 1 and 2, 1 and 3, ... 1 and n. 

The new operations thus intt-oduced, each consisting of a pair of 
inversions, ara evidently also i-ational and revei'stble ; and they also 
form a group, in the sense that the result of performing successively 
two operations of the aeries is always equivalent to some other opera- 
tion of the same series. This latter stntement is also cW.wVj Vc^wi "sV 
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the original serieB of inversions, bnt it is not traa of the eeriea of 
operations each consisting of an odd number of inversions. If P, be 
now used to denote any point proceeding from P by the operatdons of 
the groap, which ariseB from the n— I pairs of inveisions, the original 
series of points will be denoted by the symbols Pi and Pi„ where i is 
replaced in saccession by every possible combination of an even 
namber of the original saffixes. 

Since the coiTesponding infinitesimal fignres each of which is the 
inverse of the other with respect to a sphere are similar, the same is 
tme of the two corresponding infinitesimal figores one of which is 
derived from the other by any operation of the group now introduced. 
The symbol /i, will be nsed to denote the ratio of an infinitesimal 
element of length in .the neighbonrhood of thfi^point P^ to the ooii-e- 
sponding element in the neighbonrhood of P, or, in other words, the 
linear magnification at P^. For a single inversion the linear magnifi- 
cation is evidently a rational function of the coordinates of either of 
the two inverse points considered ; and therefore />, is a rational 
function of a-;, y^, Zt the coordinates of Pi. 



Quan-Automorphic Fimctiont. 



where the summation is extended to all the operations of the group, 
saffix corresponding to the identical operation, so that x,, y^ z„ ai-e 
a;, y, z, and ;*„ is unity. When the group is finite, and thereforo also 
the number of t«rms in the series, tbe latter will be a one-valued 
function of the position of P, so long as / (x, y, z) is a one- valued 
function of x, y, z, and m. is integral. The latter condition may be 
dispensed with, if it is agreed that ^|" shall represent the real positive 
■a^ power of /i( (which is itself necessarily positive) whatever ■m 
may be. If the group is of infinite order, the convergency of the 
series must be considered. This will be dealt with later, and is for 
the present assumed. 

If jS*! is that operation of the group that changes P into Fx, so that 

iSax^Zji, Si,y = yki Si,z = zi, 

then S,F (ar, y, a) = P (a, y., z,). 



1] 



SyaUm i-f noti'InUrsecting ^pheret. 
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Now the totality of the pointa P, are unaltered by the operation S,, ; 
and therefore the particnlar point P^ most by this operation be 
changed into some other one of the aeriee. Moreover, no two can be 
changed into the same point, for from 

S^Pt = S*Pr, 

in consequence of the reversibility of the operation S^, 



would follow. 

Hence 
where, when i takes eJ| 



Now 



S*P. = P,. 
f possible valae once, so also does j. 



' ~ dx'+dy'+ds'' 



dxi+dyt + dzt /I, 



or 8iH> = ^; 

/*> 

therefore S. S fi" f (^., t/,, s,) = 5 '^ / (^n,, y,, z,), 

where, on the right-hand, _;' takes every possible value once. 

Hence, finally, F (xt, y„ a,) = ni'F (x, y, z), 

BO that the fnnction F (x, y, z) is qnasi-automorphic with regard to 
the group of operations considered. 

Finite groups of operations of the kind here considered are 
exhaiistively dealt with in a memoir by Goursat {Awi. de VScole 
Nor. Svp., t. 6). When two or more of the spheres intersect at angles 
which are incommensurable with two right angles, an infinite number 
of points Pi lie in the neighboorhood of any given one, and the series 
above considered cannot be conveigent. The case in which each of 
the spheres is external to all the others is the one which it is pro- 
posed hei'e to deal with. 

In this case, if P is external to all thespberoa, the points P, are all 
within the spheres ; and by a process which need not here be given 
in detail, as it is precisely analogons to the tint co'K^et^Tvc'^ -^-cwA. 

VOL. XXV. — so. 4S1. u 
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given in Poincar6's memoir on Fnchaian ftmctiona (Acta MaHtemaiica, 
t. 1), it is easily shown that the series 



is absolutely cottrergent if ni is not teas than 3. 

When the distances apart of the centres of the aphei-es are 
safficiently great in comparison with their radii, the second oonver- 
gency proof given in the author's paper " On a Class of Antomorphic 
Functions " {Proc. Land. Math. Soc-, Vol. xxiii.) may be modified as 
follows, to show that the above series is convergent so long aa m is 

Ijet a and b be the radii of two spheres, and d the distance apart 
of their centres. Then it may easily be shown by elementary 
geometry that the linear magnification resulting trom an inversion 
first at the sphere whose radius is a, and then at the sphere whose 
radius is 6, is always less than 



^d-a/ 



If, now, X is the greatest value of this fraction for any pair of the 
n given circles, the linear magnification after any opei-ation com- 
pounded of r of the original operations is not greater than \'. Also 
corresponding to each operation compounded of r of the original 
operations there are 2(n— 1) — 1, i.e., 2«— 3, compounded of r+1. 
Hence the series „ 

is certainly convergent if 2 [(2«-3)X'']'' 

is convei^nt. For instance, with three equal spheres whose centres 
foL-m an equilateral triangle, the series for m = J is certainly conver- 
gent if the diametei-s of the spheres ai-e less than half the distances 
between tlio conti'CK. 

The proof just given shows that 

is certainly convergent for the group arising from a system of spheres 
each of which is external to all the others, provided that certain 
inequalitnes hold between the radii and the distances apart of the 
centres. It is series of this form, viz., ia = |, that occur in the 
^h^ical problems referred to in the title of the present paper ; and. 



>v 
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with reg&rd to the limitationa imposed by the ineqsaliiiea mentioned 
above, it is to be noticed that these ineqnalitiea hare been shown to 
be Bnfficient to ensare the convet^nce of the series, and therefore to 
jnatify the application of the method to the coiresponding' cases. Bat 
they are cleai-ly not neceasaiy conditions, as a coDsideration of the 
proof iteelf will show. 

The convei^ncy of the aeries 2 ^T carries with it that of the serien 

BO long as / (x, y, s) does not become infinite at any one of the Reries 
of points Pi- For, if this is the case, / (_Xi, y„ zi) will have a maximum 
Talne 3f independent of i, and then 



4. Physical Application. 

If (z', y, z") is the inrerse point of (x, y, z) in a given sphere, and 
iif(x, y, z) is aaolationof Laplace's equation, so also is ft'^f(x',y',z'), 
and the two solntions are niunerically eqnal at the surface of the 
sphere. This is a known theorem ; a proof of it is given in a paper 
by Mr. W. D. Niven {Proc. Land. Math. Soc., Vol. viii., p. 66). If, 
now, (x", y', «") is the inverse point of (x', y, z) in another sphere, 
the linear magnification in passing from (x, y, «') to (x", y', z") ia 
/I'/p'- Hence, since / (k', y\ z) is a solntion of Laplace's eqaation 
when X, y, *' are the variables, so also by the above theorem is 

But, if ¥ {x\ y, «') is a solution when x', y, z are tke variables, 
/t'* f (x', y, m") is a solution with x, y, z as variableB. Hence, finally, 
fi'^f {x", y", z") is a solution when x, y, z are the variables. It follows 
that / (x, y, z) and /i''/ (x', y, /) are simultaneously solutions of 
Laplace's equation when x', y, z are derived from x, y, z by any 
number of inversions, even or odd. 

Let, now, accented symbols be used to denote points derived from 
(a^ y, z) by an odd number of inversions, and suppose the set of 
spheres such that Sfi\ is a uniformly convergent series. Then, if 
/ (je, y, s) ia a solution of Laplace's equation, w^osft oxig \nSKKv'Cvea ««= 
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ext«mal to all the spheres, the f unction F (x, y, s) defioed by the 

has the following properties : — 

(i.) It satisfies Laplace's equation. 

. (ii.) Its only infinities in the space ext«mal to all the spheres 

coincide with those of f (x, y, z). 
(iii.) It vanishes at the enrface of each sphere. 

That the function satisfies Laplace's equation is evident, since it is 
defined by a nnifownly convergent series, each of whose terras satisfies 
the equation. 

It fix, y, z) becomes infinite at the point A, f (xt, T/i, -i) becomes 
infinite at the point derived from A by the inverse of the operation 
which leads from P to Pj ; and since, by supposition, A is external to 
all the spheres, / (x., y„ Zi) can therefore only be infinite at points 
within some one of the spheres. 

The quantities fi^ have a superior limit in the space external to the 
spheres. It follows that the only infinities of the series outside the 
sphei'es are those of f{x, y, j). 

Finally, cori'esponding to each term f*f(x,, y,, s,) of the first sum, 
there is a single term /i,''/(x^, y't, z',) of the second, such that x\, y't, e', 
is the inverse of X;, yi, z, at any specified one of the system of spheres, 
and at the sui-face of this sphere the two tei-ms ai-e numerically 
equal. Hence at the surface of tliis sphere the tei-ma of the two sums 
can be taken in paira which destroy each other. 

If. now, hfix\y\z)=f,{x,y,z}, 

and if the operation which changes (.f, y, z) into (xt, yt, z,) transforms 
(.v. y\ :") into (.r;, y\, s'^, then 

uid thei-efore 2^|'/(a;J, yj, z,') ^ 3^}/| (ir, y, i). 

Hence the function F (.t, y, z) can be expressed in the form 

Sc {/(x.,s.,.-.)-/,(x.,y„.-,)J, 

and it is therefore such that it is reproduced, except as to a factor 
depending on the transformation, when {x, y, z) is transformed by 
«a^ one ot the opei«tions of the groap. 
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For the case of two spheres, which has already been treated from 
the point of view of calculatioD in a great variety of ways, the 
necessary formaUe for representing explicitly the result jnst ob- 
tained may be conveniently written as follows. 

Taking ic'+j/'+z'+2xcoth o + l = 0, 

ai'+y'+i'-Sacoth/Sf 1 =0 

as the eqnations to the two spheres, the system of points proceeding 
from (z, y, z) by an even nnmber of inveraions all lie in a plnne 
tbrongh the aiis of x, and, when /t is nsed for ^/y* + z*, are given by 

X — ('g'+P* + 1) s'nh «" co ah w 8 +a; cos h 2»ff 
Binh'nfl({z+cothn«}'+f^) 



P- 



sinh*n»({iB+coth»eJ'+p')' 
_ P. 



Waves in OanaU. By H. M, Macdonald. Read January llth, 
1894. Received Febnisry 9th, 1894. 

It has been osnal to assnme that the velocity potential of the fluid 
motion which consists of a train of progressive waves propagated 
along a canal of nniform cross-section can be represented by an 
expression of the form f(y, z)cos (mz— nt), the notation being the 
same as in Basset's Hydrodynamics, "Vol. ii., Art, 392. The wave 
motion which has a velocity pot«ntial of this form most be snch that 
the crests of the waves are always in planes perpendicular to the 
length of the canal, the particles of fluid describing ellipses whoso 
planes are perpendicular to the cross- section. In what follows it is 
proposed to investigate in what cases it is possible to propagate a 
tmin of such waves of any given wave length along a eanal whose 
sides are planes equally inclined to the vertical. 
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1. Taking the origin at the lowest point of any cross-section of the 
canal, the cooi*dinate planes being as above, ^ the velocity potential 
18 assumed to be of the form 

*=/(y» ^)cos (mx-nt) (1); 

then ^+^-,,iy = (2) 

thi-oughout the fluid, z|f-/=0 (3) 

oz 

at the free sui'face, where z = h the depth of the canal, and I = gf/n*. 
The solution of (2) may be written 

sin (y^g— ') 






/=cob(,^|j-^«)/.+ ^ /o 



Avhere f^ is the value of /, and /J of ^ , when y = 0. 

dy 

It is clear that the two parts of this solution must satisfy (3) 
independently, (3) being time for all values of y, when z = h, and 
therefore cori'espond to diffei^ent systems of waves. The first part 

^os ( y V ^ ^^')/o corresponds to waves produced by disturbances 

symmetHcal with respect to the plane of symmetry of the canal, and 
such that the pai*ticles of fluid originally in that plane always remain 

in it. The other pai't ^==r= ^o corresponds to waves pro- 

duced by certain asymmetrical disturbances which are such that the 
particles of fluid originally in the plane of symmetry of the canal 
oscillate in straight lines pei*pendicular to it. The waves discussed 
by Green, Cambridge Phil. Trans. ^ 1838, belong to the first class, and 

for these only will the expression \/^h— for the velocity of propaga- 
tion of long waves there found be true ; the velocity of propagation 
of long waves of the second class would be indefinitely gi-eat, that is, 
very long waves of this type could not be gcnei*ated. 
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2. Wlien the canal is formed by two planes equally inclined to the 
Tertical plane, the conditions to be eatiefied at the fixed bonndaiy are 

|f<»8<.±|fsina = (4), 

when y cob adzs sin a = 0, 

2a being the angle which the sides of the canal make with one 

another. Considering waves of the firat class 

/ = c«.(,Vf^.)/. W, 

putting z ^ r COS fl, y = r sin ft, 

/satisfies fL+X^J+^p-^^'f=0 (2)', 

subject to £t = 1 

9" [ W- 

when 6 = ±a) 

Therefore / = 2 A,J^ {mis) cos //d, 

where [i ^ sir/a, 

s being a positive integer ; hence 

/»^ SJ^J, («u«), 

Let rfa = 2A an even integer, then 

/=co.(,^g-~")rco«li(m2.mx)p.co.2fexix: 
writing 

F (x) = {mi sin X sinh (mh sin x) —cosh (mA sin x) } S £, cos 2fe<x, 
to satisfy (3), it is necessary that 

I ll^ — l]cosh{m2sinx)cosh(ffl.ycosx)2B,cos2ft*x'^X 
should vanish for all values of y, when 2 = ft, that is, observing that 
(z^ — 1] cosh (mjsinx) =wiZ sin x8™h (mA sin x) -cosh (Wi sin x). 
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wlien :f=:h, 



[>(x)'^x = o, 



(>(x)co8'x(?x = 0. {'^(X)oos*xdx = 0, &c.i 
Jo - Jo 

or f'*'(x)'^X = 0, {'F(x)coa2xdx = 0, 

Jo Jo 

I F (x) COS 4x dx = 0, Ac. 

Now F (x) can be expressed as a series involving cosines of even 
multiples of x oi^ly > therefore j^ (x) ^0 for all values of x between 
and T. That this may be true, and all values of m (t.c, every 

wave length) be possible, 2 B, cos 2A»x must vanish for all values of 



X between and v, except such as make 

ml sin X sinh (mh sin x) —cosh (mh sin x) 

vanish, m and I remaining the same ; if Xi is such a critical value of 
X, the only other possible one is ir— Xi, for sinx must be the same for 
all such values. Let 

%B,co82k8x=0(x), 
whei-e G (x) vanishes, except where x = Xi ^^ ^~Xv *^®^^ 

^' = f ' G (X) COS 2ksx dx = cos 2fox. £ (x) ^x ; 
thei-cfore 

G (x) = C (1 + 2 cos 2A;xx cos 2*x+ — +2 cos 2fc«Xi cos 2)t«x+ ...). 



2G(x)=Lt,.,(7{— 



2fco8 2fc(x+Xi)+<' l-24;co8 2fc(x 



-xO+i*/' 



Substituting this expression for 2 B, cos 2^ in the expression for 



/, and performing the integration, it becomes 



/= O'cos [VyK^ — mM cosh (m;jsin Xi) ; 



now, 



cosh (ma sin Xi) = Jq (mtz) + 27, (m^z) cos 2xi + 2 J^ (miz) cos 4xi + &c. ; 
and therefore Xi must be sach that co8 2/>Xi vanishes, p being an 
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integer, except wben p ^ 2A» ; this condition can only be aatisfied 
when k = l oT k^2, and then 2fcxi = '■ 

Of these two caaea k = l or r/a = 2 doea not belong to a canal, and 
the only cases for which all wave lengths are poBsible is k = Z or 
x'/a ^ 4. In this case 



that is, ^ = ff cosh ^^ cosh -^ cos (nM;—iiO- 

The wave velocity of propagation is found from the equation 

whence 7> = ^[^tan f^V* 

2ir^2 \K^2r 

where k is the wave length. 

This resnlt was obtained by Eelland, Edin. Trans., Vol. xv., but it 
shonld be mentioned that the analysis from which it was obtained as 
a particnlar case is faulty. 

A velocity potential can be found for ir/a any even integer greater 
than four by giving a sufficient number of proper critical values to 
the series S£,cos2bx to satisfy the conditions at the fixed 
boundaries, and this leads to conditions which m must satisfy. 

If ir/a = 6, 

^ = C (cosh m^+ 2 cosh ^ cosh '^^ ) COB (™r-»0, 
where m, most satisfy 

mcothmA = 2mcoth^. 
If r/a = 8, 
^ = C J cosh lm«sin— J cosh ImycoB-g-l 

+ C08h (nwsin-^Jcoshfmycos-^) Jc08(nw— «(), 



* Thin expresuon for V differs b^ a munerical faotor from that given by 
GieenhiU, Amtr. Jtnir. of Math., Vol. a.., and by Bvset, Sgdrcdfptamict, Vol. ii., 
Art. 39'J ; but it will be ubiiervod that ia their notation n' = gl'il, not ail- 
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where m miist satisfy 

mcoth { mh aia -^J lain -^ smooth fmABin -^1 /sin-^. 
If V« = 10, 
^ = 0' j coslimf+2cOBli lm2Bin^lcoeb I my cos ^) 

+2 cosh iTfwBin— I coshlmyooe — j t cob (ma— n(), 
where m most Batiafy 
mcothmAsimcothlmfcein -r: I /sin-^ = mooth I mAsin ^ 1 /sin^, 

and ao on for any valne of rfa an eren integer. 

It will be observed that the values of m which satisfy these condi- 
tions are complex qnantities ; hence when ir/a is an eren integer 
greater than foor a train of waves with their crests in planes 
perpendicular to the length of the canal is impossible for any wave 
length. It also follows that a motion whose velocity potential is of 
the form / (y^) e"'''"'*' is imposeiblo. 

When ir/o = i, and \ is very great, V' = gh/2, agreeing with 
Green's resnlt. 

3. Let «■/« = 2A + 1 an odd integer, then 

/ = COs(y^g-m')£{cosh(m^Binx)SB,cos(2fc + l)&x 

+sinh(m*sinx)2BLH«m(2*+l)(2fc+l)x]'^X; 
writing 

F(x) = {misinxBinh(mA8inx) — coBh(mftsinx)} 5B,co8 2»(2fc+I)x 
+ {m/sinxcosh(mftainx)-Binh(inftBinx)}SB;.tisin(2»+l)(2t+l)x, 
that (3) may be satisfied it is neceaaajy that 

rF(x)dx=0, (>Cx)cos2xrfx = 0, Ac.; 

hence, as in the foregoing, f (x) vanishes for all values of x between 
Oandr. 

Therefore, that every wave length shonld be posBible, 

2B,oo82«(2fc-|-l)x and SB,',.,8in(2» + l)(2A + l) x 
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most vanish for all values of \, except such as make 

L J W sin ^ eiah (mh sin x) —cosh (mh sin x) } 
+i'{mZ sin X cosh (mh sin x) — sinh (mh sin x) } 
vanish. Let Xn X*> <^'i ^^ these critical values, then, remembering that 
cosh(nwsinx) = /o(mn)+2J, (wmj) cob2x+&c., 
sinh (wM sin x) = 2/, (»Me) sin X + 2 J, (imj) sin 3x + Ac-, 
the conditionB to be satisfied at the fixed banndaries require that 
L,cos2x,+I',co8 2x, + 4«. =0, 
i,cos2 (2i+2)x,+i,cos2 (2i+2) x,+&c. = 0, Ac, 
j:/iCos4xi+-tiCos4xi+&c. = 0, Ac.; 
from these it follows that 

also Jjlsinxi+tisinxi+'fco. = 0, Ac., 

whence e**"- = e'"*"- = Ac. 

Hence, if Xi i^ a critical value, there are 2k other critical values 
givenbj ^^ ^^ 4for . 

** 2A+1' "' 2fc + l' "■ "' at-i-i' 
substituting these in the sets 

A cos 2x, + L, COB 2x, + . . . = 0, 
Jj, cos4xi+iJiCos4x,+ ... = 0, 

ij,cos4F^+ij,cos4&Xt+--- =0, 
it follows that L, ^ £| = Ac, 

80 i; = i; = Ac. 

Therefore 



= cos ( y ■ 



/^ -■ ^') { ■^["'Sh (masinx,) 

+ L' [ sinh (mz sin x,) + Ac. ] j 
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in order that all wave lengths may be possible, these critical values 
mnst be such that they give only two different values to sin x* as 
there is only one constant, viz., L'/L, at our disposal ; this will be so 
when /; = 1, i.e., ir/a = 3, and only then, and Xi is then determined by 

^-Xi==Xi+2ir/3, 



whence 



Xi - g •. 



Therefore the only case for which all wave lengths are possible, 
n/a being an odd integer, is n/a = 3, when 



/= cos (y y ^ — m*j L < cosh (mssin-^J +cosh f wussin — j 

-h cosh (??«; sin —j > 
+ i' ] sinh f mz sin -^ ) + sinh f mz sin -- j 

+ sinh ( mz sin -5- ) [ » 



which may be written 



/ = ^ [cosh w(;r+iS)-f 2co8hm (|- -fi) cosh - ^^.^^^j . 



In this case I is given by 



whence 
Hence 



mZ = coth7>t(A+/3) =2cothw(A.-/3V 
m«?-3t7iZ coth ?^ +2 = 0. 



9 = J. mZ cosh m (s—h) +sinh m (z—h) 

-f 2cosh— ^^ — -{ mZ cosh m ( —- +7^1— sinh m (-^ +^) f \coB(inx^nt), 
the velocity of propagation being given by 

The form of the velocity potential in this, the only possible case for 
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ir/a Ml odd integer, is §0Tnewliat complicated, bat it may be verified 
by the case of long waves when it leads to Green's resnlt V* = gh/2. 
The other Bolation T*' = co means that no long wave corresponding 
to the lower sign in the above expr^sion for the velocity of propaga^ 
tion would be generated. 

If the appcr sign is taken in the expression for g/V, ml is always 
greater than 2, and the free surface of the wave is given by 



i = j 1+2, 



7 cosh 



i^)]' 



.(mx-»i), 



the crosB-Bection of the wave at a crest being a catenary with its 
lowcBt point in the middle of the canal. If the lower sign is taken, 
ml is always less than 1, and the free surface is given by 



;;COSh — 



sin (jnx~nt). 



the cross-section of the wave at a crest being a cat«naiy with its 
highest point in the middle of the canal. When the wave length X 
is great, that form most be taken for which ml > 2, and when A, is 
small that for which mZ<l. 

The above eipressiona for the velocity potential and velocity of 
propagation in the case ir/a = 3 lead to Stokes' result for waves with 
their creste perpendicnlar to a beach sloping to the horizon at an 
angle of irjQ. [In this case mZ>2.] 

In the Amer. Jour, of Math., Vol. ix., Greenhill has tried to obtain 
the solution of the above case by modifying the solntion for standing 
waves across the eame canal ; the expreBaion for the velocity potential 
BO obtained can be got from the above equation (A) by putting 

bnt It then contains one nndet«rmined constant less than the number 
necesBary to give a solution for every wave length. In the same 
paper the propagation of a boro along the canal is investigated, 
».un,mg , = F.c„,l,(,„-„,)i 

this expression Beems objectionable on the ground that the displace- 
ment given by it coald become large, and the theoiy is only applicable 
to waves where the displacement is always small. 

The expression (A) gives a velocity potential for every case tt/o an 
odd integer which satisfies the conditions at th« &i.«^\iciM.'n,^»3r^,Ns<^'^ 
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the free surface condition in evei^ case but x/a = 3 will lead to con- 
ditions whicli m mnst satisfy ; e.g., if ir/a ^ 5, the velocity potential is 

f s: cos (yv^ "'"') ^1 costmi+Zcoshl wtfsin— j 

+r I sinh ms+2 Binh (wu^m ^ 

-28inb(mzsin|j)|]coB(««-n/), 

Xt being obosen so that m bas to satisfy tbe least possible nomber of 

conditions ; m is given by the equation 

fee'(cotb»tAe+cothmfc«') 

+ ccothmfce — e'cotbmft*'} (ecothmft*— e'cothmft*') = (« + «')', 
where « = — l+sinj^, «' = sin -^ -)- 1 ; 

the loots of this equation are complex quantities. Similarly, tbe 
other cases rja an odd integer may be investigated. 



,_ -KVg-) ^ 



gives a wave motion which is possible for all wave lengths when 
v/a ^ 4, and tbe velocity potential then is 

^ ^ A sinb —^ sinh— J- cos (mx—ni) ; 

the wave velocity of propagation is given by 

TTl 9^ iL 2«A 



and, if X is small, 



2«--/2 



It can be shown, by an analysis similar to the preceding, that 
standing waves across a canal of triangular cross -section are only 



1894.] Proceedingi. Ill 

possible in the aame two cases, the BolntionB for which were given by 
KirchhofF, Oetam. Abhand., Vol. ii. 

From the above investigation, it appears that, if a wave with a 
plane front is set np in a canal of triangnlar cross-section, it will be 
propagated without change of form in two cases only, viz., when the 
angle which the sides make with one another is either 90° or 120° ; 
in all other cases the wave front will not remain plane for any great 
distance along the canal. It follows from what precedes that there 
is no angle which forms the limit between stability and instability, as 
stated in Basset's Sydrodynamic*, Vol. ii.. Art. 391 ; a wave motion 
of some kind mnst be possible for any angle. Green's investigation 
above referred to requires that it shonld be possible to expand the 
velocity potential in powers of the y, z coordinates, and that powers 
higher than the squares of these shonld be negligible ; this will be 
tme when the front of the wave is approximately plane, so that the 
resalts there arrived at wonld be tme in the case of a wave whose 
front is initially plane for some distance along the canal. 



Thurtday, February 8th, 1894. 
A. B. KEMPE, Esq., F.B.S., President, in the Chair. 

Miss Edith Lees, Mr. F. W. Hill, M.A., City of London School, and 
Major Hippisley, R.E., were elected members of the Society. Miss 
Lees was admitted into the Society. 

The President announced the death of Mr. William Racster, M.A., 
for many years a colleague, at Woolwich, of Prof. Sylvester. He 
was elected a member October 16th, 1865, and died December 30th, 
1893. Also of Mr. William Paice, M.A., for twenty-two years an 
Assistant Master in Univereity College School. He was a Life 
Governor of Univeraity College; a sab- Examiner in Mathematics, 
for five years, of the London University ; an Assistant Examiner in 
Magnetism at South Kensington ; and the author of a small work 
entitled Energy and Motion. On the death of the Rev. W. Stainton 
Moses, his colleague at the school, which event took place on the 5th 
September, 1892, he succeeded that gentleman e& t\ift niMwit <A 'Oc>i 
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Spiritualist journal Light, He was elected a member April lltb, 
1872, and died January 24th, 1894. 

At the request of Lord Kelvin, P.R.S., and by the permission of 
the Council, Mr. J. J. Walker exhibited and described Lord Kelvin's 
model of his Tetrakaidekahedron. 

This was a model (for the making of which Lord Kelvin acknow- 
ledges his obligation to Prof. Crum Brown, D.Sc, M.D., F.R.S., Prof, 
of Chemistry in the University of Edinburgh) of the form named 
" orthoidal " by the author ; viz., it is a form derived by homogeneous 
strain from the " orthic," a surface bounded by eight regular hexa- 
gons and four squares, first described in the Acta Mathematicu, 
Vol. XI., " The Division of Space with Minimum Partitional Area," a 
paper reproduced in the Phil. Mag, for 1887 (second half-year). 

Lord Kelvin's own account of the surface will be found in Vol. LV., 
Royal Society 8 Proceedings (pp. 1-16).* 

Votes of thanks were passed to Mr. Walker and to Lord Kelvin. 
A conversation ensued in which Messrs. S. Roberts, Forsyth, Mac- 
Mahon, Cunningham, Elliott, and the President took part. 

Abstracts were communicated of the following papers : — 

On a Class of Gi-oups defined by Congruences : Prof. W. 

Bumside. 
Some Properties of the Uninodal Quartic and Quintic having a 
Triple Point : Mr. W. R. W. Roberts. 
A cabinet likeness of Pix)f. Mathews was presented by him to the 
Album. 

The following presents were made to the Libi'ary : — 

Bodhanundanath Swami. — **Kalyaiia Manjusha*' ; Calcutta, 1893. 

** Nautical Almanac for 1897.** 

** Memoirs and Proceedings of the Manchester Literary and Philosophical 
Society,*' Vol. vin., No. 1 ; Manchester, 1893-4. 

** Bulletin des Sciences Math^matiques,** 2*™« S6rie, Tome xvn., November and 
December, 1893 ; Paris. 

*' Proceedings of the Royal Society,** Vol. uv., No. 329. 

** Report of the Superintendent of the U.S. Naval Observatory,*' to June, 1893 ; 
Washing^n. 

" Journal of the Institute of Actuaries," No. 172, January, 1894. 

** Papers read before the Mathematical and Physical Society of the University of 
Toronto during 1891-2,** Toronto, 1892. 

"Proceedings of the Physical Society of London,'* Vol. xn., Pt. 3 ; December, 
1893. 

" Bulletin of the New York Mathematical Society," Vol. in.. No. 4. 



♦ Cf. also Nature for March 8th and 16th, pp. 445-8, 469-71. 
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"Bulletin de la Sod^ MaOt&natiqae deFronce," Tome XXI., No. S; Paris. 

"Bolletiii de la Soci£t£ Hatlifmatique de Franoe," lUile des 20 PremierB 
Tolnmes ; Fam, 1S94. 

Gram, J. P. — " Eaiai bot la Raatitution du Caloul de Leonard de Fiee anr 
I'fqoation x* + 2x*+I0x — 20," pamphlet. 

Qtan, J. F, — " Rapport tot quelquea Calcnla entrepria par M. Bertelsen et 
ooDoenwntleeNombreePremien," Ito pamphlet. 

Zeuthen, H. O. — " Note hut rHistoire dea Hath^matiquee," pamphlet. 

Barrett, T. 3.— "Ma^c Squares," second adltion, 8vo ; Berkhamated, 1894. 

"Beihlatterzuden Annalen dec Physik und Chamie," Bd. xm., St. 12, 1893; 
Bd. xvm., St. 1, 1891 ; Leipzig, 

"AttidellaBeale Accademiadeiliinoei," Series, Bendioonti, Vol. in., Faao. 1, 
J Son. ; VoL n., Faw;. 12, 2 Sem. ; Roma, 1894. 

" Indian Engineering," Vol. xiT., Nob. 26, 27 ; Vol. n., Nos. 1 and 2. 

" Eduoational llmea," Febmarj, 1801. 

"Bendioonti dell' Accadamia delle Scicmze Fisiohe e Uatematiehe," Serie 2, 
Vol. vn., Fmo. 8-12 ; Napoli, 1BS4. 

"Annalw da la Faculty dee Sciences de Tonlonte," Tome tii., Ann£e 1893, 
i'>*Fkao.; Paris. 



On a Class of Oroups defined by Congruencea. By Prof. W. 
BuKMBiDs. Beceived February 7th, 1894. Bead Febmory 
8th, 1894. 

1. Introdaetory. 
Most of the groups of finite order which occur in connexion with 
problems of higher analysis can be defined by means of congruences. 
This is true, for example, of the gronp of the modular equation, and 
of the gronps on which the division of the periods of the hyper- 
elliptic fnnctions depends. In his standard treatise {Traits des 
Suhgtitntioiu et des Equatiom AlgSbriques) M. Camille Jordan has 
inrestigated at length the more important properties of the general 
lineiu* gronp, defined by sets of congraences of the form 
3^ = a^!iii+biZ,+ ., .+CiX^\ 



where the coefficients ore ordiniuy integers. 

TOL. XXV. — NO. 482. 1 
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The group of the modular equation, wHcli is iBomorphoaa with the 
general linear gronp when the nnmber of variablea is two, has foimed 
the snhject of a large nnmber of memoirs ; bnt it was first 
exhaastiTely analysed in a paper by Herr J. Gierater {Matk. Ann., 
Vol. XVIII.), in which the order and l^pe of all possible sub-groups 
contained in the modoltu- group for a prime transformation are com- 
pletely determined. Though ilie congraences defining the groups 
dealt with in these investigationB inToIve only real coefficients, both 
the authors mentioned find it of great advantage to introduce in their 
discuasiouB the imaginardes which Oalois* first used in analysis. 

If these imaginaries are introduced in the congruences defining the 
groups, a new claaa of groups arises, altogether distinct from those 
defined by congruences whose coefficients a.re real integers ; that is to 
say, the simple groups occurring in the composition-series (Reihe der 
Zutammentetzung) of these new groups are new simple groups. In 
the present paper some of the more important properties of the 
fractional linear group to a prime modulus, i.e., the group defined by 



'v'+i 



(modp, prime), 



when a, /3, y, ! are any rational functions of the roots of an irre- 
ducible congruence of the n" degree (mod y), are investigated. It is 
shown that in this way new simple groups of orders 2" (2""— 1) and 
ip' ip^'—y), p an odd prime and n any integer, are defined; the 
latter being in many respects closely analogons to the gronp of 
the modular equation. The orders of the separate operations of the 
groups and their distribution in conjugate sets are deteimined, and the 
order and type of some of the simpler sub-groups. For the case of 
p ^ 2, a complete discussion is g^ven of all possible types of sub- 
group ; to carry this out, for p an odd prime, would probably 
necessitate the separate treatment of each value of n. 

In two memoii's in Lionville's Journal, 1860-1, M. E. Mathieu has 
shown the existence of the triply -transitive group, called Q in this 
paper, of which the simple group of oi-der sp'(p'"— 1) is a self- 
conjugate sub-group. These memoirs deal, however, in the main, 
with the formation of functions which are unaltered by the operations 
of transitive gi'oups, and the nature and properties of the gixtups 
themselves are not entered upon. 

* Cf, LiouTille'B Journal, 184fl, n, 381. Oalois' papers have aW been printed 
■■eparately in a Qertnan tmnslation by J. SptingeF, fcrUn, 1889. CJ,, also, Scrret, 
Giiiri J'AIffihn Stip., Vol. a., p. 179, and Jordan's work mentioned above, p. 14. 
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In a BahBeqnent paper the anthor hopes to deal with the simple 
groaps that arise in connexion with systems of congraences involving 
n variables when the coefficients are inutg^naries. 

2. Definition aitd Order of the Qroupa. 
Let a; be a primitive root of the congmence 

3i^"'-l =0 (moip), 
80 that X Batisfies an irreducible congruence of the the form 

a;"+a,«-' + ...+o, =0 (mody), 
where a,, ... a. are real integers. 
Then the ^ qnantitjes 

«,ar-'+<i,a--'+...+a (A), 

where Oi, a„ ... a, may have any of the valnes 0, 1, 2, ... p—\, are all 
incongment, and it is known that in a proper order tbey are the 
same as the series of quantities 

0, a-, a?, ... i^-\ 
If, now, a, /3, y, i are any four of these quantities, such that 
ai~l3y ^ 0, 

the system of congruences e' = — ^^ 
ys+l 

form a group ; for the result of combining any two congruences of 

this form is a third congruence of the same form. 

The coiignienceB 

yi+l m,yg+mS 

are identical, and it may therefore be assomed that the determinant 

of the substitution is either unity or a determinate quadratic uon- 
residne, which may conveniently be taken as x. 

Since a' = ^^ and ,- = -«-^ 

yz + S ^yz — S 

ue not distinct snbstitntioiis, the order of the g«>^? '^f^ ^^ 'a\i&\i»!& 
i2i 
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of the sum of the number of distinct solatdona of the two separate 
congmences a£-~^ = 1 

and o5— ^y = x. 

In the finit of these congmenceB, if a is zero, S may have any one 
of the p* possible valnes, Euid J3 and y satiafy 

py = -1. 
This congruence has clearly p"—l distinct solntions, and hence the 
ntunber of Bolntions when a is zero is jf (p*— 1). 
If o is different from zero, and i such that 

0^=1, 

then (i, y have 2p*— 1 sets of values ; while, if 

«2 ^ 1, 
§, y have p"— 1 sets of valnea, as in the first case. 
Hence for each finite value of a there aj« 

2p-_l + (y-_l)'=p»- 
aolntiona of the congmence. 

The total number of solntions is therefore 

P"(p"-i)+y'" Cp"-i) ^p'Cp"-!)- 

It is easy to show that the second congmence 

has an equal number of Bolntions, and therefore 

y-(p"-I) 
is the order of the gronp. 

The order of the group may also be simply determined as follows. 
The Bubstitutiona of the group permute the ^"+1 symbols consisting 
of the set (A) with oo among themselves. If x,, x^, x^, x\, 3^, i^ are 
any six oi these symbols, the sabstitation 

z'—xi xi—x'i x—Xf Xf—Xj 

is evidently a substitation of the group, and it replaces the three 
symbols a^, X|, a^ by ^, xi, x^ respectively. The group is therefore 
triply-ixasis^Kt^ in the j>'+I symbols, and its order is therefore 
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divisible by (p"+l)p"(y"— 1); while, since it clearly contaiiks no 
mibstitntiion, except identity, which keeps more than two aymbole 
fixed, the order mnst be equal to this number. 

3. The Qenerating Operations. 

It will now be shown that the gronp can be ^nerated by the 
oombination ajid rei>etition of the three sabstitntions 

/ = r:i, ^' = «+l, b' = m, 

which may be conTeniently represented by the symbols T, 8, X. . 

If 8 be transformed by X*, the resnlting snbstitntion X''SX' is 
given by the congmenoo j- ^ e+x' 

Let ™w S OP z' = °'+^ 

LetnowSor '"y.+J 

be any Bnbstitation of the group ; then i may be so chosen that 

is of the form «' = . . 

yz+l 

It follows that SX~*SX'T is given hj 

- -ii' ' 

and J may then be so chosen that ZX-'8X,TX-'8JC or 



= >!±f 



+«< 



ia the same as «' = -i— S jb*s. 

-/J 

Hence any anbetitntion of the group can be expressed in the form 

X'SX'TX'SX-^, 
and the three anbstitations T, S, X are therefore, as stated above, 
generating operations of the group. 

It has been seen that one half of the snbstitntions of the gronp 
have unity, or a quadratic residue, for their determinant. These 
evidently form a self- conjugate sub-group, and it may be shown that 
the generating substitutions of this snb-gronp are T, S, uid X*., 



i^' 
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indeed, the previous proof will hold, as it stands, so soon as it is 
shown that a^ ^ z4~x* 

can be formed from these operations, whatever a^ may be. Now, 
every operation of this form in which x* is a quadratic residue may 
be formed by transforming 8 by the powers of JP ; and, by combining 
these operations, every operation of the above form in which s^ is the 
sum of any number of quadratic residues may be formed. But among 
these quantities non-residues must occur, for, if unity be added in 
turn to every quadratic residue^ the sums are all different, and unity 
does not occur among them. 

When jp = 2, there are no quadratic non-residues, for the two 
solutions of the congruence 

iB* = a'" (mod 2) 

are congruent with each other, and therefore every one of the 2* 
quantities (A) is in this case a quadratic i*esidue. 

In calculating the order of the group in this case the congruence 

a5— j5y = oj (mod 2) 

does not occur. On the other hand, a, /3, y, 5 and —a, — i3, — y, —5 
are not now different solutions of the congruence 

aa-j3y = 1 (mod 2), 

so that the order of the group is the total number of solutions of this 
congruence, viz., 2* (2**— 1). In this case also there is evidently no 
self -conjugate sub-group of index 2, corresponding to the one just 
referred to when jp is an odd prime. 

It will be convenient, to avoid repetition, to deal with the case 
j9 = 2 by itself, after considering the general case of p any odd prime. 
In what follows the triply- transitive group of order p"* (2?*"— 1) will 
be referred to as the group 6?, and the sub-g^up of order ^** (p**— 1) 
as the group H. It will also be a useful abbreviation to speak of 
the substitution defined by the congruence 



,_az±fi 

z = ^ 

yz+c 



the substitution 2£±£. 

y«H-d 
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4 On the Orders of the Operations of G, and their Distribution in 
Conjugate Sets. 

Wten G is regarded aa a triply- transitive group in p" + l symbols, 
its operations either change all the symbols, all bat one or all bat 
two. Those that keep either one or two symbols fixed are necessarily 
regulai', as otherwise their powers would keep more than two symbols 
fixed. On the other hand, some ot those that change all the symbols 
may be such that their squares keep two symbols fixed ; otherwise 
they also must be regnlar. Since the group is triply- transitive, there 
mnst occur among the substitutions conjugate to a substitution which 
contains a given transposition substitutions contoiniog aoy other 
chosen transposition. If now the substitution — — ? transposes 

and 03 , then n = 2 = 0, and the substitution is therefore necessarily 
of order 2. Hence iiTegular substitutions, such as those suggested, 
'Cannot occur, and all the substitutions of G are regular. 

The sub-groups which keep each one of the p' + l symbols 
successively unchanged are all conjugate, and that which keeps oo 
unchanged may be taken as their type. 

This is clearly the group of order p° ( y" — 1) which is genei'ated by 

z=z+l and t=xe. 
It is evident that this group contains the group of order p', 

self -con jugately. Hence this is the type of the single conjugate set 
-of groups of order p", which according to Sylow's theorem is con- 
tained in Q ; and their number is j)' -|- 1 . This sub-group is snch that 
all its operations, except identity, are of order p, and are permntable 
with each other. 

Since X~'SX' is the substitution g+nf, the p"— 1 operations of 
order ;p form a single conjugate set within the sub-group which keeps 
00 unchanged, and therefore the (p" + ^)ip'' —1) operations of order 
p contained in the group form a single conjugate set. The 
remaining operations of the sub-group keeping oo unchanged (which 
all keep one other symbol fixed) consist of operations conjugate to xz 
and its powers, and therefore m can always be chosen so that any 
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operation of the group which keeps two symbols unchanged is conju- 
gate to x'^z. Since the first power of x which is congruent to unity 
is the (j?*— 1)***, the order of xz or X is 2?" — 1 ; and therefore the 
order of every operation which keeps two symbols fixed is a sub- 
multiple of jp"— 1, while every such operation is a power of an opera- 
tion of order jp**— 1. 

Since the operations which change all the symbols are regular, 
their orders must be sub -multiples of j9"-{-l ; and, in close analogy 
with the operations which keep two symbols fixed, it may be shown 
that among the operations changing all the symbols there are 
operations of order jp" + l, while every operation changing all the 
symbols is the power of an opei'ation of order 2?**+ 1. 



Thus, if the substitution 






is thrown into the form 



/ — M ^ z — fl 

Zf — = ^z — » 



z — V 



z—y 



X is given by 






Now the coefficient of X in this congruence can take all possible 

values, for, when 

ad-l3y = 1, 



(a + iy 



may be any quadratic residue, and, when 

aJ— /3y ^ a*. 



it may be any quadratic non-residue. 
Now the congruence X'— jc'X-Hl = 

is reducible when j can be found such that 

X* = x^ + x'\ 

and, if this congruence can be satisfied at all, it can only be satisfied 
in one way. for ^+^-.^^+«.» 



l^ves at once 



ar^ = a?* or a"*. 
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For all other values of z' the congmence ia irredocible. Bat 
n (X'-t-X+l) 

V. J, >./ 

= (li>-*'-I)(X'-->-l). 

Those quadratic congniencea which are redacible give the qnadratis 
factors of X'''-'— 1, and the factors X— 1 and A + 1 of A^"**-!; and 
therefore the irredncible quadratic congmencea give the remaining 
factors of X^'+'-l. 

Now, since A*" — 1 = 

has primitive roota, A"^**— 1 = 

tnast also have primitive roots. 

Hence among the quantities X, defined by the irreducible con- 

gruencea x*-«*A + l = 0, 

there most be some for which the first power of A which is oongment 

to nnity is the fp'+l)"'. There are therefore operations ^i 

yz+e 

whose order is p'+l, since the order of the operation is equal to the 

index to which the corresponding X belongs. 

If ?iX^ ia tiwisformed into % — c by any suhatitution of deteiv 
ye+6 yt+6 

minant nnity, it is well known that 

o' + y = a + S and a'S'-^'y' = ai-^y, 

and this result ia still tme when the transforming anbstitntion has 

determinant jf, if the transformed snbstitation -; be brought into 

yi+e 

ita standard form so as to have unity or 7 for its determinant. 

It may, however, be farther shown that for the group all the 
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Bubstitntions for which a + 3 and a^— /3y have given Tallies form a 
^single conjugate set. Thus, if — = be the transforming substitu- 
tion, o', /3', y', ^ are given by 

Oa + Dy^y'A-h^'G, C(i-\-Dd = y'B+yD, 

and, since here AD—BG may be either 1 or oj, it is clear that, except 
when a = ^ = 1 and /J = y = 0, a' and j3' may be chosen arbitrarily, 

and therefore that every substitution ^, ^, , for which 

yz-\-c 

a'+a'=a4-^ and aT^fty = ai^fiy, 

18 coniugate to ^ • 

yz + S 

Now, the multiplier X of a substitution 2 of order p" + 1 has been 
shown to satisfy an irreducible quadratic congruence of the form 

and the multipliers X', X', &c., of its successive powers satisfy similar 
congruences. If X'' satisfied the same congruence as X', then 

X*^** = 1 ; 

and hence, since X is a primitive root of the congruence 

XP"+i-l = 0, 

The multipliers of successive powers of 2, with the excep- 
tion of the ^ (|?** -f 1)"*, therefore satisfy -?--^ — different irreducible 

quadratic congruences of the above form. But this is the total 
number of such congruences, and therefore among the powers of 2 

(a 4- ^V 

all possible values of ^ — ;/- , for substitutions whose orders are sub- 

ac—py 

multiples of p* + 1, occur. Combining this with the previous result, 

it follows that every operation changing all the symbols is conjugate 

with a power of an operation of order jJ* + 1, and is therefore itself a 

power of an operation of order jp^+l. 

The operations ^ 't and ""°^~\f being identical, the result just 

y£+o — y«— d 

proved may be stated in the foim that all operations for which 
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(a-f-d)' and ai—^y haye given valneB Goustitote a single conjugate 
set of operations. 

Since (n+8)' may be zero, or any one of the -E-^ — quadratic 

residues, while a3— /3y may bo either 1 or x, there moat be p"+l 
oonjogate sets of operations, exclusive of identity. 

This discossion of the orders of the operations of G, and their 
distribution into conjugate sets, may be applied to simplify con- 
siderably the corresponding investigation for the group H. 



5. On the Distribution of the Operatiotis of H in Conjugate Seta. 

The cyclical substitutions of p' + l and y"— 1 symbols that G 
contains are odd substitutiona, i.e., substitutions that are equivalent 
to an odd number of transpositions. Hence the self- conjugate sub- 
group S of index 2 consists of the even substitutions of 0. 

It follows at once that all the substitutions of order p contained in 

beloniF to H, and that operations of G of orders ■*-- — and *- 

p. y 

■will belong to H when ft and >• are even. 

Hence the operations of H which keep no symbols fixed have for 
their orders sub-multiples of c , ^ , and every such operation is the 

power of an operation of order f ; while the operations which 



keep two symbols fixed are powers of operations of order 



ji^ 



It is not, however, now the case that all the operations for which 
(a+S)' is the same form a single conjugate set. For, if the substitu- 
tion B-fl is transformed into z+if by — ^^, 

asi^ and V = : 

.bat oi s 1 ; 

and therefore a? must be a quadratic residue. 

' The operations of order y therefore fall into two conjugate sets, 
^each containing J (p"— 1). 

If, now, ^ J be any substitution whose order is a aub-multiple of 
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* "T 1 and if this be transformed into **. 'Z by — — — , bv combininer- 

the first two of the equations for the transformed coefficients ab?ead7 
given with ^^_^^ ^ ^^ 

it is easily shown that 

/3'[(?i3 + OI>(a-a)-I>»y] =o'«-(a4-5)a'H-l. 

Now, fi+yr (^~a) ~ 75" > cannot vanish for any value of — , for, 
(J (j (J 

when equated to zero, it would give the fixed elements of the opera- 
tion, and no elements remain fixed ; and, when the p** different possible 

values of —r* are successively substituted for it, this expression will 
take *^?" different values, since the congruence 

will always have two and only two roots, and for one value of x' these* 
will be equal. Moreover, there are only *^ quadratic residues, so- 

that the expression in question can, by suitably choosing -=-, be made 
either a residue or a non-residue. 

It follows that, when all possible values are given to and D, 

(?/3-hOI>(a-a)-I>»y 

can take every possible value except zero. 

Hence, when o' is chosen arbitrarily, /3' may have every possible 
value except zero. But since 

aT-)8'y'=l and a'-ha' = «', 
where X'-a^X+l=0 

is irreducible, the value /3 = is in any case inadmissible. 

It follows from this discussion that all the operations which keep- 
no symbols fixed, and for which (a-h^)' has the same value, form a 
single conjugate set. 

A closely similar discussion of the congruence connecting a', /3', 0, D^ 
leads to the same result for operations whose orders are sub-multiples 
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There are, therefore, two canjugate sets of snbstitntiona for which 

(a+J)'=l, 

«nd one set of every other possible Ta,liie. The total iiimibOT of 

conjugate aete, exclnaive of identity, ia 2__ — , 

6. Proof thai H is a Simple Group. 

The proof which Heir Weber gives in his EUiptische Fttnctionen 
und Algebtaiache Zahlen that the group of the modular equation is 
simple may be applied directly, with suitable modifications, to show 
that the analogous group H is simple. The following proof of this 
property, founded on the discussion jnst given of the distribution of 
the operations in conjugate sets, ia, however, considerably shorter. 

Let £ he a self -conjugate aub-gronp of S, and aappose first that K 
contains an operation of order p. It must then contain the whole of 
one of the two conjugate sets of operations of order ^, and therefore 
the whole of both seta, since by a previous remark a sub-group which 
contains all the operations z+z' where z* ia a quadratic residue must 
also contain those where le' is a non-residue. The group K therefore 

contains the two operations ■ and t+x', where a, yandx' 

may be chosen arbitrarily. The result of combining these two ia 

yz + 2-a 

and the sum of the first and last coefficients in this substitution, 
namely, 2+^3^, may be made anything whatever. 

Hence, in this case, K coincides with H. 

Suppose now that K contains a substitution keeping two symbols 
fixed, say —^^. It will then contain -r, where 



These combined give 5*^±^', 

and, if now a = x~', S ^ x*, r = 0, ^ ^ 0, 

this anbstitution ia g+j3x~', 

which is of order p. Hence, again, K coincides with 
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Suppose, lastly, that K contains an operation, displacing all the 
symbols, for which j.^ = -;< . 

then K contains — ^^ and ., and these combined give «— 2ar', 

— « —z-^-x* 

an operation of order p. Hence, once again, K coincides with H. 

It follows, therefore, that, since H contains no self -conjugate sub- 
group different from itself, it is a simple group. 



7. On jff,, regarded as a Suh-Oroup of JT„,. 

If a suffix be now used to denote the degree of the irreducible 
congruence on which the coefficients of the substitutions oi or H 
depend, it is immediately clear that Hjr will contain H^, if j?**— 1 is a 
factor of j9^—l. For, if 

and if y is a primitive root of the congruence 

/'-^-i = 0, 

ihem ^ is a primitive root of 

and the group H^ is derived from 

« y 

The sub-group of Hjr with which H^ is permutable may be deter- 

mined as follows. If — ^^ a substitution of H^ is transformed into 

yz-^B 

^,\, by any substitution — = of Hy^ then 

yz+c " Cz+JJ 

a = ADa-AOp+BDySO^, 

y = CBa^Cfi '^'Bl'y -OBS, 
y ^^BOa-^-AGp-BBy-^-AB^. 

Now 4^^, where AB-BO = 1, is permutable with H^, if, when 
Cz-^-B 
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theee congmenceB are applied to the three generating BobBtitations 
of H„ the values of a', ^, y', F obtained are all powers of y*. 
The respective values of a, /3, y, S are 

0, -1, 1, 0, 

1, 1, 0, 1, 
y*, 0, 0, y-'; 

and therefore AO+BD, A'+E*, C+I^, 1—AO, A*, C, AI}y^-BCy-\ 
ABiy'-y-^), OD(i^~y~'), and AI)y-''—BOy^ are powers of y». 
Hence, since the stun of an; nomber of powers of ^ is again a power of 
y", it follows that J'. B*, C, I?, AB, AG, AD, BO, BD, CDmuatatlof 
them be powers of ^. If, then, A be odd. A, B, 0, D mnst themselves 
be powers of ^, and the gronp S„ is only permatahle with itself; 
if, however, A be even, the coefficients may also be of the form y'"'**''. 

Now, if - — V is any sabstitntion of B„ — 'C — \',. is a snbstitntion 
ys+S yy-'^f+iy-*^ 

of the second kind which transforms Hj, into itself, and in this way 
each saeb snbstitntion is obtained once and once only. It follows 
that, when X is even, the order of the group with which H^ is per- 
mntable is twice the order of 3,. This group is evidently 0^. 

Nowp'—\ will only divide j>*— I, whenii divides ^and X is odd 
or even according as — is odd or even. The group H^ is therefore 
one of a conjngate set of sub-groups of H„ whose unmber is 

or one half of this number according as s is odd or even. In particular 
B, the group of the modular equation is always contained as a sub- 
group in H,. 

Consider now the case of »~2, and 2, as a sub-gronp of H^. 
Sincey+1 is not a factor of j^ + 1, none of the operations of H, 
displace all the symbols of H^ ; and therefore any operation of H^ 
of the order ^~ — occurs as the^ — 1 power of some operation of H,, 

of order ^—^— which keeps two symbols fixed. But the cyclical 
sub-groups of H,, of order *— - — are all conjngate to the sub-group 
arising from -^ ; and therefore .H", muat contain operations of order 
y^T" which are conjugate, within fl"*,, to ^^- — -■ It follows that 

2 «-y"+' 
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among the gronps conjugate to H^y within H^f^, which are all 
isomorphous with jET^, there must be one at least containing the 



operation _„ . . 
y ^ 

A group H'n} contained in H^^ which is isomorphons with 2*,., and 

j»"-i 
which contains the operation ^ , consists of all operations of the 

form y-''^' 

5#±|', (aT-/3y = 1), 

for which a', /S*, y\ ^ are given in form by 

a' = r+3 (/"-'-y-^+'), /?' s u+v (/'-'-y-'^+'), 
«- s r-s iy^'-'-y-^'+'), / = -«+» (/*-'-y-'"+'), 
where r, i?, t*, v are powers of y^"*"^. 

That these operations actnallj form a g^np may be verified at 
once by forming the operation which is compounded of any two 
operations of the above form, when it will be found that the 
coefficients in the resulting operation are again of the same form. 
That the group thus defined may be obtained by transforming JET,, by 

an operation may be proved as follows. 

If the formulsB given at the foot of the last page but one for a', /S', 
y, S' are equivalent to the above-written forms, the quantities r, u, 

^Cy^^'^-y"^""*"^) and t; (t/P"-^-y-^"-^) must be given by 

w= (OJ54--4J5)(o-o) + (^« + 0«)/3-(B«+2>»)y, 

It has therefore to be shown that an operation "^ can be 

^ Cz+D 

found, such that, when r, ti, s, v are given powers of x satisfying 
the above congruences determine a, /3, y, ^ as powers of x or y^""*"^. 
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Now it haa been shown above tbat, since y' ~' is a primitiTe root 
of the congruence xi''+' _ i = n 

it mnat satisfy an irredacible quadratic congraence 

x'-x'x'+l =0, 
where a: = y"* *' 

is a primitiTe root of X? ~^ — l^ 0. 

It follows that y'^~^+y'^'^^ is b, power of z, and therefore so also 
JB (/""'— y'"'''^')'. which will be called ?. On the other hand, £ is 
clearly not expressible rationally in terms of x. 

If, now, m and n are any powers of z, the expression 

iacludea, with zero, ^" incongrnons values ; and therefore every 
integral power of y can be ezpreased in this form. 

Since C is a power of x, so also is (m+«£)(m— ni), and m+n^, 
in— «{ are therefore either both even or both odd powers of y. 
Snppose then that 

A* = m+ni, B> = m'+n'l, 
C = m-ni, I? = m'-«'£, 

where m+ni, m'+n'i are odd powers of y, and m'—n'?, m''— «''£' 
are odd powers of x. They can obvioofily be chosen so in a variety 
of ways eatis^ring 

A'iy*+ffa'-2AB0D = {AD-BCy = 1. 

From these forms it at once follows that A* + C and B'+U' are 
powers of x, while A'—C, ff—D', AC and BD are, each of them, 
powero of X multiplied by £. 

Also AI}+BC = A'I>*-B'C = 2im'n—m.n')l 

and (GD-ABXCD+AB) = -2 (m'«+mn') (, 

while (OS-ABKAD-BC) = AC {B' + If)-BD{A' + G^ 

is also a power of x mnltiplied by {; and therefore GD—AB is a 
power of a; mnltiplied by 4, while CD+AB is a power of x. The 
valnes aHsnmed for A, B, C, I) satisfy therefore all the conditions 
VOL. IXT. — NO. 483. K 
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given at the beginning of this investigation, and the gronp whose 
operations are of the form 

is obtained from the transformation of fli, by ;= ^ . 

The operation does not belong to jffj., since Aj B, G, D aro 

not rationally expressible in terms of y ; it will, however, evi- 
dently be an operation of the gronp H^^; and the gronp H'^ is 
therefore conjugate with Hi, within H^^, bnt not within H,„. It 
necessarily follows that JETsn contains at least two different conjugate 
sets of sub-groups, each isOmorphous with H^. 

The values 

of which the first has been shown to be a power of «, give the opera- 
tion ^ contained in fl-. 

This transfonned form of the group may be used to bring out the 
analogy between the cyclical sub-groups of orders i(i?"— 1) and 
¥ (l>" + l). Thus in the original form of the group a typical cyclical 

sub-group of order \ (|?"— 1) is that arising from — .. This keeps 

x~ 

the symbols 0, oo unchanged, and can thei*efore only be trans- 
formed into itself by operations which either keep 0, oo unchanged, 
or by opeititions which interchange them. The former are the 
operations of the sub-group itself, and the latter are the i (p**— 1) 

operations of order 2 of the form — — contained in H„. Each of the 

x~*z 

latter transforms any opei'ation of the cyclical sub-group into its own 

inverse; and the i(p**— 1) operations of order 2, taken with the 

operations of the cyclical sub-group, form a sub-group of dihedral tj^e 

of order p"—l. 

In the transformed group fl^, a typical cyclical sub-group of order 
a Cp* + 1) is that arising from "^ — ;^. Considei'ed as an opeiTition 



IS94,] Olaag ofOroupe defined by Congruences. 131 

in the group H,,, this keeps the symbols 0, oo imchanged, and there- 
fore is only transformed into itself by the operations '-—, and ^^ of 

H^. Those of the former type which belong to H^ are the operations 
of the cyclical snb-groap itself, while those of the latter type are the 
operations inclnded nnder the form 



-y- 



I-''*') 



■»ke™ «■-.■• (/"-'-J-'"*')' = 1. 

This continence has for its BOlotiona 



• = ±J(! 



"+<,-■ 



,'«••-'>-„■ 



.(^-1) 



m = 0, 1, ... y- 
and these correspond to the ^ (p*+ i) operations 



i(j>--I)]- 



Finally, these b(j''' + 1) operations of order 2, taken with the 

cyclical sab-gronp arising from — 7—, give a dihedral gronp of 
order y" + 1. ^ 

The snb-gronps of tetrahedral type, and those of octahedral and 
icoaahedral types for the cases of p" = ± 1 (mod 8 and mod 5, respec- 
tively), the existence of which Herr Oieister demonstrates in his 
r for the cane n = 1, may also be shown to exist in the general 



The complete discussion which is given in the following paragraph 
of all possible sub-groups for the case p =:2 indicates the lines on 
which a similar discussion may be carried out for the case of p an 
odd prime ; and suggests that the types of sub-group which have 
been shown to exist, including those mentioned in the last sentence 
probably exhaust all types that actually exist. 



k2 
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8. On the Group <?, when jp = 2. 

The necessary modifications of the foregoing theorems with respect 
to the omitted case of p = 2 are now very readily made, and it seems 
hardly necessary to repeat proofs which are almost identical with 
those already given. 

As was shown in § 3, when n = 2, there are no quadratic non- 
residues, and therefore all the operations of the gronp G of order 
2* (2*"— 1) may be brought to the standard form in which the deter- 
minant is unity. Considered as a permutation group of 2" + ! 
symbols, the operations which displace all the symbols are all powers 
of operations of order 2" 4-1, those which keep one symbol fixed are 
all of order 2, and those which keep two symbols fixed are powers of 
operations of order 2"— 1. 

The operations of order 2 form a single conjugate set, as also do all 
the operations for which (a + ^)' has a given value ; but here (a-f ^)', 
including the value zero which gives the operations of order 2, may 
have any one of 2" values, and .there are, therefore, 2* different con- 
jugate sets of operations, exclusive of identity. 

The proof that H, for p an odd prime, is a simple group will apply 
exactly to show that G is simple, when p^=2. 

It may also be shown, exactly as in the corresponding case for H, 
that corresponding to each cyclical sub-group of order 2"-fl or 2"— 1 
there is a sub-group of dihedral type of order 2 (2" -f 1) or 2 (2* — 1) 
containing the cyclical group as a self-conjugate sub-group, and that 
no cyclical sub-group is contained self-conjugately in any sub-group 
of higher order than these dihedral groups. As regards sub-groups of 
tetraheditil, octahedral, and icosahedral types, there can clearly be 
none of octahedral type, since the groups contain no opei'ations of 
order 4. If n is odd, 5 divides neither 2" -hi nor 2"— 1, and hence, 
for an odd n, G cannot contain an icosahedral sub-group. If, how- 
ever, n is even, G^ contains (7, as a sub-group, and this, being of order 
60, is necessarily an icosahedral group. Since the icosahedral group 
contains tetrahedral sub-groups, Gn, when n is even, will have sub- 
groups of tetrahedral type. Finally, when n is odd, 2"-+- 1 is divisible 
by 3 and not 2"— 1, and, since a sub-group of order 4 cannot be 
transformed into itself by an operation changing all the symbols, a 
tetrahedral sub-group, which must contain a group of order 4 
self-conjugately, cannot exist in this case. 

It will now be shown that the sub-groups already enunciated. 
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together with the eab-gronp that keepa one symbol fixed, and Us 
Bab-groups, and the anb-group of type (?.>, where n' is a factor of n, 
exhaust all exieting types. This will be proved by a modification 
and extension of the process nsed by Herr Gierster in his often 
referred to memoir in discussing the corresponding question for the 
modular group. 

Let r be any snb-group of G, of order 2"'y' ^ g, where g' is 
a factor of 2*"— 1, and let S be an operation of odd order p, 
contaiaed in T, there being no operations in r of higher order 
&a.npt. Then the snb-group arising from 2 is peinnutable with- 
in r, either with itself or with a dihedral gronp of order 2p„ 

and it therefore forma one of a set of either -^ or - ^ coningate 

Pi ■^ 

Bnb-groups. No two of these snb-groaps contain a common operation, 
for, if they did, all their operations wonld be common. Hence, 
omitting identity from each sach sub-group, they contain in all 

\Pi~ }9 oj. \J^'~ ' 9 different operations. Let, now, 2' be an 

Pi ^Pi 

operation of odd order p, contained among the remaining operations, 
there being no remaining operation of a higher order than p^. Then, 
as before, the set of snb-gronps conjugate with the cyclical sub-group 
arising from S' contain either '^~ ■ ' ? or i^~ / - ? different opera- 

tions of odd order, and no one of these can coincide either with 
another of the some set or with one of the previons set. If this pro- 
cess is continued till the operations of odd order are exhausted, 
there remain only operations of order 2. Any one S of these is 
permntable with a snb-gronp of order 2", and therefore forms one 

of a set of ^ or g' conjugate operations. If among these g' opera- 
tions there occurs none of the gronp of order 2" with which 8 is 
permntable, then each operation, except identity, of this group will 
give rise to a similar set, no two sete containing a common operation, 
and the number of operations of order 2 contained in F will be 
(2"— 1)3', . It is necessary therefore to determine in what cases 
the sub-gronp of order 2" contains operations conjugate within r. 

The geneiul type of group of order 2" contained in (3 is the group 
arising from the m permntable operations of order 2, 

z+!^; z+af; ... »+a;°", 
where Oi, a,, ... o„ are any m chosen integers from. 1\^, ...Tt— v. 
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No operation of this sub-gronp can be transformed into another, 
except by the operations of the sub-gronp arising from 

jS + 1 and xz. 

Hence r must contain the operation afz, or an operation conj agate 
to it within the sub-gronp which keeps oo fixed, if the sub-group of 

2" 1 

order 2*" contains conjugate operations. Now, the powers of 

2» 1 

x'z transform «-f «"* into a set of conjugate operations of the 

same form z-^-x^ and these must all be contained in the sub-group of 

order 2*", as otherwise 2" would not be the highest power of 2 

dividing g. 

Hence, if a is the symbol that any sub-group of T of order 2*" keeps 

2* 1 

fixed, and if is the order of the highest operation of odd order 

y 

contained both in T and in the sub-group keeping a fixed, the opera- 
tions of the sub-group of order 2"' will be conjugate in sets of 

2*» 1 . , 2" 1 

. This involves that is a factor of 2'"— 1, and is also one 

of the numbers p,, p,, ... . If, then, 

2"-l 



= 1>. 



r» 



the number of operations of order 2 contained in T is ^ ^-^ . 

Adding together the numbers of different operations thus obtained, 
including the identical operation, thei-e results 

^lP\ ^ Pr 

where each 8 is either 1 or 2. 
Hence g = 



If m is zero, so that F contains no operations of order 2, each s 
must be unity, and the relation becomes 

1 



9- 



Pi 
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Now gf is a positive integer, and each p is an odd number. Hence 

in this case there can be only one term under the sign of summation, 

and 

9=Pv 

It follows that the only sub-groups not containing operations of 
order 2 are the cyclical sub-groups. 



Again 






>h 



•so that, when m is not zero, there can be at most two terms under 
the sign of summation ; and, if there are two terms, ^^ = ^^ = 2 ; 
while, if there is one term only, Si may be either 1 or 2. 

With one term only, if Sj = 1, 



2. 

9 



Pi 



2"*-! 
2'> ' 



where pr is either unity or p^. 

If pr =Piy g ^= 2'"2>i, and F is a sub-group of the sub-group that 
keeps one symbol fixed. 

"--='■ ^^^vr^ »"' '^ » '"-«- -^ '"• - »" ^ 

.SO when jp^ = 1. F is then a sub-group of order 2"*. 
• With one term only, and s^ = 2, 

g 2 ■*" 2pi 2> • 



If i?r = Pi, 



1 __ 2"'-V,-(2*'-'~l) 
9 2> 



and, since pi is a factor of 2"* — 1, gr can only be an integer whenpi=l; 
leading again to a 8ub-gix)up of order 2"*. 

11 p^=: 1, m must be unity, and F is a dihedral group of order 2pi. 

When there are two terms under the sign of summation, both s^ 
rand 5| must be 2 that g may be a positive integer. Hence 

1 _ 1 ■ j:._ 2"'-l 
9 % 2p, 2> ' 

where pr is either l^p^or pf. 

Since pi, p^ are odd integers, g cannot be positive if p^ is unity, and 
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therefore it may be taken as p^. Then 

If g is the G.C.M. of pi and |?,, so that 

Pi = 9Pi» Pi — 2P«» 
where /?J, ^ are relatively prime, then 

The numerator of this fraction is prime relatively to 2rp{pl, and 
hence, if ^ is an integer, 

2-'i>;-(2-'-i)p; = 3', 

a factor of q. 

The general values of p{ and pi which satisfy this equation are 
^^^^ ^y p{ = g' + ^• (2-»-l), 

pi = g'+A;2'"-»; 
and therefore jPi = 9?' + % (2"*"* -" 1 ) i 

Now jpi is a factor of 2"*— 1, so that kq cannot be greater than 2.. 
Also q is odd and is therefore unity, as also must therefore be q\ 

p, = l+k2'^'\ 

where k can only be 1 or 2, and must be 2 since pi is odd. Then 

2?, = 2'"-l, ;?, = 2'" + l. 

Also, since |>i is a factor of 2"— 1, m must be a factor of n. Hence 
this last possible case leads to the sub-groups of type O^, where n is 
a factor of n. 



9. On certain Special Gases of the Groups and H, 

There are three values of p** for which the corresponding groups 
are already known. When 

p« = 2«, 

G is a simple group of order 60, and must therefore be a form of the 
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icosahedral group. Tfans a new and very simple Bpecification is 
•btained for this group, aa oonsiating of all snbstitntions of the form 

yx+S J- (mod 2), 
at-lir = l} 
where the coefficients are either 0, 1, x, or a^; x being such that 
a!'+«+l = (mod 2). 
When p" = 2*, 

f? is a simple group of order 504. This group was first disoovered hj 
Dr. Cole {American Journal of Mathematics, Vol. xv.). 

When p" = 3*, 

.H" is a simple group of order 360, and ranst therefoi'e be a form of 
the alternating group of 6 symbols. G in a triplj' -transitive group 
of 10 symbols, ot-der 720, containing H self-conjugately. 

It is carious to notice that, as is well known, the symmetric gi'Oup 
of 6 symbols, order 720, which also contains the alternating group 
self-conjngatflly, can be expressed aa a doubly -transitive group of 
10 symbols ; so that there are two distinct transitive gronps of 10 
symbols, one donbly and the other triply transitive, both of order 
720, and both containing the same donbly-transitiye simple group of 
order 360 as a self -con jugate sub-group. 

10. On n Property of certain TraJtsitive Groups. 

The sub-group of G which keeps one symbol fixed is doubly 
transitive in p" symbols while its order is p"(p*— 1). How the 
order of a doubly-transitive group in m symbols is necessarily 
divisible by m (m— 1), and it may be shown that, when it is equal to 
this number, m is the power of a piime, and moreover that, as has 
been seen to be the case with G, the operations of the sub-group of 
order m must all be penuutable with each other. Thus, assuming 
the existence of a doubly-transitive group in m symbols of order 
m(w»— 1), its operations must displace all the symbols or ail but 
one i and therefore the m— 2 symbols into which a given symbol is 
changed, by the operations of a snb-group keeping one symbol fixed, 
are all different. Hence among the operations of the m sub-groups, 
each of which keeps one symbol unchanged, there must be m— 2 
operations which change a given symbol a into another given ft'jm.\<Ki\ 
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h ; for each sub-group contains one snch operation except those that 
keep a and h respectively unchanged. 

Now the group contains m— 1 operations changing a into 6, and 
hence among the m— 1 operations which change all the symbols 
there is one, and only one, which changes a into 6. It follows, there- 
fore, that these m— 1 operations with identity form a sub-group of 
order m, since the product of any two of them necessarily changes all 
the symbols. This sub-group of order m is evidently self-conjugate. 

If, now, P is any particular operation of this sub-group of order m, 
and if ^ is any operation of the sub-group that keeps a fixed, the 
operations j -i p j 

are clearly all different, for the symbols into which they change a are 
all difEerent. Hence the m — 1 operations which change all the 
symbols form a single conjugate set within the main group, and they 
are therefore all of the same order. Since with identity these opera- 
tions fonn a group, their common order must be a prime, and hence 
finally m must be the power of a prime. 

Since P is one of a set of m— 1 conjugate operations, the operations 
pei*mutable with P fonn a sub-group whose order is 

m (m— 1) -T- (m— 1), 

I.e., m. Hence every operation of the sub-group of order m is per- 
mutable with every other, and the sub-group is therefore Abelian. 

The type of doubly- ti'ansitive group of order jp"(p"— 1) which 
appears as that sub-group of G which keeps one symbol fixed is not, 
however, the only possible tjrpe. Thus Dr. Cole in his analysis of 
the transitive groups of 9 letters (Bulletin of the New York Mathe- 
matical Society^ July, 1893) has shown that there are two such 
doubly-transitive groups of order 82. All possible types may be 
obtained by the following considerations. The sub-group of order 
jp* is generated by « permu table operations Pj, P„ ... P« of order jj. 
Let 2 be any operation of the sub-group K that keeps one symbol 
fixed, and let J-^P S = P"'P"' P"" 

■•• •.• ••• ••■ 

.80 that 2-*i^Pll...l^.2 
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Since no operation of the sub-group K is permutable with any 
operation of the sub-group of order j9", it follows that, if the |>"— 1 
operations of this sub-group other than identity be transformed by 
all the operations of the sub-group K in succession, a permutation 
group is obtained which is holohedrically isomorphous with K. The 
operations of this sub-group are, as the last equation shows, defined 
by congruences of the form 

z = a«a;-f6„y +...+»„« 

and therefore the problem of determining all possible forms of the 
sub-group K is equivalent to that of finding all the sub-groups of the 
^neral homogeneous linear group in n variables which are of order 
jp*— 1, and all of whose operations displace all the p'*—l symbols in 
terms of which the group can be expressed transitively. 



Thursday, March 8th, 1894. 

Mr. A. B. KBMPB, F.R.S., President, in the Chair. 

Mr. Adam Brand, M.A., Fellow of Pembroke College, Cambridge, 
was elected a member. Mr. F. W. Hill, M.A., and Major Hippisley, 
B.E., were admitted into the Society. 

The following communications wei^e made : — 

G-roups of Points on Curves : Mr. P. S. Macaulay. 

On a Simple Contrivance for Compounding Elliptic Motions : 

Mr. G. H. Bryan.* 
On tho Buckling and Wrinkling of Plating supported on a 

Framework under the Influence of Oblique Stresses : Mr. Gr. H. 

Bryan. 
On the Motion of Paired Vortices with a Common Axis : Mr. 

A. E. H. Love. 
On the Existence of a Boot of a Bational Integral Equation : 

Prof. E. B. Elliott. 

* For an account of this contrivance, see Nature^ March 22nd^ 1894^ '^. \^*^. 
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* The following presents to the Library were received : — 

''Vierteljalirsschrift der Katarforsohenden G^esellschaft in Ziirich," 38^ Jahr* 
gang, Hefte 3, 4 ; Zurich, 1893. 

''Bdblatter zu den Annalen der Physik und Chemie," Bd. xvnx., St. 2;. 
Leipzig, 1894. 

** Proceedings of the Royal Society," Vol. uv., Noe. 330, 331. 

** Jahrbuoh iiber die Fortschritte der Mathematik," Bd. xxnz., Jahrgang 1891, 
Heft 1 ; Berlin, 1894. 

** Proceedings of the Royal Society of Edinburgh," Vol. xix., Session 1891-2. 

**NytTidsskziftfor Mathematik," A. Fjerde Aargang, Nos. 7, 8; B. Fjerde> 
Aarg^ang, No. 4 ; Copenhagen, 1893- 

'^Hittheilungen der Mathematischen G^esellschaft in Hamburg," Bd. in.. 
Heft 4. 

D'Ocagne, M. — ** Abaque g^dral de la Trigonomctrie Sphdrique," pamphlet. 

*^ Berichte iiber die Verhandlungen der E^onigHch sachsischen GesellBohaft der 
Wissenschaften zu Leipzig, Math. Phys. Classe," 1893, 7-9. 

*' Jomal de Sdencias Mathematioas e Astronomicas," Vol. zi., Ko. 6 ; Coimbra,. 
1894. 

*' Bulletin des Sciences Mathdmatiques," Tome xvni., Janvier, 1894 ; Paris. 

Macfarlane, A. — '* On the Definitions of the Trigonometric Functions," 8to ;. 
Boston. 

" Bulletin of the New York Mathematical Society," Vol. m., No. 6 ; February, 
1894. 

** Rendiconti del Ciroolo Matematioo di Palermo," Tomo vn., Fasc. 6 ; November, 
December, 1893. 

** Atti della Reale Accademia dei Lincei — ^Rendiconti," Sem. 1, Vol. m., Fasc. 
2, 3 ; Roma. 

** Journal de PEcole Polytechnique," 63*'»« Cahier ; Paris, 1893. 

"Educational Times," March, 1894. 

"Journal fiir die reine und angewandte Mathematik," Bd. man., Heft 1 ;. 
Berlin, 1894. , 

" Annals of Mathematics," VoL vm.. No. 2 ; University of Virginia. 

** Lidian Engineering," Vol. xv., Nos. 3-6. 

" American Journal of Mathematics," Vol. xvi., No. 1 ; Baltimore. 
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On the Buckling and Wrinkling of Plating when supported on 
Parallel Ribs or on a Rectangular Framework. By G. H. 
Bbtan. Bead and received March Sth, 1894. 

IntrodAAcHon, 

1. In a communication made to the Society three years ago,* I 
discussed the kind of buckling which arises when a rectangular sheet 
of plating is subjected to tractions applied perpendicularly to its 
edges in its plane, if these tractions ai*e sufficiently great to make 
the plane form unstable. In the present paper I shall consider 
•certain csLses in which a rectangular plate or a strip of plating is 
made to buckle by tractions applied in an oblique direction instead of 
perpendicular to its edges. 

If we were to suppose the plate to be clamped or supported round 
its margin, there would be two boundary conditions to be satisfied at 
each. edge, and the solution of the problem would become rather too 
complicated to lead to any interesting results. 

This difficulty will be obviated if, instead of a single strip or 
rectangle, we consider an infinite sheet of plating supported on equi- 
distant parallel ribs, which divide it into strips or which are also 
crossed at right angles by a second set of supporting strips thus 
dividing the plate into rectangles. 

2. Let the supporting ribs be the systems of straight lines 

X = ttfUL (m = — 00 tom= + oo), 

y =z nb (n=— ooto n = -HQo). 

Let the stresses in the plane of the plate be specified by the 
thrusts Ti, Tf, and the shear M (each estimated per unit of length 
measured in the surface of the plate). Then, if these are sufficiently 
great to make equilibrium in the plane form critical, the plate will 
still be in equilibrium when displaced into a certain form differing 
infinitely little from a plane, and the normal displacement w in this 
form will be given by the differential equation 



n 



* Froeudmgs^ Vol. zzn., p. 64. 
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where the various letters have the same meaning as in my preyious- 
paper. In the notation adopted by Love,* 

In what follows it will be convenient to nse the letter instead of 
/> to denote the cylindrical rigidity of the snrface. 

The differential equation (1) can be established in the way 
indicated by Love, or by applying the variational equation 

to the expressions found in my previous paper (cf. the method ther& 
adopted in § 12). Hence it admits of being verified vrithout the use 
of the not altogether satisfactory *' energy test." 

3. The cases which I propose to consider in this paper are those 
where T^, T„ M are the components of a simple thrust acting in some 
direction not necessarily perpendicular to the edges of the plate. If 
this thrust is P, and its direction makes an angle a with the axis of 
x^ then 

T, = Pcos'a, T, = Psin'a, M= Psina cos a (2). 

Hence the differential equation (1) becomes 

CvV+P(cosa^-fsina^)'w = (3). 



IX 



Sy 



Stability op a Plate supported on Parallel Ribs. 

First Solution. 
4. Consider in the first place a plate supported only along the lines- 

and divided into infinitely long strips by these lines. 

Assume the differential equation (3) to have a solution of the form 

w = Acos(px-\'qy) (4) ; 

then we have, on substituting in it, 

0(p*-^^y-P(pco8a-\-q8may=zO (5). 

Putting P/0==4:J(^ (6), 

— ^^— ~-^^^^^— — ^— »■"— ^^-^^^^-^^^— ^^^— — ^^^^— ^^^■^^^-^— ^^^■^-^^^— ^— — ^^_^_^^^.^^.^___^^_^__^___ 

♦ Theory of EUutieity, Vol. n., p. 305. 



1894.] Buckling cmd Wrinkling of Plating, 8fc. 143- 

this gives either (jp'+g*)— 2A; (pco8a4-5 sina) = (7), 

or (p'+g')+2A;(pco8a + gsina) =0 (8). 

For a given value of p^ either of these alternatives gives two 
values of q^ and, by combining the corresponding expressions for w 
together, we are able to satisfy the required conditions at the ribs. 

Taking the first equation 

jpH?*— 2A;(pcosa + 5sina) =0 (7), 

let ^1, g, be its roots when regarded as a quadratic in q. Then the 
differential equation (3) is satisfied by 

w = -4 foos (pa;+5i2/)-f cos {px^-q^y)} 

= 2u4sin{pa;+|(gi+5,)y}Bini((2ri-5,)y (9). 

The condition to be satisfied at the ribs is 

w = 0, 
when y = n6 ; 
therefore \ (9i""9i) ^ niust be a multiple of ir ; 
therefore ?i ^ 9j == 2mTr/b, where m is an integer ( 10) . 

Now (7) may be written 

(q-^k Bin ay -\'(p^k cos a)* = A;'; 

therefore g = A;sina± \/[/!^— (/? — A;cosa)'] (11) 

therefore •• gj— 5, = 2\/[fc*— (p— ^'cosa)']. 

Therefore the condition of critical equilibrium requires that 



mV' 



^f = A^-(p-A;cosa)» (12). 

Now m is any integer, and p may have any value whatever, for 
2ir/p is the wave length of the cornigations set up when the plate 
buckles, and this is entirely at our disposal. To find the greatest 
thrust P consistent with stability, we must choose m, p so as to 
make k a minimum. 

Evidently we must take w = 1, and the least value of ^ is then 
= ir'/fe', and occurs when 

^— Arcos a = 0. 
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Therefore the plane form is unstable if 



that is, if 



k'> 
P 



6' ' 
4»' 



a ^ b* 



(13) ; 



and therefore the greatest thrust consistent with stability for any 
displacement of the assumed type is 



6« 



(13a). 



We observe that the limiting value of the thrust does not depend 
on the direction in which it is applied. 

6. The most interesting part of the problem, however, consists in 
determining the nature of the corrugations pix)duced when buckling 
takes place. To find p we have, from above, 



Also, from (7) or (11), 

9i + 9« 

and we have seen that 



= k cos a = 



TTCOS a 



(14), 



07 • 2ir sin a 
Zk sin a = ; , 



27r 



9i-!Z, = y 



Hence the equation of the displaced surface (9) takes the form 

w = -4 sin < Y («cosa-|-y sina) > sin-rj^ (15). 

If we regard one side of the plate as its upper side, the conoiga- 
tions may be said to consist of alternate elevations and depressions, 
separated by the lines 

a*cosa-|-y sina =0, 6, 2b, .... 

These lines ai*e perpendicular to the direction of the thrust, and 
their distance apart is equal to the breadth of the strip. Hence the 
corrugations divide the plate into a series of rhombi. 

When a = or the thrust is parallel to the axis of Xy the corruga- 
tions divide the plate into squares, and the condition of critical 
equilibrium agrees with that found in § 5 of my previous paper for 
the case when a = oo . 
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Another Form of Solution. 

6, If we had taken the two values of q given by the second 

eqaatioh (8), we shonld have arrived at the same result, for this 

equation only differa in the sign of k, and this difference woald 

disappear when we came to make k? a minimum. 

But, by taking two values of q, one given by (7) and the other by 
(8), we obtain ft different solution leading to different conditions of 
instability. 

For, assuming the displacement to be 

w = 2^8in[p^ + H?,+?.)y}flmi(?,-3,)y (16), 

where p*+5j— 2t (pcoa a+y, sinn) = 0^ 

y'+^.+ 2t(pco.. + 5,,ma)=Oj '"'' 

the conditions at the ribs require, as before, that 

5,-5, = 2i™r/6 (18), 

where it ia easy to see that m will have to be taken to be nnity, as in 
the preceding case. ;. 

Put c = x/6, 

"""' 3,-?. = &| (jgj 

and let 9i+9*=2/J 

Then S.=/+e, q,=f-o (20), 

and equations (17) become 

p'+(/+c)'-2fc{pcoB«+(/+<,)8in«}=01 

^i-(f-cy+2k{pcosa+(f-c)Bma}=0l 

By addition, j't/'+f^-aicsino = 0, 

and, by sabtractiou, fc—k (pooa a+/8ino) = 0, 
Eliminating/, ve have 

2fc.i.. = o-+,-^l + (^|f|^)'} (22). 

We must now take p such as to make k a minimum, and evidently 
this requires that 

" = "1 (23). 

and .-. f = 0) 

VOL. XXT. — SO. 484. I, 
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Therefore the condition of critical equilibrium becomes 

2k sin a=: c= ir/6, 

whence p ^ u^c = -^^'^ (24). 

sm' a 

7. The corresponding expression for the displacement is 

w = 2.4sin^ (26), 

showing that the displaced form is cylindrical, the corrugations being 
divided by the ribs. The condition of critical equilibrium could be 
much moi-e simply worked out by assuming the displacement to have 
the form just found ; but such an assumption would leave certain 
possible solutions of the differential equation (3) unexamined. 

General Results for a Plate supported on Parallel Bibs, 

8. Having found two independent criteria of critical equilibrium 
corresponding to the two different assumed types of displacement, 
and given respectively by 

P = ^ (13), 

P = iJ^ (24), 

o' sm' a 

we must select that one which makes P least. 

Hence the first or the second is the proper condition according as 

sin a < or > |. 

Therefore, if the direction of the thrust makes an angle of less than 
30° with the ribs, wrinkles will appear on the plate as soon as 
instability sets in, and these wrinkles will run perpendicular to the 
thrust. But, if the thrust makes an angle of more than 30° with the 
ribs, the plate will buckle into simple corrugations running parallel 
to the ribs. 

Statement of the Meth/xi of Solution for a Single Strip in any 

State of Stress. 

9. Although the above seems to be the only case in which the 
differential equation and boundary conditions lead to simple results, 
the form of the solution may be briefly stated for the more general 
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case when the BtreM-componeuta in the plane of the plat« do not 
rednce to a single thrust, and the plating- consiate of a single strip 
clamped or sapported in any manner at its two parallel edges y ^0 
and y^b. 

If we aHBnme a displacement of the form 

w ^ j1 cos (px+qy + t), 
we have, on substituting in (1), and writing C = (i, 

C{p'+q'y-(T,p' + 2Mpq + T,g'}=0 (26). 

For any assumed value of jp this is to be regarded as a biquadratic 
in q, and, if ita roots are q,, q„ q„ q^, the general expression for the 
displacement is 

w= A,coa(pa:+qiy+t,)+A,cos(px+q,y+t,) 

+A^coa (px+q,y+tt) + A^coBipx+qty+e^) (27). 

There are two boundary conditions at x = 0, and two at x ^ 6. 
Since these have to be satisfied for all values of x, we have to equate 
ooefB-cients of cos J1Z and sin^ separately to zero in each. We are 
thns able to eliminate the four A's and the four e's, and obtain a 
trftnscendental equation connecting p with C, 3\, F,, M. We must 
then make C a mazimnm by the variation of p (for a maximnm 
corresponds to fc a minimum in §§ 4, 6), The corresponding value of 
p determines the nature of the buckling or wrinkling, and tbe value 
of C determines the condition of critical eqailibriam. 

The simple form assumed by the solutions found in §§ 4-8 is dae to 
the biquadratic splitting int« two quadratics, and to the fact that for 
a plat« supported on a series of ribs the expression for w can only 
contain two terms, so that only two of tbe four values of q occur in 
any solution. The truth of the last statement is easy enough to see 
in a general kind of way, and it could be proved ligorously if tbongbt 
worth while. 

Stability op a Plane Plate supported om a Rectanodlab Framework. 

10. Let UB now endeavour to apply the methods developed in 
§§ 4, 5 to tbe stability of a plate supported on two sets of pai'allel 
ribs which cross each other at right angles, and which lie along the 
lines _ 
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Asfmming a displacement of the form 

w = A cos (psr'\'qy)y 

Pf q are connected, as before, by one or other of the quadratic equa- 
tions (7, 8), which may be written 



(p — ^ cos a)* -f (7— -A- sin a)* = ^ 
(jp-|-A:co8n)*+(/y-|-^8ina)' = A:* 



(28), 
(29). 



Introducing a new quantity y, we see that (28) will be satisfied 
whatever be the value of y, provided that 

p =z k (cos a ± cos y), \ 
qziz k (sin a ± sin y), j 

and that (29) will be satisfied if 

I? = — A; (cos a ± cos y), \ 
q =^ —k (sin a ± sin y), J 

where the double signs in p, q are independent of one another. 

Let us first try to satisfy the boundary conditions by using only 
the first solution given by (28). Write 

jPj = A; (cosa+cosy), jp, = A; (cosa— cos y) 
g, = A; (sin a + sin y), qt=^ Ic (sin a— sin y) 

then the differential equation will be satisfied by taking 

w = ^ {cos(pia5 + g,y)— cos(p,aj + ?,y) 

-cos (pja-H- 7iy) + cos (p,aj+?jy) } 

= 2A sin {piar + H?i + 7i) v] sin i ((?j-?i) V 
-'2Afim{ptX + ^(q,'\-qt)y}fiinl(qt-q^)y 

= - 4^ sin K(?i- 74)2/ sin I (;>,-;),) a; cosi{(;)i+p,)a5-f (gi + g,)y} 

(31). 

Therefore w vanishes at the ribs, provided that 



} 



(30); 



Px-Pi = 



2m 



7i-7j = 



5«?r 



ah 
where r, s are any integei*s. 

Now, pi —pi = 2k cos y , qi — qt = 2k sin y. 



(32), 
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Therefore the conditions of critical equilibrium give 



..(33), 



and ^ = ' r + ^Ii ■ 

Therefore k ia least when r ^ 1, e ^ 1, zero Talnes of r or e being 
precluded, because they would make w vanish everywhere. 

Therefore equilibrium will be critical for the assumed type of 
displacement, if i i « 



where h is the altitude of the two triangles into which any rectangle 
is divided by its diagonal. 

11. Since p, +p, = 2fc cos a, 3,+g, = 2&8ina, 
the equation of the displaced sm-face (31) takes the form 

w = iAsin— sin^ co8it(a:coBa+if sina) 

A , • " • '"It T (zcosa + usina) ,ne\ 

= 4.4 Bin — sin-«co8 — ^ JJ! — / (35). 

Hence, as in the case of an infinite strip, the wrinkles are perpen- 
dicular to the direction of the thrust, but, of course, they vanish at 
the four edges of each rectangle. Also the lines crossing the plate 
which separate the alternate elevations and depressions are at a 
distance h apart. The distance h is equal to the distance between the 
parallel diagonals of successive rectangles. 

Other Condiiione of SlabClity for a Itectangular Framework. 

12. Since a series of parallel ribs may be regarded as the limit of 
a rectangular framework when one of the sides of each rectangle 
becomes Infinitely long, wo might naturally expect to find in the 
general case altei-native conditions of critical equilibrium analogous 
with that of §§6, 7. 

But on trial it will be found impossible to satisfy the diiferential 
equation and boundary conditions by any simple solution similar to 
that given by (31), and involving both the quodiutic factors (28) and 
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(29). I have tried assuming varions simple expressions for the 
displacement, and, after examining them at considerable length, find 
that they all either lead to incompatible conditions or to solutions 
identical with that found above. It will be sufficient for our present 
purpose to state that such is the case, and that the investigation 
leads to no interesting results such as would warrant its being 
treated in detail. 

There is, however, an important difference between the two 
problems, which is sufficient to account for the present discrepancy. 
In an infinite strip the displacement may be non-periodic along its 
length, and this is what we actually find in § 6, while in a series of 
finite rectangles the displacement is necessarily periodic. 

Summary, 

15. The present investigations are chiefly interesting as forming an 
addition to the small and curious class of problems in which the 
question of stability arises in connexion with the theory of elasticity. 
A rough and ready illustration of the results here arrived at may be 
readily obtained by causing a strip of paper to wrinkle either by 
wetting it or otherwise. By suitably straining the paper it is easy to 
vary the direction in which the wrinkles cross its breadth. 

Another illustration is afforded when a flat leaden house-top is 
exposed to strong sunshine, which causes the lead to swell up and 
assume an undulating form. Moreover, certain structures in which 
plating attached to parallel ribs is used in the construction of ships 
have been known to buckle, and considerable damage has resulted. 
This danger is now effectually obviated by attaching a flange to the 
plating. 

14. A more elaborate treatment of the possibility of alternative 
conditions of stability in rectangularly supported plating under the 
distributions of thrust considered in the present paper might per- 
haps be given. But it is doubtful whether the results arrived at 
would be of sufficient importance to justify a fuller investigation than 
that given above, for they would certainly be very complicated, and 
such problems soon lose interest when their results do not admit 
of simple interpretation. 
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;9om« Propertieg of the UninocUd QwvrHe. By W, H. Wkstbopp 
KoBXBTB, M.A. Bead Fflbraary Sth, 1894. Received April 
10th, 1894. 

1, I propoae in this paper to investigate some properties of the 
nninodal quartic which are, perhaps, more readily discovered and 
perceived bjr the application of Abelian integrals and fonctiona to 
this cnrve than by other methods. 

The uninodal qoartic belongs to that great and important class 
of cnrves the coordinates of which can be expressed in terras of 
Abelian functions. To this class belongs the cubic whose coordinates 
can be expressed in terms of elliptic integrals. 

Let A, B, and be three binary forms in x,y, A being a quadratic, 
B a cnbic, and G a quartic ; it is obvious then that the equation 

A^-2Bt+0=0 
represents a nninodal quartic, having its node, which we shall denote 
by 0, at the point x, y\ z being a line which passes throagh the 
points in which the four lines whose equation is ^ meet the 

We shall now express the coordinates of a point a^, i/„ z, on the 
curve in terms of a parameter #. Let us seek the points in which 
the line x = 9y meets the cnrve. 

Introducing this value of x into the equation of the curve, we find, 
after dividing by ^, 

where A, S, V are respectively quadratic, cubic, and qnartic func- 
tions of tf ) in fact, A is what A becomes when we put z = ^ and 
y=l, and, similarly, S and G are what B and become for the same 
values of X and y. 

Solving the above quadratic, it is plain we may write 

where B = ff-AO. 
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If we now multiply each of the above equations by y*, and substi- 
tute for its value — , it is easy to see we may write 

PiX^ = Ax, p^x^ = Ax, 

PiVi — ^yy Piyj = ^y» 

equations which determine the two points in which the line through 
the node whose equation ia x=^$y meets the curve. I call such 
points corresponding points. 

2. A line drawn through 0, the node, meets the curve in corre- 
sponding points, and it is clear from geometrical considerations that 
these points will coincide when the line touches the curve, and, since 
the class of the curve is 10, it follows that six tangents can be drawn 
from to the curve. There are, consequently, six points which coin- 
cide with their corresponding points. The same conclusion is arrived 
at by equating the values of Zi and z^ in the last article, when we find 

or -B = 0. 

We shall call the roots of 22 = 0, Oj, a„ a„ a^, a^, a^, and sometimes 
write it in the form 

Pj, 2>|, D, being three quadratics whose roots are a,, a^ ; a,, a^ ; Qb, o^. 

The six points of contact of tangents from to the curve, we shall 
refer to as the E points. 

3. Let z = Ix-^my 

be the equation of any line, and let us seek the equation which deter- 
mines the parameters of the four points of section. 

Substituting for z, its value Ix + my, in the equation of the curve, 
we obtain, as the equation of the four lines joining the four points of 

section to 0, 

A (lx + myy-2B (h+my) -f C = ; 

consequently the four ^s, which we shall call 0^, 0^, 0^, 6^, of the 
points of section are found from the equation 

(tf) = 3 (W + m)«-25(Ztf+m) f C= 0. 
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If we now seek the change in consequent on changes dl and dm in I 
and m i-espectively, we obtain, by differentiating the above equation, 



^ipdO+2{A (W+m)-S] (edl+dm) = 0. 



d$ 



Now, 



and 



{Ail0,+m)-B]* = B„ 



where if is a function of I and m ; hence we find easily 

d$i 2(e^dl-\'dm) _ ^ 

d$^ 2(e^dl4-dm) _Q 
Now, by the theory of partial fractions, 



and 






S denoting summation from 0, to 0^; consequently, if we add these 
equations, we obtain 

2-^ = 0, 
'/E ' 

and, if we multiply each equation by the corresponding value of 0, 
and add, we obtain 



2^ = 0; 



consequently, if we write 



f' dO f- dO p 



H 



^Er 



^E 



J. {^^^ St 
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We infer, by integrating the two preceding equations, that anj line 
meets the curve in four points, such that 



2a = Ci, 
Ci and C| being constants. 



{ 



4. We shall now determine the values of C| and c^. We know that 
a double point on a curve has two parameters, one corresponding to 
each branch of the curve passing through the double point. The 
parameters of are obviously the roots of ^ = 0, which we shall call 
n^ and n,. The constants Cj and c^ being the same for all lines, their 
values will remain unaltered if we suppose the line to be one of the 
tangents drawn through to the curve, and touching it in the point 
whose parameter is a^, say ; we have then 

^ = ) -Te + I Vb^^ Vb'^ 

now, if we call p^ + f-^ = 2^^ 

>edfi 



J ^i^ J 

f 
1 



_ 75 = "- 



y/B 

we find Ci = ^, +2Jo (a,). 

We know, however, from the theory of Abelian integrals that, if we 
add to the right-hand sides of the following transcendental equations 

5a = Jf,+27,(a,), 

the terms 2{i^(aj) — ^^(a,)}, 

and 2{7,(«,)-I.(o,)j, 



1894.] 



Properties of the Uninodal Quartic. 



155 



respectivelj, the algebraic relations connecting the superior limits 
of the integrals are unaltered. 

Hence we might equally write 

c, = JV^, + 2I.(a,), 
C, = J\r,+2I,(a,), 

and, consequently, it is indifferent what root of i2 = we may 
choose. 

Now, let us take the inferior limit of each integral eqaal to a roots 
a of £ = 0, and write 



and 



{' de , f' 6d0 






xr ["Ode . f" 



-•edd 



(-'>=rs^«(->=r 



Ode 



a and h might be called the arguments of the point whose parameter 
isO. 

We arrive then at the following theorem that any line meets the 
curve in four points, so that 

If the line pass through the node meeting the curve in corresponding 
points Xi and x^, we have, obviously, 

6j + 6, = 0. 



5. We shall now discuss pairs of points. Any pair of points the 
parameters of which are 0^ and 6^ may be determined in the following 
manner. 
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It we wi'ite u =: \ — +1 , 



_ (■•' ^ f ^ 
"J. ^R ]. 



Ode 



the pair of points whose parameters are Oi and $^ is completely deter- 
mined if M and v are known, except when 

ti = 0, V = 0, 

in which case the line joining them passes through the node. 

We might call u and v the arguvients of the pair of points^ without, 
I think, any valid objection, just as we speak of the argument of a 
point on a cubic curve, the coordinates of which can be expressed in 
terms of elliptic functions. 

Let, now, X^ and X, be any pair of points, the arguments of which 
are u and v, and let the line joining X^ and X, meet the cui-ve in a 
pair of points Y^ and Yj. Then, if we call the arguments of the pair 
Yi and Y„ Lu and Lv^ respectively, we have 

V + Zrt? = N^y 

therefore Lu ^^ N^^u, 

Lv = ^,—1*. 

If now the lines joining Xj and X, to the node meet the curve in 
Zi and Zi, we shall have, if we call Cu and Gv the ai-guments of 

Zi and Z^y , n n n 

^ " u + Cm = or Cm = — M, 

V -f Cr = or Cv = — v. 

Now, the line joining the last pair meets the curve in another pair 

^^^"^'y LGu and LCv; 

let us now denote this paii* by the symbol tu and rr, so that 

Tu = LCu = J^i- Cm = 2^1 +«, 

TV = LCv = NfCv =^ N^+v ; 
again, if we denote by cu and av the ai-guments of the pair of points 

CLu, CLv, 



1894.] Proj>ertie8 of the Uninodal Quartie, 157 

we shall have «ru = CLu z=i^Lu = u—N^ 

We have also r'M=tt4-2^i, o^m = m— 2^o, 

roTtt = oTtt ^ ti ; 

and, by adding the values of ru and crti, we find 

rt* + (Ttt = 2u, 
rr -for = 2v. 
We shall presently make use of these equations. 

6. We shall now seek the relations connecting the points of section 
of a curve of the m*^ degree having for a point of the m— 1 order. 
We know, from the theory of curves, that, if a curve have a point of 
the h^ order, the point being given in position, this is equivalent to 
\k{k-\'Y) conditions, and further the point of the k^ order counts 
as \k (A;— 1) double points. 

Now, a curve of the m^ degree requires \m (m-|-3) conditions to 
determine it completely, and if .it have as a point of the m— 1*^ 
order, this counts as \m (m— 1) conditions, and the curve will require 
2m conditions to determine it completely, or, what is the same thing, 
it will be completely determined if made to pass through 2m points, 
or m pairs of points. We shall call such curves curves, that is to 
say, an curve is a cijuTve of the m^ order having as a point of the 
m— 1*^ order. 

The deficiency of such curves is obviously zero. 

7. The equation of an curve of the m^ degree is easily seen to 
be of the form _ _, 

where a and h are binary forms of the m— 1^ and m^ degree in rr, y, 
respectively. 

By reasoning precisely similar to that which we employed in 
investigating the transcendental relations connecting the 0*b of the 
points of section of a line with the curve, we find that an curve of 
the m*^ degree meets the quaHic in 2 (m+1) points, such that 

26 = c,. 
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Now, an curve may be replaced by m— 1 lines tbrongh 0, and a 
line not passing through ; hence it is easy to conclude that 

26 -Ny 

We now proceed to state a theory of residuation analogous to 
Sylvester's theory of residuation for the cubic. 

If two systems oi pairs of points a, /3 make up the complete inter- 
section of an curve of the m^ degree with the quartic, I call one 
of these systems the residual of the other. 

Since through the system a an infinity of curves can be drawn, 
it follows that the system a has an infinite number of residuals. 

Again, in conformity with Sylvester's nomenclature, I call two 
systems of pairs of points /3| and /3, coresidiud, if both are the residuals 
of the same system a. 

Let us now denote the arguments of the several pairs of points in 
the system a by U|, t^i ; u,, v^ and let 

a = 2tt, 

a'=St;, 

and, in like manner, let /3 denote the sum of the u arguments, and (Y 
the sum of the t; arguments of the several pairs of points in the 
system /S ; then, if a and /3 are residuals, we must have 



8. If two systems fl^ and /3, are coresidual, any system y which is 
a residual of /3| will be a residual of j3,. 

We have 



! 



hence 



o» 






y +Pt = N<^ 






which proves the theorem. 
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We see, then, that the conditions that two nystems P^ and /3, 
should be coresidnal are the following : — 



! 



/3. = /3., 



from which we infer that two pairs of points which are coresidual 
must coincide. 

If we took a system a of an even number of points 2m, and through 
a described an curve of the degree m, which will be completely 
determined by the passage through the system a, this curve would 
meet the quartic in a pair of points t^i, t7|, the residual of the system 
a, and if through the pair U|, v^ we draw a line to meet the curve in 
«!,, v^ this pair would be the coresidual of the system a. 

Now, instead of proceeding from the system a to the residual ft|, v^ 
by one stage, and to the coresidual t«„ V|, by two stages, we might 
employ any odd number of stages in the first case, and any even 
number in the second. 

We shall now prove that the pair of points we ultimately arrive at 
alter any odd number of stages is in all cases the same, namely, the 
pair «,, V|, and that the pair arrived at after any even number of 
stages is always the pair i^, v,. 

We have r Wj -fa = N^ 






two equations which determine the pair of points t^, V|, the residual 
pair. 

If, now, through the 2m points of the system a we describe an 
curve of the degree m+|7, meeting the quartic in a residual system /3 
of ^+2 points, and through the system /3 we describe an curve of 
the degree j7+ 9 meeting the quartic in a system y of 2q points, and 
finally through the 2q points of the y system we describe an 
curve of the degree ^, this curve will meet the quartic in a pair of 
points identical with the pair ft|, r,. 

For (a+/3 = iVo, (/3+y = iVo, 






Consequently, r y + u, = N^, 



ry +u, = iVo, 
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It is obvions then, without any farther proof, that the pair of points 
arrived at by any odd number of stages is the pair tii, V|, and by 
similar reasoning the pair arrived at by any even number of stages 
is the pair u,, t^,, where 

( r, = a , 

two equations determining the pair coresidual to the system a. 

9. We now discuss some special forms of the equation of the 
curve. 

Suppose the equation given in the form 

, As?'-2Bz-^C= 0; 

we find, if we put z = i^iH-/, 

/ being a line through the node, 

Az\-2(B^Af) z,'\'G-2Bf'\-Af = 0, 

or -42?J— 2BiJ5i-|-Ci = 0, 

where Bj = B—Af^ 

0, = C-2Bf'\-Af, 

Now, it is clear we can, as we have two constants at our disposal, 
determine them so that B^ and 0| may have a common qttcuhoHc 
factor, which we shall call D. 

We may write then 

B, = DF, 

G, = JDJI, 

F being of the first degree, and H of the second in a?, y. 

The equation which gives the B points must remain unaltered, and 
consequently we must have 

ff-AO^^Bl^AC, = JJFF'-'ABE = JD (DF'-AH); 

hence D is a quadratic factor of i^, and the equation of the curve 
could be written 

Az^''2DFz-^DH = 0, 

10. The equation of the curve being given in the form 

Az'-2Bz-^C = 0, 



' 



let ii.s now see how we are to reduce it, to the form 

Let us suppose the sextic B^—AG resolved into three quaditLtics, 

so that „ ^ ^ ^ 

B = A A^«; 

then, if we wnte « = Zj -|-/, 

we have, as before, 

Az]'-2 (B'-'Af) z,-\-C-2Bf-hAf = 0. 

We may now write B^-Af^D^F^ (1), 

C-'2Bf+Af s A^i (2), 

Vi being a known quadratic factor of i2 = 0. Substituting successively, 
in the identical equation (1), the roots of Dj = 0, we completely 
determine /; the expression B—Af will then be found divisible by A, 
and the remaining factor will be JP\ ; in the same way, 

C-2Bf'\^Af 

will be found divisible by D,, and the remaining factor is fl",. 

Hence, to any pair of roots of B = 0, corresponds one, and but one, 
form of the equation of the curve in which A and Cj have two roots 
in common. 

And, as there are fifteen ways of arranging the six B points in 
pairs, there are fifteen ways in which the curve can be reduced to the 

^°™ Az'-2D,E,z+DyH, = 0. 

In this form z is the line joining two B points. 

11. The curve being given by 

by transfoi-ming z by the equation 

r = Zi4-/, 
we have, as before, 

B, = B-Af, 0, = 0-2Bf-^Af ; 

having two constants in /, we could determine / so that 

C, = AQ, 
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Q being a quadratic, and it is to be remarked that this can be effected 
in only one way. 

The eqaation of the curve is now 

and z is the line joining the points where the tangents at meet the 
curve again (I call them the A points) ; the line joining the A points 
meets the curve in the points given by the equation Q = (I call 
them the Q points) — a pair of points connected in a remarkable manner 
with the geometry of the qnartic. 

12. We must now determine the argnments of the A points, and 
those of the Q points. 

The node is easily seen to correspond to each of the A points ; hence 
we conclnde that the arguments of the A points are — N^ '-^it "^^ 
conseqnently those of the Q points are 2^,, 2^,. 

The argnmente of the six B points are evidently 7, (a,), I, (a,) ; 
I^(a,'), J, (a,) ; and the inferior limit of each integral being some 
one root of B = 0, as in Art. 4. 

We are now in a position to determine the residual and coreeidnal 
of any four of the R points. Let «, v be the arguments of the 
residaal pair of points of the points I^(a,), J, (a,) ; i,(<ii)i -fi (o)); 
hi"*)' ^1 ("i) 1 ^ii(''*)i A ("*) i •* ^n*! ■' *re then found from the 
equations ^ ^ ^^ ^^.^ ^ ^^ ^^^ ^ ^^ ^^^ ^^^ ^^^^ ^ ^^ 

V + T, (bO + 1, (a,) + 1, (o.) +I,M= N,. 

But we know from Jacobi's theory that we may write 

J, (a,) + J, (a,) + /„ («.) = r, (a.) + J. (a.) + 7, (oO, 
I, (a,) + I, (a,) + 1, (a.) = I, (a.) + J, (a.) + J, (fl.) ; 

hence, easily, « + /, (a.) + J, (a,) = N„ 

from which we infer that, if an conic be drawn through any four of 
the B points, it meets the curve in a pair of points which is the 
residual pair of the remaining two R points. 

13. Any conic drawn through the Q points and the node meets the 
carve in four points whose corresponding points tie on a line. 



1894] Properties of the Uninodal Quartic 163 

This theorem is easily proved as follows : let ii„ Vj ; ii|, r, be the 
argnments of two pairs of points in which the conic through the 
Q points meets the carve. We have then 

Now Q = 2iV„ and Q! = 2N,. 

Consequently r — n|— tij = ^^ 






which proves the theorem, the converse of which is also true. 

14. GKven the curve, to determine the Q points. 

By the aid of the theorem of the last article we can find the Q 
points by drawing any line meeting the curve in four points. By 
means of the i*uler alone we determine their four corresponding 
points, and through these latter points we describe an conic which 
meets the curve in the Q points. 

Since we now know the Q points, we can draw the tangents at the 
node 0. The line joining the Q points meets the curve in the A 
points, the lines joining which to are the tangents at the node. 

15. If any line be drawn through one of the Q points, Q„ meeting 
the curve in three other points whose argpiments are a^, 6, ; a,, &2 ; 
Oi, 6|, then their three corresponding points lie on a line which 
passes through the other Q point, Qf, 

We have f aiH-a,-|-a,+Qi = N^ 

and, since Oi + Qi = 2^t, 

we find f — a,— a,— a,+ Q, = ^, 






which proves the theorem. 

On account of the importance of this theorem we give another 
proof. 

m2 
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- Let the factors of Q, be g, and g,, so that 

and let us seek the equation which determines the points in which a 
' line z = A^i, drawn through one of the Q points, meets the curve. 
Substituting this value of z in the equation 

we find .4X Y - 2B\q^ + ^4^, g, = 0, 

or, dividing by Xq^, A (\q^ + X"* g,) — 2B = 0. 

Now this is the same equation we should find to determine the points 

in which a line . , 

z = \-^q^ 

meets the curve ; hence it follows that the lines 

z—\q^ = and z—\~^q^ = 

meet the curve in points which correspond. 

Now these two lines pass one through one of the Q points, and the 
other through the remaining Q point, and are obviously connected 
by a 1, 1 relation, and the locus of their intersection is the conic 
whose equation is j __ n 

which we shall call the Q conic. 

16. The six R points lie on the Q conic. For, if a line be drawn 
tlirough the node meeting the curve in two corresponding points X„ 
X*, the lines QiX,, Q^X^ intersect on the Q conic; consequently the 
Q conic must meet the curve in points which coincide with their 
coiresponding points or the points of contact of the tangents from 
the node to the curve. 

We now show how to construct geometrically the Q conic, and 
consequently to detennine geometrically the six R points. 

We have shown ali-eady how to determine the Q points ; conse- 
quently, if we draw atiy three lines through one of the Q points, and 
through the other Q point the three lines which correspond to them, 
we detennine by their intersections three points, which, with the Q 
points, enable us to determine the Q conic completely. 

< The R pointfii ai'e consequently found by describing the Q conic as 
above indicated. 
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17. To draw a tangent to the carve at a given point P. 

Let the arguments of P be o, 6. Join P to Qi and Q, by lines 
PQn PQtr oeeting the cnrve in pairs of points whose srgnmeats are 
respectively «„ v^ ; u,, p,. 

We have then a+e,+u, = ^,j 

" + «■+•'■=''•( (2), 

from which we find, by the addition of the first equations in (1) 

or, since Q, + Q, = Q = 2N„ 

2a + w, + u, = 0; 

similarly, 26 + 1-, + r, = 0, 

(-".-"i+W-2a)=Jf„ 
1 -f,-t',+ {Jf,-2t) = N„ 

the signification of which is that the conic tbroagh the pairs 
correspondiag to u„ v, ; u„ t', passes throagh the residnal of the pair 
of consecative points at P. 

Hence we have the following construction for drawing the tangent 
at P. 

Through P draw PQi and PQ,, meeting the curve in points A^, B, 
and A^ P,, respectively. Through the corresponding points of A^, B,j 
A,, P, describe an conic, meeting the cnrve in a pair of points 
X, T. 

The line joining XY touches the carve at P. 

IS. To draw the tangents at the Q points. 

It is clear that the construction given in the last article becomes 
illusory when the point at which the tangent is to be drawn is one or 
other of the Q points. 

It remains then to show how to draw the tangents at these points. 

We know from Article 15 that, ii a line be drawn through Q, 
meeting the curve in three points A„ P„ C„ their three corresponding 
points j4„ Bf, C, lie on a line which passes through Q^. 
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The line joining Q, to the corresponding point of Q, consequently 
meets the carve in two points such that the line joining their corre- 
sponding points toaches the curve at Q,. 

The tangent at Q, is, of conrse, drawn by a similar constmctioD. 

Id. If a line be drawn through one of the points of contact of 
tangents from the node to the curve, the three pairs of points in 
which the tangents at the points of section meet the curve lie on a 
conic which passes through the node. 

Let a,, 6, ; a^jb,; a,, 6, be the arguments of the three points in 
which the line drawn throngh the £ point meets the curve ; also let 
/, (a,), J, (a,) be the arguments of this point. We have then 

J.(«.) + «i + 'H+'>. = ^„ 

and, if u,, r, ; u,, v, ; u,, v, be the arguments of the pairs of points 
in which the tangents meet the curve again, we have, for the 
determination of u, and o,, the following equations : 

2b,+v, = Jf„ 
and similar equations for u^v,; u,, v,. 
From these equations we readily find 

«i+«i+w, = N^ 

v,+v, + v, = N„ 

equations which show that the pairs u„ v^ ; w,, v, ; u,, u, lie on an 
conic. 

20. If a line be drawn throngh one of the Q points Q, to touch the 
curve in a point P,, then the tangent at F^ the point corresponding 
to P|, will pass through Q^ and the correspondence between the lines 
Qj P, and Q,P, will be of the kind pointed out in Article 15. 

Now eight tangents can be drawn tiom each of the Q points to 
the curve, and to each tangent from Q,, such as Q,P„ corresponds a 
tangent from Qi* namely, Q,P„ so that the anharmonic ratio of aay 
four of the tangents from Q, is equal to that of the four correspond- 
ing tangents throngh Q,. 

The eight pointo of intetseotion, then, of the tangents from Q, with 
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the eorretponding tangeata from Q, lie on a conic which passes thi-ough 

Again, remembering that the anharmonic ratio of fonr pointa 
1, 2, 3, 4 is unaltered by writing them in the order 2, 3, 1, 1, or 
3, ^ 1, 2, or 4, I, 2, 3, it is easy to conclude that the aiztj-four points 
of intersection of the first set of tangents with the second set lie by 
foQTs on sixteen conies which pass through Q, and Q,. 

If we now suppose the cnrve cironlar, and the Q points the 
imaginary circalar points at infinity, it fallows that in this case the 
sizty-fonr foci arising from the intersection of the eight tangents 
from Q, with the eight from Q, can be arranged in fours on sixteen 
drcles. 

21. If a, 6 be the at^oments of a point of inflexion, and c, d those 
of the point in which the inflexion tangent meete the curve, we have 
$a+c=N„ 
3b + d = N^. 

We shall now show that, if an cubic be diawn through two points 
of inflexion on the carve, and having the same points aa points of 
inflexion with the same inflexional tangents, it will meet the cnrve 
again in two points whose corresponding points and the pointa in 
which the inflexion tangents of the quartic meet the curve again He 

Let a,, b, ; c,, d, be the arguments of a point of inflexion and those 

of the point in which the inflexion tangent meets the curve, a,, &, ; 

c,, d, the arguments of a second point of inflexion and those of the 

point in which the second inflexion tangent meets the curve; we 

have then „ ,. „ 

Za^+c, = N^ Za,+Ct = N^, 

3b,+d,= Ni, 3b^+d,= N,. 

Also, for the points in which the cubic meets the curve, if w, v be the 
arguments of the remaining pair of pointa in which it intersects the 
quartic, 

Ba,+3a^+u = lf„ 

3b,+3b,+v= N,; 

consequently, —tt+Cj+c^ = N^ 

which proves the theorem. 
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The problem of finding the inflexions on the curve is eTidontly 
identical with that of finding the conies which can be drawn through 
the aode and the Q points to have contact of the second order with 
the carve. 

I am obliged to omit further diacosBion of the inflezions &t present, 
owing to the length and complexity of the equations which determine 
their positions. 

22. We now proceed to the discussion of the double tangents. 

If u and c be the atgnmeats of a pair of points of contact of a 
double tangent, we have, for the determination of u and r, the 
^^^^^ 2« = Jtf^ 

r'- 2c = N^. 

There being hat four independent periods of the form 2/, (a), and 
foor corresponding periods of the form 27, (n), there will be conse- 
quently sixteen solutions of the above equations. We shall, howsrer, 
find it more convenient to work with tho six pairs of integrals of the 
form ig (a), i, (d), one pair of which will consist of integrals in which 
the inferior limit equals the sapeHor, as in all cases we suppose the 
inferior limit some one value of a. 

It will not now be difficult to see that the sixteen values of u and v 
may be written as coming under one or other of the following forms : 



K 



..(2), 



_l+/.(.,)+2,(<..) 



there being fifteen forms included in the forms of u and v given in 
(2) ; a, and a, being any two of the six roots of R = 0; these fifteen 
added to the values given in (I) make up the sixteen values of u 
uid V. 

23. We now arrange the sixteen bitangenta in eight pairs which 
have a special relation to a pair of the R points, say the pair whose 
arguments are 

J.("0+J.(«0, /,(a,) + J,(a,). 
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I. 

fi. -r,(«,)+i,W, 

2. i.(»,)+/.W, 

3. i.(",)+I.W. 

4. f,(",)+J.W. 
6. i.W+i,W, 

6. I, (..) + /,(..), 



0, 



and Bimilor valneB for D 



II. 
1. J.W + J.W, 

2- i.W+I.(".), 

3- f. (%)+!,(«,), 
*■ J.(«,)+J.(",), 

5. /.(".) + 1. (•.), 

6. 7.(«,) + I,(«.), 

8. I,(a,) + J,(aO, 



W, 



Now take a pair of valaes on the eame horizontal line from each 
of the coltunnB I. and II., and suppose we commence with the hist 
pair; write 

",-f = J.(«,)+J.W. 

and similar values for r, and ty, then we find, by adding these equations, 

«. + «; - N, = I, (a,) + 7, (a.) + 27, (a,), 
and, since 27|, (a,) is a period, we may neglect this term and write 

^,+o;+s/,(».)+/,wi = fi. 

Consequently an conic passes through the points J2, and J2,, and 
through the points of contact of two bitangents. It follows, then, 
that through each pair of R points R, and R„ eight conies can be 
drawn passing through the points of contact of two bitangents and 
the node. If we call a conic passing through the node and throngfa 
the points R, and R, and the points of contact of two bitangents u 
conio belonging to the R„ system of conies, it is clear there are 
fifteen such systems, and that through the points of contact of any 
one bitangent can be drawn fifteen conies, one from each system, each 
^conic passing through two R points and the points of contact of 
another bitAngent and the node. 
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24. We shall now examine more closely the nature of the conies of 
these systems. Let ns write the equation of the curve in the form 
discussed in Article 10, viz., 

and let us suppose the lines through the node whose equation is 
D = touch the curve at the points B^ and B^, 

We know that there are two values of k for which D-^-kA becomes 
a perfect square ; let us call these values k and k\ and write 

D-\-k'A=p. 

If we now multiply the above equation of the curve by k, and replace 
kA by its value/'— D, we find 

^ (/«-D) - 2zkDF+kDH = 0, 
which we can write in the form 

(fz-ny = D{if-2z (f--kF)+D-kH], 

showing that the curve is the envelope of the conic 

{z'-'2z(f-kF)-\-JD'--kH] -2(p-l) z (J- kF)^B{p-' 1)> = 0, 
p being a variable parameter, or 

s?-^2z {pf^kF)-\-J)p^'-kE = ; 

and this conic touches the curve in four points where it is met by 

the conic - ^^ 

zf = pV, 

The four points of contact of the enveloping conic consequently lie 
on a conic which passes through the points B^ and i^, and touches 
the known line whose equation is / = at the node. 

Now, four conies of the system 

2«-2^ (pf-kF)-\-Dp^-kH = 

reduce to a pair of right lines, for the discriminant of this conic 

involves p in the fourth degree. 

It is patent that, when an enveloping conic breaks up into a pair of 

right lines, the four points of contact lie two on each line, and each 

line is consequently a bitangent, the four points of contact lying on 

the conic . t. 

zf = pD, 
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wbere p is now determined by the condition that the discriminant of 
the enveloping conic vaniBheH. There are obvionBly fonr other conies 
corresponding to the line whose equation ia f = 0. 

Consequently the eight canica of the system £„ consist of four 
which touch / = at the node and four which tonch /* = nt the 

25. Let US now denote by 

D.. = 

the equation of the tangents at the points B, and B„ which, of conrae, 
pass through the node, and let us write 

f„ = k..A + I>r., 

f:', = k'„A + D„, 

and call F„ and 3„ the corresponding forms of F and H. We can 
construct by elementary geometry all the lines 

/„ and /'„; 

consequently we can determine geometrically the four points of 
contact of any enveloping conic by describing through an arbitrary 
point and the pointe B, and R, a conic touching the line /„ at the 
node, for, by what we have already proved, this conic meets the curve 
in the desired points. 

26. We are now in a position to determine geometrically the 
bitangents of the qnartic. 

Let us call the systems of conies which pass through the points 
It, and B, and touch the line 

at the node the system (r<). 

Now, from Article 23, a conic from each of the systems B,„ B,„ 
R,t, B,t will pass through the points of contact of a bitangent, and, as 
the eight conies of the system B^ are each of them conies of the 
system (12), it follows that the problem of determining the bitan- 
gents is reduced to that of finding the pair of points common to 
coaics, one from each of the systems (12), (13), (14), and (15). I 
give Mr. Russell's solution of this latter problem, as b«vn% i&!S£% 
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elegant than my on-n. Take a particular conic of the STstem (12) 
which will pasa through S^, B^ and touch/,, at the node 0. 

A variable conic of the syBtem (13) will intersect this conic in a 
chord which pasaeB through a point on OR^ which we shall call 123. 
This point 123, of coarse, yaries with the conic of the Bystem (12). 
Similarly, conics of the aystem (14) intersect the particalar conic of 
the Bystem (12) in chords which pass through a point 124, and conics 
of the Bystem (15) intet-sect the same conics in choi-ds passing throogh 
a point 125. If the points 123, 124, 125 are collinear, the problem is 
solved, and this line intersects the particular conic of the system (12) 
in the required points. If the three points are not collinear, we 
proceed as follows, 

Ab the conic of the system (12) varies, the points 123, 124, and 
125 det«rmine three homographic systems on the fixed lines OB^, 
OR,, and OBt, and the three coincide at O. Henoe the line joining 
123 tA 124 paeses throngh a &<ed point, and, in like manner, the line 
joining 123 to 125 passes through a fixed point. The line joining 
these two centres of perspective is the desired line of collinearity. 
It is obvious that three particular conics of the system 12 are 
necessaiy in order to detei-mine the homographic systems. 

These may be taken as follows : — 
(i.) The lines BiE,, /„. 
(ii.) The lines Offi, ORf 
(iii.) Any conic of the system (12). 
Having found the line of collinearity, it ie necessaiy to determine 
the points on it. This is easily done. It reduces to simnltaneous 
harmonic division of two segments on the same line. 

There are other interesting theorems in connexion with the points 
of contact of the hitangents, but, as I have already exceeded the 
contemplated length of this paper, 1 shall defer theii' communication 
to another occasion. 
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On the Exigienee of a Boot of a Rational Integral Equation, 
By E. B. Elliott. Be&d and received March 8th. 1894. 

1. It may be that a proof, not depending on the theory of fanotiona 
of a complex variable, of the theorem that every rational integral 
algebraic equation has a root is Btill a desideratnm. It is at all e vente 
worth while to examine whether such proofs ae have been given are 
or can be made sound. 1 have recently been studying two simple 
apparent proofs depending on the theory of elimination, one by the 
late Professor Clifford {Math. Papers, p. 2Q; Comb. PToceedingg, 
Vol. II.). and one by Mr. J. C, Maiet (Trawaclions of the Soyal Jrisk 
Academy, Vol. xxvi.), and find both to he wanting in completeneBs. 
I have also, and I hope sncceBsfnlly, endeavoured to constmct a proof 
of the game character free from the corresponding defects.' 

Clifford's method is to show that a quadratic divisor x'+jxr+j' of 

a,af + ai «!"-'+ a,a!"-*+...+OB 

can be found if a root q exists of a certain equation of degree 

— \-n — - , the result of eliminating p between Jf = and N ^0, 

where Mx+N 13 the remainder when the m-ic is divided by the 
qaadratic, the corresponding p being the common root of the equa- 
tions M = 0, N = 0, with that value inserted for q in them. Now, n 
being m times even, i.e., of the form 2" X an odd nnmher, — ^^ — ^ is 

only m—\ times even. Thns the argument is that, If every equation 
of degree m— 1 times even has a root, every equation of degree m 
times even has a pair of roots. Now every equation of odd degree 
with real coefficients has a root. Hence eveiy equation with real 
coefficients of degree once even has a root. It is then concluded by 
induction that every equation whatever has a root. 

The sncceSBs of the induction is considei'ably interfered with by 
the question of imaginary roots and coefficients. There is, however, 
a far more fundamental objection to the validity of the method. 
Everything depends on the uniqueness of the value of p found as 
corresponding to a known q. There is no reason to assume that, when 
the ^-eliminant of M and N vanishes, the O.CM. of M and ^ is 
linear. What is proved as a basis for mathematical induction is at 

" Cf. Gordan, Math. Ann., x,, pp .'>7.'l, ic, for a proof in whirJi the cnnentinl 
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moat that an equation of d^ree n = 2" X odd ntunber baa a root, if 
one of degree 2"''xodd nninber has one, and if every equation of 
degree lew than n — 1 ha§. 

The idea that the vaniahing of the eliminant of u and v is sufficient 
to ensure that u = 0, = have a common root ia one alto^tber 
subaequent to and dependent upon that of the fact that an equation 
has roots. The elimiuant approached without previous idea of roots 
ia, aa will be seen later, the criterion only for a common factor of 
unknown degi'ee of u and t>. To aaanme that Bnch a common factor 
implies a common root or roots ia to assume the theorem of which a 
proof is desired. 

2. Mr. Malet'a argument is almost identical, though different in 
analytical form. His method is practically to show that p is deter- 
mined if an equation of degree — ^ - ■ ^ can be solved, and that z*, 

where z is a root, then follows as the common root of two equations. 
His induction proceeds exactly as Clifford's. His tacit assumption 
which needs justification is that of the determinateness of a common 
root of two equations whenp is known, jnst as Clifford's was that of 
the determinateness of p when q is known. He does not ignore the 
question of the imaginary. 

In the following articles I do not endeavour to perfect either of the 
two ptoofs criticised in tbe form in which it stands, but find it con- 
venient to adopt a somewhat different (and in one respect more 
cumbrous) analysis leading to the same essential argument. 

3. Since the ordinary theory of the order of eliminants is based on 
the assumption that an equation of tbe n*^ degree has n roots, it is 
in tbe first place necessary to have a clear idea of what is neceaaitated 
by the vanishing of the dialytic determinant of two forms when we 
are not entitled to make any anch assumption. 

For simplicity's sake, I write down only 
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the dialytio determiniuit of tbe qnartic and cabio 

iM* + ftaj" + RB* + iiB + e, 

the argument for this cose applying generally. 

It is convenient to consider the determinant from Euler's rather 
than Sylvester's point of view. Its vanishing necessitates that 
Vii ?)' Vv Ht ^^^ h' h> H' ^<^^ ^'^ wv, exist, such that 



(fai + (»i + 6^ = (f yi + c'y, + fc'y, + o'y„ 
e«,+<fc, + c^= (fyi + o'yj+fc'y,, 

ee, = (Ty,, 

i.e., that an anxiliary cubic yia^ + ,.. and quadratic i,iE'+.„ exist, 
sacb that 

(«,«'+^ai+*^(aa!'+6a!'+ca!'+(fcr+e) 

a**+6a*+eB'+iia!+e, 
a'a^+fcV+c'ii+d' 
have a common measnre of the first or some higher degree in x. 

Thus in all cases the vanishing of the dialytic determinant of two 
binary forms expresses that those forms have a common factor. 

In case the two fonns can he expressed as products of linear 
factors, the prodnot of all differences between rooto of the one and 
roots of the other, made integral by the smallest adequate powers of 
a and a' as factors, is, by the usual theory, of the same order in the 
coefficients as the dialytic determinant, and espressee by its vanishing 
the same property. The two ore then in such a case identical. 



and this implies that 
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■ 4. Now consider the dialytic determinant 
■, Cif^-', ... a..,p, a. 






amd 

The condition A = 0, if it can be satisfied by a value of p, will 
necessitate that these two forma with that value of p inserted in them 
have a common factor involving z. 

A is of degree 2n* in p. To examine its form, let as for a moment 
take for a^ a,, ... a. the coefficiente a^ a|, ... a^ in an equation 



= 0, 



0(*-K.)...(«-a^.) 



which has been so formed as to have n roote. This imposes no 
relation on (4, a'„ — o,'.- Otherwise of, x„ ii,, ... x,, of which they 
are functions, must be connected by a relation, whereas they may ho 
taken absolutely independent of each other. Thus the form of A is 
not affected by the substitutions.* 



■ [Thifl moHtnot be miBnndentoad. To Mvthftt no rilalian eonnecbi on, ai, ... a. 
in not to Mj that there w no reilneliim npon theralaes of thoas lettm. That there 
IH an rtiMilioii i» what we are about to provs. 

The distinction maj be illustrated b; reference to otlier theories. Thue, for in- 
stance. no relation connecta the ooefficienbi in ax**-i6r + e — when its Toota, 
Huppoaed to exist, are real. Otherwise three perfectly arbitrarj real qoantities, a 
and I,, ii the two roots, are comiecCed hy a remtdon. But tJiere is a ratrictiim on 
the value* of a, i, c; viz., their valneH miwt be anoh Hiat «- i* is negative. Any 
function of ", &, < and other letters, which we mar call p, a, t, ..., will have ita 
a1j;cbraical form in all the letters perfectly indcpondant of any such reilivlioH on 
the ranges of values to which we may consider them open, though a rtlalion in 
them might make the form special. The question in the text is one of algebraical 
form in certain letters, and nut of arithmetical form when niunbcrs arc nubntituted 
tor those letters.] 
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Now, when two equations have niunberti of roots indicated by their 
d^^reea, their dialytic determinant is the product of all the difference^) 
between a root of one and a root of the other, made integral by a. 
prodnct of the lowest adequate powers of their leading coefficients. 

The dialytic determinant A' of 

and a'X + a',,,p;^-'^ + ...+aip' 

is then equivalent, bnt pei'liapa fura numerical and sign multiplier, to 



Kp-)-a;-n 



r and s having separately given them all values from 1 to i 
inclnsive, i.e., to 

o;"n («,«.-,■). 

Now, in this product, a factor a^— p' in which r ;= s occurs onct 
but a factor in which r and g are different occurs twice, oncu a 
x,x,—f?, and once as x,x, — fi*. Thus A' is equivalent to 

o^n(^-p') {a;-'nK«.-p')J', 

i.e., to / (p) / C ~p) ^ perfect square, 

Hi 



nth < 



leBicients 



the squared function being of degree 

which, by the theory of symmetric functions, are rational and integi'al 
in a^ a'l, a], ... o^. 

This form is preserved when for a^ a\, ... a^ are written a^ re,, ... a„ 
as above explained. Thus a factor of A is a rational integral func- 
tion in p' of degree — ^ ■ - ^ , its coefficients being rational integial 

functions of o^ Oi, ... a.. 

Consequently, if a certain rational integral equation of degiee 
— ^-^ — '- in p' has a root, the two forms 

auP".z"+a,p"-'.z""' + ...+o,, 
o, .«" + o,_ip .«"-' + . ..+a,p', 
with that value of p* substituted in them, have a common Eqa^ai:. 

VOL. XX7. — NO. 486. N 
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5. Now, everj equation of odd degree with real coefficienta has 
certainly a real root. We proceed to consider an equation, 

a,*" + o,j^-' + ... + a. = 0, 

is twice an odd nnmber, 

(2m+l)(4m + l) is odd. 

purely Imaginary 



with real coefficients whose degree 
= 2 (2m-|-l), say. For this " ^"~ ^) 



By the above a real p*, and consequently a real 
p, exists, which makes 






n,p"i"+a,p"-'z"-' + ...-f a., 
a.^+a..,pe'-' +...+a^', 
factor. The two cases must be regarded separately. 



Firstly, if p* be positive, and so p real, the two ezpressiona in s 
have real coefficients. Their G.C.U. (proved to exist) has then real 
coefficients, aa the ordinary process for finding it necessitates. Call 

it P (2), and let Q (2) be the complementary factor of (^fi"<*+ 

Then, writing x for pz, the equation 

ff.x- + a,x"-'+...+o, = 

is equivalent to P [---) Q (--) = 0, 

or, say, to P'{-r)Q'W=0, 

the coefficienta in F" and Q' being all real. 

Secondly, if p* be negative, and so p a pure imaginaiy rv' — l, the 
two forms in 2 may be written, multiplying the second by (*/ — 1)", 
i.f., by —1, and putting ( for «%/— 1, 









.+a,T', 



These two expressions in f with real coefficients have a common 
factor which can be found by the G.C.M. process. Call it J* (f) and 
let Q (X) be the complementary factor of the firet form. The 
coefficienta in these ai'e found as real quantities. Tbns, writing 

— for f, the equation 

<i,i" + a,af"-' + a,^ '+...+a. = 
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is the same M P{-\ Q f — ) = 0, 



or. Bay, as 

where the coefficients 



n the factors are real. 



6. Two oases again arise. Either P" may be of degree n, i.e., be 
the whole form, and Q' a constant, or P may be of degree between 
I and n— 1 inclnsire. 

The former case would mean that the two equations 
(i.p"z" + o,p"-'2--'+ ...+<., = 0, 
a.="+«.-iP'"-' + ... + V" = 0' 
or the two equations 

aor"r + «,r"-'f-'+...+o, = 0, 



as the case may be, 
pair would be 



identical. This being so, each of tlio firNt 
o,p"(^+l) + <i,p"-' («"-' + *) + ... +2a,.s*- = 



= 0, 



t. odd degree, ii 






vhicb is an equation of degree ; 
each of the second pair would be 

which vanishes when f = ± </~\, 

since «, n— 4, » — 8, ... 2 are twice odd numbers, and n-2, n— 6, 
n— 10, ... 4 are twice even nnmbers. In this case our equation of 
degree n has the roots irv'— 1. In the former case, a real value iif 
z+ — is given by an equation of odd degree in, and consequently two 



, two roots pi, real or 



values, real or of the form a +/3 v' — 1, of z, 
of that imaginary form, of onr equation in x. 

In the more general case, F' and Q' have complementary degrees 

both between 1 and » — I inclusive. Now, these degrees cannot both 

be divisible by 4. Otherwise tbeir sum n would be., i 

H2 
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it is not. Either then one of the two degrees mnst be odd, that of 
Q*, say, in which cane Q' = has a real root, or one at least, that of 
Q , say again, must be twice an odd number lesa than the odd num- 

Thna an equation a,ir" + . . , + a. = 0, 

whose coefficients are real and whose degree is twice an odd number 
2frt + l, has certainly a root, real or of the form a+p\/—l, if every 
equation (^ ^0 whose coefBcieots are real and whose degree is 
twice an odd number less than Sm+1 has. Now a quadratic, whose 
degree is twice the smallesc odd number, can be solved, its two roots 
being real or of the form a+/3%/— 1. Thus induction establishes 
that every equation with real coefficients whose degree is twice an 
odd number has a root, real or of the form a+ZSy — 1. 

7. The next step in the argument is to prove that every equation 
of odd degree whose coefficients are of the form a+by/—l has a root, 
real or of that foi-m. 

If /W + y^f{a-) = 

be Kuch an equation, where the coefficients of /(a-) and ^ (.r) are real, 

is an equation of degree twice an odd number with real coefficients. 
It has then a root, real or of the form a+fiv^—l. This root must 
make one of the two factors vanish, for the product of two non- 
vanishing quantities cannot vanish even though both be of the 
foi-m A + B-/^. 

If the root be real and make 

it must make /(a-) =0 and ^ (a) = separately, and so also be a 

If, on the other hand, it he of the form 0-1-/3%/— 1, there must also 
be aconjugate i-oot a— /li/— 1; and if 

/W-s/ri.f,.) 
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be the factor which a +/3\/— 1 makes vanish, then a— /3 \/ — 1 satisfies 



/(;r)-hv/-l^(a;) = 0, 



for, if yl+Bv/-l-y-l (a+Dv/-l) = 0, 



then ^-5>/~l + y-l(a-Dy-l) = 0. 

Thus every equation of odd degree with coefficients of the fonn 
a + 6v/ — l has a it)ot, real or of the form a+/3v/— 1. 

8. Now, let it be assumed that every equation whose degree is m — 1 
or fewer times even, i.e., contains the factor 2, if at all, not more than 
m — 1 times, and whose coefficients are real or of the form a + 6\/— 1 
has a root, real or of the form a-|-/3v — 1. 

Consider the equation 

aoUr"-|-a,ar"-'+...+a, = (1), 

in which Op, a^, ...a^ are real, or of the form a + fe^/— 1, and in which 

n = 2"*(2p + l), 
%,e,^ is m times even. 

By § 4 and our assumption, a value of p', and consequently two 

values of p, real or of the fonn a-|-/3\/— 1, given as a root of an 
equation of degi*ee 

»(n-l) ^ 2"-'(2p + l) {2" (2j>.H)-l], 

which is only m— 1 times even, exists, the substitution of which in 

a,p"/* + aip"-V-^+... + a«, 
a«5*+ o«-ip2;*"' + ...+aop", 

makes them have a common factor. This common factor, found by 
the ordinary G.C.M. process, will have coefficients real or of the 

form a-|-5v^— 1. 

If this G.C.M. be of degree n, the two expressions are identical, but 
for a factor free from z, with 

OoP" (i5" + l) +aip--» (z«-Hi5) +a,p'-» («"-«+«*) + ..., 

and this equated to zero is an equation of degi*ee |n, i.e., 7>i.— 1 times 
even only, in r+ — , and is accordingly by our present assumption 



^ 
t* 
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satisfied by a value of z+—, i-eal or of the form a+/3v''— 1, and 

conseqnentlj bj two values of = real or of that form. In other words, 
the equation (1) is satisfied by two ralaes ps of z, real or of the form 

On the other hand, if the G.C.M. be of degree less than n, call it 
P(z). Then the left-hand side of equation (1) has the factor 
P [ — ), or, say P* (x). Let Q' (x) be the complementary factor. 
We hare thus (1) resolved into 

■P'W8'W = 0, 

the coefficients in P" and Q' being real or of the form a+b^~l. 

Now the degrees of P" and Q' cannot both be divisible by 2"*', for 
their sunt n is only divisible by 2". One or the other of them, the 
degree of Q', say, must then be m times even at most. 

On the assumption therefore that every equation of degree m—1 
or fewer times even, and that every equation of degree nt times even 
and less than n, has a root, it is proved that any equation of degree », 
which is m times even, has a root. 

Take now 2" the smallest number which is m times even. An 
equation of this degree has, by the same ailment, a root if one of 
degi-ee 2"~' (2" — 1), which is ■m—1 times even, has a root, and if 
every equation Q' (x) = of degree less than 2" has. On our 
assumption this is the case, no such degree being so many as m times 
even. We thus proceed to degi-ees 2". 3, 2". 5, ... 2" (2^+1), ..,, so 
that the following general statement is accurate. 

" If every equation with coefficients real or of the form a+h^ — 1, 
whose degree is m— 1 or fewer times even, has a root, real or of the 
form a+fl'/ — 1, then eveiy equation with such coefficients and of 
degree vt times even has such a i-oot." 

In this m may be any positive integer, unity included. Now, the 
last article has established the existence of a root for odd degrees, 
I e , for the case m = 1. It follows, then, successively for the cases 
m. = 2, 3, 4, . , I e , for equations of degrees once, twice, three times, 
and generally any number of times, even. 
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[April nth, 1894. 

As some doubt has been thrown on the argument of § 4, I proceed 
to show otherwise that 

<i,p'.z"+a,p-'.z-'+...+a, =F(px,l) 

and a.i!"+o,_,p.«— '+...+a,D" = f 0, :) 

can be made to have a common factor if ff can be determined so ae 
to satisfy an equation of degree ^n (n— 1). 

As in the applications required n is alwaj'e even, I, for simplicity, 
confine myself to this case. 

The two will have a common factor if, and only if, their sum and 
difference have. 

Now, the difference of F (fiz, 1) and F (p, t) is divisible by «"— 1, 
n being even. The complete condition that a factor of 2* — 1 be the 
common factor in qneation is 

F(p,l)F{-p,l) = 0, 
i.«,i. (o,p-+i.,p— +...+o.)'-(a,p-' + o,|/— +... + i..-,f)' = 0, 
of which the left-hand side is a fnnction of p*. 

Also the sum of F (pi, 1) and F (p, z) may be written 

(«.('+«.)(;i'+i)'-+B(^+i)'-'.-i-. ..+;«■. 

and the difference, after the removal of the factor i* — 1, may be 

''"*^° Ca,p"-«.)(^» + l)"-' + B'(«' + l)l"-, + ...+K';t"-', 

where B, ... K, S, ... K' are of degree n in p. Thus the remaining 
factor of the criteiion required is the dialytic determinant of 

and («,p"-ffl.)t*-' + B'(*-'+...+«:', 

whose degree in p is at most "(-„ +'T~^)' »■«■>« ("—l). and will 

be seen helow to he exactly this number. Call this dialytic deter- 
minant i. 

Accordingly the complete condition expressed by A = of § 4, 
whose degree is '2n' in p, is exprcHsed also by the alternatives 

F(p, 1)F(-P, 1) = 0, i = 0, 

whose degrees ai* 2n, and at most n (»— 1), respectively. 
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Moreover, A is a function of p*, for the result of chfinging p into 
— p in it is to alter tbe signs of alternate columns, and then the signs 
of alternate rows, i.e., is to multiply it by (-I)*", t.e., not to alter it. 

Also F (p, 1) F (— p, 1) is ft fnnction of p'. Consequently so is I. 

Now the degree of S in p, seen above to be not greater than 
n («— 1), cannot be less than n (n— 1). This will certainly be true, 
0^1 °ii "i, ■■• a. being unrestncted, if it is tme even when particular 
rastrictions ai« imposed on them, for a function of any degree in p 
cannot have that degree raised by supposing its coefficients made 
special. Now, when a„ a,, a,, ... a, are so chosen that the equation 

F(x, 1) = a,*" + o,ar"-' + a,a!-*+... + o.= 

h&H n roots, as may certainly be done by taking it to be 

a,(ir-x,)(ir-«,) ...(*-«.) = 0, 

there are 5«(n— 1) values of p' which must satisfy 5 = 0, namely, 

the ^»(n — 1) products of two and twoof inje^ ■■■f'f For instance, 

the value v^x,jr, of p makes F(pz, 1) and F(p, z) have the common 

factors z— » /— , «— */— '■ [These \n (»— 1) products with the 

squares x], x\, ... x„ »'.«., the values of p* which make 

F{p,l)F(-p,l) = 0, 

make up all the solutions of the equation in p', 4 = 0.] 

The condition 2 = is then, in the general case, no less tlian in the 
one which has at prasent to be taken as special, one of degree exactly 

l»{„-l)iB,'. 

1* is, of course, the square root of the quotient A/F(p, 1) F(— p, 1). 

It is unfortunate for the simplicity of the argument of this paper 
t)iat the property of such a determinant as A, that, aftei* division by 
its obvious factors, 

F(p,l) = (i^p'+a^p'-'+a,p"-'+...+a, 

and F(— p, 1), it leaves a perfect squai-e as quotient, is one which 
direct algebraic methods bave as far as I know not yet supplied. 
For low values of n the proof is, of course, easy, but I have not yet 
succeeded in giving a general foiTn to such proofs as I have obtained 
and had given me by my fneuds.1 
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On the Motion of Faired Vorticee with a Common Avis. 
By A. E. H. LoTB. Read and received March 6tfa, 1894. 

1. The investigation in thia paper was nnderfcaken with the view 
of throwing some further ligbt on a problem in the motiofi of vortes- 
ringB which was first considered by Helmholtz in his original memoir 
on vorteK-motion.* He found that two vortex-ringB having the game 
axis and circulations in the same direction travel in the same direc- 
tion parallel to the axie ; " the foremost widena and travels more 
slowly, the pnrsuer shrinks and travels faster, till finally, if their 
velocities are not too difFereut, it overtakes the first and penetrates 
it. Then the same game goes on in the opposite order, so that the 
rings pass through each other alternately. "t It is extremely difficult 
to obtain a more detailed account of the motion here described. We 
are ignorant of the condition that the motion may be periodic, and 
we can only make guesses at the length of the period when the un- 
known condition is satisfied. Yet in applications of the vortex-atom 
theory to problems of radiation and chemical combination, it is 
conceivable that this period and the type of motion may play an 
important part. I propose here to imitate some of the circumstances 
of the problem by considering the case where there are present in an 
infiaite flnid two pairs of cylindrical vortices of indefinitely small 
section, the cii'Culations about the two vortices of each pair being 
eqaal and of opposite sign, the circulations about the four vortices 
being equal in absolute magnitude, and the line of symmetry for one 
pair coinciding with that for the other. A single pair of this kind 
moves parallel to the axis of symmetry with constant velocity. Two 
pairs with circulations in the proper directions infiuence each other's 
motions in a manner analogous to that exhibited by thin rings. I 
find a condition that the motion may be periodic, the length of the 
period, and the fonn of the curve described by one vortex of one pair 
relative to the homologous vortex of the other pair. 



" " Ucber Inlefrntle dw hydrodynamiHchen Qleichungeo. wcloJie den Wirbtl- 
hewegimgren onWprochon," CrelU-lliirchardt, LV., 1858. 
t Tait'H tnnalatioi] of Hclmholtz'e momuir, FhH. Mag. (4), xxxin.. 1SG7. 
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2. Let the aotis of Bjmmetiy be chosen as the axis of x, and let the 
coordinatee of the voi'ticea at time t be 

(a;r yo)- ('■.. -y.). (^. yO. (*i. -yi) ; 

then the two with snffiz form a pair, and the two with suffix I 
also form a pair. 



!sg 



^ 



At*' 



-^ 



'-). 






The figore shows a posflible confi^ration of the system in which 
A, B aro taken to be the pair with snffiz 0. 

Let Tn be the absolute valae of the strength of either vortex (i.e., 
half the circulation in any circuit amronnding it once, and not 
snrronnding either of the others), and suppose the strengths of the 
four A, B, C, D to be m, — m, m, — m ; then the stream function ^ 
which gives the motion at any point (x, y) is 



* = .;; 






-log 






(1) 



from this expi'ession we may foi-m the components of velocity of the 
two vortices by leaving out the tei-ms in 3^/3y, and —difi/fij: which 
become infinite at (j*,, y„) or (x„ y,). 

We thus find 





(■r,-».)" + (y,+S,)' 2.J 


('.-i.J' + (!/,->.)" ' 


(■',-■ '■.)■ + (»,+».)' 





and drjdt and dijjdt can be obtained from these by intei'changing 
the suffixes 0, 1. The differential e<iuations foi' .r^ j/^, x„ y, as fnnc- 
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tions of t can clearly be pat in the form 

^=J|- = ^= _i|u = d( (3). 

x=£"»^.»- a:g:rg <*)• 

We find at once two integraU of the eqaationB (3) in the form 
y,-)-y, ^ const. = 2c 'V 
y,y.(?iII^(!?i±4; = eonBt.=a4 ^^^■ 

The firat of these shows that the middle point of the line joining 
the two vortices A, G moves parallel to the axis x and at & distance 
c from it. It is easy to see by mnltiplying this equation bj m that it 
repi'esente the condition of constancy of momentum parallel to a: of 
the fluid in the half-plane y positive, for this momentum is equal t« 
that generated by impulsive pressure proportional to m per unit area 
applied at all points of half a barrier between the vortices A, S 
and at all points of half a barrier between G and D. The second 
of equations (5) is really x — const., and it may in like manner be 
interpreted as representing the constancy of the energy of the fluid 
motion in the same half-plane. For, according to Helmholtz's 
formnla, the energy of a plane vort«x-motion, in t«rms of the density 
p, the spin i, and the stream function ^, is 



p \il/idxdt/. 



the integral extending to all the points where iia^different from zero. 
Foi' inolabed vortex- fil amen te this expressiou contains an infinite con- 
stant, and the finite part of it divided by p is the sum of the strengths 
of the vortices each multiplied by the part of iji which is finite at the 
point occupied by the vortex. 

3. The two equations (5) are sufficient to detei'mine the paths of 
the vortices A and G relative to each other, for, if 2r is the distance 
between A and C at any time, and B the angle the line AG makes 
with the axis x, they give rise to the polar equation 

C;^cos'tf-|-c')(c'-'^sin'tf) = aV (6), 

which I'epi-esents the curve described by either vortex relatisft V» ^^^» 
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middle point of the line joining them. In (x, y) cooi-dinates nith 
ori^n at this middle point the same equation ia 

aV+(»'-c')^+ («'+«•) y'-c* = (7). 

The condition that the motion may be periodic is the condition 
that thin equation representa a closed cnrre. This is the case if 

as is seen by writing (7) in the form 

(«?+••+«■)(,■+.•-«■) = <.•. 

When tliia condition is satisfied one of the valnes of r' given by 
equation (6) is positive for every value of 6. This vatne of r" ia 

c'cosec'e— J(o'+c')Bec'^cosoo'e {l— ^(1— K»oos'tf)J, 

where i:" = 4aV/(a'+c*)', 

and the square root is to be taken positive. On evaluating the inde* 
terminate, which occurs when tf = 0, we find 

,' = cV(<.'-c'), 

as is given directly by (6). This value becomes infinite when a* = c", 
and for values of a*/c* which are less than unity the curve has no 
real points on the line 9^0, but there exists a pair of parallel 
asymptotes, y* = c'—a', between which there are no real points on 
the cui've. In every case there is a positive value of r" for = \t, so 
that every Rystem of two pail's such as we are considering will either ' 
at nome futui-e time have its four vortices A, B, C, D in a straight 
line perpendicular to the axis i, or may be i-egarded as having been 
at some pant time in this state. We may thei-efore int«i-pi-et the 
constants a and r, more particulaily in tei-ms of the distances between 
the vortices in a pair at the instant when ea«h vortex of one pair is 
passing between the con-csponding voi'tex of the other pair and the 
axis of sjTnmetry, or, aa it may be otherwise expressed, when one 
pair is passing tlii-ough the other pair. 

Let r^ and r, be the distances of A and C from the axis x when 
■J, B, C, D are in a stiuight line ; then we have 

r. + r, = Se, 
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and the condition a^><? is 

Taking r,>r„ this requires that ri:r„<3+2y2. Thus the 
motion is periodic, if, at the instant when one pair pasaee through 
the other, the ratio of the breadths of the pairs is lesB than 3+2 v/2- 
When the ratio has this precise value the smaller pair shoots ahead 
of the larger and widens, while the larger contracts, so that each is 
ultimately of the same breadth 2c, and the distance between them is 
ultimat«ly infinite. When the ratio in question is greater than 
3 + 2 v^2, the smaller shoots ahead and widens, and the latter falls 
behind and conti-acts, but in such a way that the former never 
attains so great a breadth as 2e, nor the latter so small a breadth. 
When the ratio is ieas than 3 + 2 y/2, the motion of the two pairs is 
similar to the motion described by Helmholtz for two rings on the 
same axifl, and it is probable that there is for his case also a critical 
condition in which the rings, after one has passed through the other, 
ultimately separate to an infinite distance, and attain equal 
diameters. 

4. The curves given by (7) when o'>c' always lie inside and near 
to the ellipses 

^ + -f -1 = 0, 

and their longest and shortest diameten are the same as the major 
and minor axes of these ellipses. In the limiting case, when a' = <?, 
it is clear that there are inflexions. In general it can be proved that 
tbe positions of the inflexions are given by the equation 

3y*(a'+c')-2i/'c*+c*(a'-c') = 0. 

All the roots are imaginary if a'>i2/3c', but, if c* < o' < JSySc*, 
they are alt real. There are consequently no inflexions, unless the 
ratio of the major to the minor axis of the ellipse 

I- (a'-d')+s' (.•+«■) = »• 

exceeds 2 + y3, so that there are no inflexions unless the relative 
j^th is very elongated. 

At the end of the paper will be found a table giving the principal 
axes of the ellipses which nearlj- coincide with the relative y*'^^ "^^ 
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the vortices for some simple values of the ratio r, : r„ and a drawing 
showing the character of these curves is given here. The line 
Nx in the figure is the axis of symmetry of the two Tortez-pairs, and 
the point is the middle point of the line joining the two vortices 
on one aide of the axis. The curves show quadrants of the relative 
paths of these two vortices for the values 2, 3, 4, 5, ^ of the ratio 
r, : r,. It is noteworthy how very nearly circular these curves are 
for values of this ratio up to 2. 




5. We have next to consider the dependence of the relative situa- 
tion of the vortices upon the time. For this purpose we form an 
equation connecting M/dt with 6. By means of this equation the 
time can he expressed as a fnnction of 6, and, in particular, the 
period of the motion, when it is periodic, can be deduced. 

The distance between the vortices A and being 2r, and the angle 
AG makes with the axis x being $, we have 

" ^ I* aV r'cm'e+c-i' 

d«_m (r'co.'<l + t')'.m'«4-»V 

dl 2r oy(r'oo.'»+c*) ^ '' 

Now, from the equation of the relative path 

(r'oos'O+c'Xt'siii'S-O+aVsO, 

we find, for the positive value of r*, 

c" cosec" fl- J («' + c*) 800* tf coseo' tf [ 1 - y(l -k' cos' tf) } , 

where .' = 4aV/(«' + c')* (9), 
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are the equare root is to be taken positive. From this, after some 
I'cdactions, we find 

de^jm ain'tfcofl'tfv/(I-c'cQB'tf ) 

dt xa' v'(l-<'coe'tf)— (c'oos'e+sin'fl)' 

where «^ = 1 — k*, 

BO that (' = (tt'-c')/(<i'+c'). 

The equation determining the time as a function of 9 is 

m LJsin'flcoB'tf J einMcosM v'(l-«'cos'tf)J ^ "^ 

To find the period r we may take for the limits of $ the valaee 
and ^x, and multiply the right-hand side by 4, and then, writing 
i*~^ ford, we find 

— *^ rp' d» f'' c'Bin'»+co8> tf» 1 

' ™ L].sin',co8> J. Bin'^cos> y(l-«>8in'^)J- 

Introducing elliptic functions of modnlns k and argument u, each 
'*'*' f = am«, sin ^ = snu, ..., 

we obtain, from (10), 

nU_ f d* f du ^ r_d5_ _^, r (fa 
xa* J sin* ^ J an* w J cos' f J en* m ' 

„- "i' _ r c°" „.p„„ .cnwdnul 

+ ^!^_„'(„_^£^„^.?5iidnt.\-| 
Lent* \ K* K^cnu Jj' 

where £ am u = I dn' u du ; 

and hence, observing that the terms that become infinite at the limits 
cancel one another, we deduce 
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where K ia the real quarter- period of the elliptic fanctions with 
modnlna k, and E is the complete elliptic integral of the second kind 
given by i-i 

E = \ dn'udjt. 

It is easily verified that E—Kk' is always positive and lesA than 
nnity, for it vanishes when k = 0, and bec»mes equal to I when 
c = 1, and further 

£ (E-K<-) = k:i'(K-E), 

so that the function constantly increases when 1 > c> 0. 

Since a'/i^ = (I+kO/CI-O. 

the period r is thus proved to be the positive quantity 

' = ^,4i±^(E-)ro (11), 

and this becomes infinite when rc'^0 or a* = c*, in accoi'dance with 
the result of § 3, that when a' ^ i^ the motion ceases to be periodic. 

6. To get an idea of the way the period varies with the velocities 
and sizes of the vortex-pairs, we shall compare it with the time taken 
by a vortex-pair of strength m and breadth 2c, when nndisturbed, to 
travel a distance equal to its breadth. The velocity of snch a pair is 
m/2wc, and consequently the time in question is 4ic'/m. Calling 
this r', we have 

As in the discussion of the relative path, we can make an interpre- 
tation in terms of the radii (r, and r^) of the paii-s at the instant 
when one is passing thi-ough the other. When k = or t' ^ 1 the 
i-atio t/t' can be shown to vanish, and when c' = or c = I it 
becomes infinite. The value for k very small is small, and can be 
proved to be ir* (»"[— r„)'/m, which is the same as the period of rota- 
tion round each other of two voiiiex-filaments of equal strength m. at 
a distance r, — r^. As « increases, the quantity E—Kk increases very 
slowly, and the ratio tJt does not become large until k is very nearly 
unity. The arithmetical details of some particular cases are given in 
the table of § 8 below. 
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The period of the sloweBt oscillation of a thin ring of radius c is 
knowD to be i^'Sire/V, where Fis the velocity of translation.* The 
latter velocity depends on the ratio of the radins of the section to the 
radiiia of the aperture, and becomee logarithmically infinite when 
this ratio vanishes. For the application to radiation it is perhaps 
best to regard r' as comparable with the period required by a particle 
of fluid circulating between the vortices of the pair of breadth 2c 
which is never quite close to either vortes of the pair or to the axis. 
The period r, in which one pair goes through the other, is thus of the 
same order of magnitude as the period in which a particle of the 
fluid in irrotational motion circolates through either pair when the 
other is absent. From the nature of the case it is highly probable 
that a like statement hold.s for rings, i.e., that the period of one ring 
going through another is comparable with the period in which a 
particle of fluid carried forward with the ring circulates through it, 
and we appear to be justified in concluding that the period of two 
thin rings passing throngh each other alternately is long compared 
with any period of oscillation of either ring about its circular form. 

7. So far we have been concerned with the motion of either of two 
vortices on the same side of the axis relative to the middle point of 
the line joining them. For the motion of this middle point we need 
only remark that it describes a straig;ht line y = c parallel to the axis 
with a variable velocity. This velocity is given by the equation 

2e*+r'c. 
_j 



lH-.-^^.)=i 



which is easily deduced fi-om equations (2). It is easy to prove that 
this has its greatest value when = ^t or |ir, and its least valae 
when e = or IT. These values are respectively 
mc 2a' + 3F' _ 

""" 2. 

_ 1+3'' 

2irc 1+k' " 2tc 1 + k' 

8, A table is appended showing arithmetical details of some 
particular cases. These are arranged so as to give simple values of 
r,/r|, lying between the two extreme values and 3 + 2 y2 for which 
the motion is periodic. The first column gives the value assumed 

• J. J. Thomson, " On the Uotion of Vortex Rings," -j. ^S, 
TOL. MV. — NO. 487. O 
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for r| : r^ and the second gives the corresponding valne of «*. The 
nnmber (5— «')/(l+i:') in the third colamn is the ratio o£ the 
greatest velocity of the middle point of the line joining the two 
vorticeB in the same half-plane to the velocity of a vortez-pair of 
strength m and breadth 2c, and the number (l+3c')/(i+«') in the 
fonrth colamn ia the ratio of the least velocity of the same middle 
point to the velocity of the same vortex pair. The number 
c/^{a*—<?) in the fifth column is the ratio of the greatest semi- 
diameter of the relative path to the distance of the middle point 
from the axis of eymmetry, and the number c/^{r^+<?) in the sixth 
column is the ratio of the least semi-diameter of the relative path to 
the same distance. The nnmber r/r' in the last oolnmn is the ratio 
of the period of one pair going throngh the other to the time ocoa- 
pied by a pair of strength m and breadth 2c in moving over a distance 
equal to its breadth. 
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On Pseiido'Elliptic TntegraU, S^e. 



Pseudo-Elliptic Integralt and their Dynamical AppUcatiotu. 
■ By A. 6. Gbbemhux. 
Bead Jane 8tb, 1893. Received April 10th, 1894. 

Wbsn the elliptic integral of the third kind is expreeeible, as an 
exceptional case, by a logarithm, or by an inverse circular fonctton, 
the integral is called a pseudo-elliptic integral ; the first investiga- 
tion of pseado-elliptic integrals is to be found in two memoirs by 
Abel, " Snr I'int^gration de la formnle I ^-y^ , Sebp ^tant dea fonc- 

tions entiSres," Crelle, t. i., 1826, (Euvres CampUten, t. i., p. 164 ; 
" Thiorie des transcendantes elliptiqnes," (Euvres Completes, t. ii., 
p. 139. 

1. In his memoirs, Abel seeks the form of the elliptic integral 

where X ia a, qnartic function of x, when it can be expressed in the 
form 

'^P-Q^X' 

where P, Q are rational integral functions of x ; and to effect this he 
shows that it is requisite to expand ^X in the form of a continued 
fraction, having first reduced X to the form 

X = (z'+ax+by+px; 

and when this continued fraction is periodic, and - 



ita first 


period, BO 


that 








yz = 


F P 


then ft 


can be chosen so as to make 






m- 


o2 
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or, changing the siga of x and X, when the integral is circalar, 

Abel shows farther that we may put, without loss of generality, 
P'-Q'X= 1, 
Ro that the circular integral can also be written 

[;;^^,d* = 2^tan-'^y(-Z) = 2^C0B-'P 

= 2^Bin-'Qy(-X); 
aiid therefore the fii-st logarithmic or hyperbolic integral, by the us© 
of the hyperbolic functions, direct and inverse, can be written, by 



£+t. 



\ ^X=2A cosh-' P = 2A sinh - ' Q y X 



In the dynamical applications it is the circalar form of the elliptic 
integral of the third kind which always makes its appearance ; but, 
following Abel, it is genei'ally simpler to work with the logarithmic 
or hyperbolic form, as imaginaries are thereby avoided ; and we can 
always change immediately from the hyperbolic to the circular form 
by changing the signs of x and X. 

Thus, denoting the integml by I, then, in tbe hyperbolic form, 

and in the cu-cular fonn, 

»'■»' = p+ey(-x). 

The form of the quartic X, with the sign of x changed, 

X=io?-ax+by-px, 

shows that the roots, »■, of X = are the squares, C, of the roots of a 
Himpler quartic 

T = t*-ai'-^pt+b = 0. 



yurther, patting x = ^. 
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■where T= {■y' + (M-l)i/+iii}'+4my, 

and m 1= — — , n ^ 1 + . 

P . P 

The qaantities employed by Abel, denoted by Pa, q„, g-, c„, &c., 
are now simple rational functions of m and n ; and Mr. G-. B. 
Mathews points ont that —m and — n are in fact the quantities 
denoted by x and y in Halphen's Foactions elUptiques, t. r., p. 103. 

2. The degree of P and Q can be reduced to one half of that given 
by Abel, when we know afactor, x— a,of .X; and then the snbstitntion 



reduces the elliptic integral to the form 

where jS is a cubic in a. 

We choose, as the canonical form of this elliptic integral of the 
third kind, the form 

where 8 = ii («-«)*+ {(y+1) e-x>j]\ 

when the integral ia hyperbolic ; but, if the integral is cii-cnlar, we 
change the sign of s and 8, and then pnt 

so that the roots, a, of the cnbic jS = are the aqnares, <*, of the 
roots of the cnbic 

T = 2i*— (y+ 1) ^+2xt-zt/ = 0. 

We shall now find that our x and y are the quantities employed by 
Halphen (F. E., t. i., p. 103) ; and, introducing the Weieratrassian 
notation, by putting 



= l.(.-.)'+{(,+l).-«sV 
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ftnd makiiig the coefficient cf (pu)* vanuh, by pntting 

12pe=(j+l)'+4,«, 

12t.»=(j+l)'-8i!, 
then |>'« = S=4.(.-»)"+{(j+l)<-iy}", 

^-. = 2 (.-;r)'+4. (— ^) + (y+l) {(J + 1).-I^} p 
and therefore f>'*v =x*, i^"!; =(y4-l)2; 

Tbea ^2u = — 2p«+i f^') 

= -*(y+i)'-l^+Hy+i)' 



80 that 

In the WeieratrasBiai 
I (w), becomes 

!(») = 



notation tho integral I, distinguished as 



-I [ p(P*i-p»')+MPi 

~ J pM-pW 



du. 



and Abel's conditions that this is a pseado -elliptic integral arfr 
' equivalent to saying that w most be the aliqnot part, one-p**, of a 
period of the elliptic int^ral 



The integral I {v) may equally well be chosen aa the canonical 
form, and 



^w-if'^^F^' 



and I ((') has the advantage of starting at the beginning of the series 
of parameteit) r, 2v, 3v, ..,, mv, ..., all relating to associated pseudo- 
elliptic integrals, when t> is an aliquot part of a period. 

The detenuination of fi is rather complicated, and is reserved for- 
the piveent (§ 9). 
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3. Writing 
then 



and their Dynamical Appheatiotu, 
»_-« = pmv~t>v, 

<, = 0. 
Thna, from the formulas below, 

»4— «T 



y" ' 






^ ~ (y-')' ' • (y— )• 

*• (y-.-s')' 



<.-«= 8,= J 

&nd BO on ; and we change tha sign of s and i9 for the dronlar form. 

By comparison with Abel's g« ((Euvret oomplitei, t. il., p. 158), 
Oklcnlated from the quartic 

r={y"+(.-l)y+m}'+lmy, 

in which — m and — n are afterwards replaced by Halphen's x and y, 
we shall find that >.— z ia the same as Abel's \qm-i- 

Abel's recurring equation for •;. ((Euvrm, t. it., p. 157), 
,. + ,... = J^+;^, 



is thns merely equivalent to the elliptic function formula 



p{u+v)+p(u-v)=z2pv+ 



_e^ 



(pu-pc)* pv-pv' 

with «=(m-l)r, 

and the continoed fraction expansion employed by Abel is not 
required in this method, at least not for the present. 



' - ^^ - ^^H 
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Knowing pv, p'v, p"v, and p 2v in terme of x and y, as ftbove, we 
can now determine p$v,pii; ... pmv, by means of thia fonnnla.; 
while p'mv or v^S. is detennined by means of tlie formula 



or p'mvp'r = {p (m-1) v-p (m + 1) v) (pmu-pt')', 

or •s.ys, = (...,-..„)(..-.,)•. 

4. But, introducing Halphen's function ^« (v). (J<'- ■E'-, i-i., p- • 
defined by the i-elation 

^. ft) = "'(""') 





pim-pv 


*". ■ 




generally, 


pmu- pni) 






^pmvp- 




_(*^)-= 






p'l 


'=-*„ 






p'mv 






, Halphen'a 


function y_ 


i. defined by the 


reUtif 




y- = 


*.f;"-»i 




with 


^.= 


-f.V = J!, 




«-+x. 




. ^r-.r... _ 


In , 



and, generally, 
while 
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According to Halphen {F. B., t. i., p. 103), 

yi =1, y. = 1. y» = a^, yi = y, vt = y-*. 

y. =i!^{y-x~f), 

yr =(y-a!)«-y', 

y. =y{«(y-a!-i^)-(y-*)'}, 

y. ='>='{?' Cy-»-y')-(y-=r)'l, 

yia = (y-a) {j''(*i'-«'-y*)-«(y-«-y')*}, 

y.i = (xy-ii^-!/')(y-«)'-3^ (y-«-yO*. 



kc. 



= {pm 



-pv)-ipnv~t>v), 



therefore 


i=^.^t^,t^y 


■or 


y-.y.*,_y„->y-». _y.-,y„, 


or 


y— .y-., = y«-iy-.iyl - y-iy.tii 


and therefore also 




y».ti = y..iyl-y..iyll»i> 




yi- = y. Cy.tiy--i-y— iy-H)i 



recmring fotmnlaa by means of which Halphen calculated y, ; and 
from which we deduce the values of «« and v^i9. - 

5. The elliptic integral of the third kind is psendo-elliptic, that is, 
it can be expressed by a logarithm or an inverse circnlar or hyperbolic 
fnnction, when the parameter v is an aliqnot part, one-^i*^ sappose, 
of a period ; and then 

f.Oi-1) v = pv, 

p(}t-m)v = pmv; 

«zpreaaed in the preceding notation by 



or, more generally, by 



T 5,., = (Abel) ; 
= j.,t (AbelV 
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This oonditioii, expressed by HaJpheo's y fonction, ia 
T,— iT,— i _y»- 






BO that we may put 



6. Treating x and y as the coordinatea of a point on the onire 
T. = 0, 



onr first objeot is to deterroine x and y in terms of a p 
p,oxe; and this is easily effected for certain simple values ol fi. 



Thus, for instance, 




(. = 3, 




• = 0i 


(• = *, 




> = o-, 


/• = 5, 




y-i = 0, y = .| 


;. = (>, 




, = ., . = .(!-•); 


;■-', 




(!,-.).-j' = 0. 




y' 


= 1(1-.), . = .(l-.)-i 


C-8, 


it 


(j-«-s^-(y-»)' = o, 




y 


= .l=^. . = .(.1-^); 



;■ = », i^(,-«-j')-(»-.)'=0, 

»=f'(i-p), •=f(i-p)a-p+ini 



■(2+.){l-o-c0' (2+e)(l-c-<J)" 
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,= 11, 


(^-^-^)(s-'y-^ (, -«-rt', 


«> tint, if 


. = ,(1-.), » = .(l-i). 


then 


2.= 1+^P, 


where 


P=i-V+V; 



fi = 12. 



ca+tKl+c+c"), . = -c(l + t)(l+c+fl- 
„_ . fr-l)(2p-l)(V-3p+l) 



.,_ (f-l)(2p-l)(V-3|i+l)(V-iip+l) 



7. Putting 


t = pu-pe, 


we notice tliat 


" = p2"-»". 




y = (.3»-|.c, 




»3»-,ie 




fa.-)... 
^ pi.-, ■ 




j = ,i.-,.. 




,31.-1,. pHe-pS. 


Alao 


7 _ «>8«-|,« 
l+«)' >4— »>.■ 



In this method, originated by Abel, we deterraiiie the TKlnes of th» 
series of fniiGtioiis of v, 2r, 3c, 4v, ..., aliq^not parts of a period, in 
terms of a single parameter, t, p, t,OTC; and thence the valne of the 
modulus can be inferred ; this is a reTersal of the ordinaiy procedora, 
in which the modnlns is supposed given ; and the degree of the equa- 
tions requiring eolation, of the nature of those given by Halphen 
(F. E., t. lu., Chapa. I. and II.), is thereby considerably 'cc&ux^ 
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8. By means of varioiiB transformations of the curve y, = 0, it is 
possible to reduce the de^-ee of the cui-ve to a considerable extent ; 
smd when the cui-ve 7, ^ in anicureal, it ia possible to rednce the 
d^ree in one of the coordinates to unity ; and to degree two, when 
the carve y^ = has a deficiency {genre, GeeMechf) of unity. 

The transfonnationB employed in the preceding oases were 

.), 







J-« = S', 


or « = ,(!- 






— ^. 


«' !' = '(l- 






' = «(!- 


"■ -1-^. 


With these transformations, t< 


'I find 


Yt 


= af, 






T» 


-y. 






y. 


= y*. 






Vt 










<f^^v- 


lD = -!V 






p 


•r 






s"^(.+r-i)^ 


^■•■(l + o) 



,, =-^J-.? 



■+p(p-l) - 



-xlj-^l. 



_.(p-l){(l-c-.')y + 2e+o'j 






-<?/■ 



(y-DW-c-p+c+c') 



„ = -^^^ f'+0-'.)»-') = -^/^<?zl)i(?+f)£-lj 



r,. = !/''' 



(y-iyy-(l-c--.-)p-c(H.t)'} 



(i.-l)'((H- c-2c'-e')f'+(2i!+S(!^i»+t^+g'} 
-ST' 3 ' 
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9. Having determined x and y, and thence pv, p2v, ... aa fnnctions 
of a single parameter, e, sappoae, where x and y are the coordinates of 
a point on Halphen's cnrve 

y. = 0. 

BO that c is a fi" aliqnot part of a period, say , 



e mnst now proceed to the determination of p in the elliptic integral 

-, in the Weierstrassian form, 

J po-po 






J (>1.-|>0 

Then, adding ;<—l of these integrals to 1(1— ^)ti, which is the 
same as I (u), we find 

;iI(o)=,„.{jP-(/.-l)f,.-;(l-rt»)-clog (!>«-(•.■)'■ 
+(iiog~ 



^(l. + l.)-'.r(l.-i» + ») 



a rational integral function of pu and p'ti, and therefore of the form 

tl=:A + Bp'u, 
where A and B are rational integral functions of pu. 
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ThnB /(.) = {ip-0*-l)C«-:(l-f').'}«+Iog^^^^, 
and for this to be pueudo-elliptic, so that 



we mtiBt hai 

1p = 0.-1)Ji.+{(1-^).= - 

I A, 



' A kc '(i—i)' 



Mog +,.,(.) = - 



1 itl.i 



Now, since 

= (•,-.-.,)(•,-.—,)■ (•,-.—,)• ... (•,-.,)-■ (-?••)■-■ i 

therefore, differentiatuig logarithmically, 

JO--!) f = -"i'\i—r-i) rji!i^-»-(„-2)f , 

r.i prv—pv pv 

or l(,.-l)pp-. = 'T"&.-r_l)r(pn.-p,.){p(,+l)„-p(,-l),) 
+ 5(,.-r-l)(yrr-»i.){,(r+l).+y(r-I).-2p.} 
-S(/i-r-l),,",i-0.-2)p-V, 
by means of the formalaa of § 3. 
Uaking use of Abel's notation of 

i^B-i for <„— a: or pmv—pv, 
then ^(jx-l)pf>'v= i2(/i-r-l)r2,.,(5,-2,.,) 

+ iS0.-r-l)5,.,(5,+I,.,) 
-i0.-l)(;.-2)f,"t. 
= ISO— r-l)(r+l)5.3.., 
-iaO.-r-l)Cr-l)5„,9,., 
-i(f'-l)0'-2)p"« 
= T 0*-l)(3,-i9,.-i+9.-i!,-i+-.+?igi) 
-10.-1)0.-2) p"v, 
■or pp'o = I (5,.-.5^+5,-)3...+ ... +2i2i) -(f -2) (»"u, 

in which g,., = 2 {p Oi— 1) «— |)o} = 0. 
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If we compare tluB ezpreaeion for p with that ^Ten by Abel for the 
-corresponding quantity k in hie treatment, we shall find that w* 
most put , , , 

And then P = r* (2A;— a). 

Since iSr-i3r = 2 (»,-«) («,*,-«), 

and pp'tJ = 2 -*— ^ —p"v, 

■or p = zS — y— 1. 

With the circalar form of the integral, 



This ezpreBBion for p is more convenient for pnrpoees of calcnlft- 
tion than the one derived by logarithmic difEerentiation from the 
determinant form of ^,_i (o), namely. 



*,-.(f) = 



'(f-l)^ 



f-tv 



{1!2!3!... 0'-2)!}" 



p^'*'v, p''""f, ... p*"*! 



(Schwars, Formeln und Lehrgatxe, § 15 ; Halphen, Fonctiona elliptiquei, 
t. I., p. 223). 

10. Betoming to the paendo-elliptio integral 



IW = 



if f (»-»)+ ICT J 



,aP(f-|")-»p--^ 



A+Bp 'u 
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we Dotice tiiat a change of sign of u changes the si^ of the integral, 
BO that , „ , , „ , 

Sep.-,,)- ^ '°e(,„^|..)'-- 



or A'-B-p' 

so tbat we may write 

J(») = coel 



= (pu-fivY; 



(f«-p-)l- 



., Bp'a 
(p»-|.t.)l-' 



I(t.)=oo«li-' 



whicti may also be expressed as 

(•-«)'-•'" =A+sys, 

11. Knowing the factois of 8, say 

S = 4(^«,)(.-e,X<-«0, 






a change in the parameter v from the form 
by patting *■ 

,_« - («.-0(e.-M 



2nu, 



,_« _ -(..-e.)(/-eO 



g_ (g.-^)'('^-eO'y 

(s'— flj)' 

In this way we find that the reeult is given by 



^vy-'.) = ,i„i.-. *v(''-«. ■'-'■) , 



in which the accents may afterwards be omitted ; and, similarly, wo 
can put 



l(..+ ^) = 
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12. To obtain the pse ado-elliptic integrals of the circolai- foiin, 
corresponding to the parameters 



v = ^^, or <-,+ 



2r«, or « + ?^ 



change the eigna of e and S, ao that 

S = 4s(.+^)'-{(y + l)*+«,J'; 
and now, putting s+x = pu—pv, 



then 



/(.) = 



f p(a+») -f«ary^ 



■^ 2(«+x)»' """ 2(,.+;r)'-' 
or 2 (»+ir)*'e"<" = ^H-iPyS ; 

and the resnlte cori'eB ponding to the parameters 

«,+ — ' or w,+ — » 
/* /* 

are obtained by linear substitutions of the preceding form. 

Now A'+ffS = 4 (s+jc)', 

so that, if /( is odd, .J is of degree j (/i— 1), and £ is of degi-ee 
J (/»— 3) in », S being of tha third degree. 

A verification by differentiation shows that the coefficient P of the 
leading term in j1 is p, and of the leading term in £ is 1 ; so that 

B = «"'-" + Cs"'-" +i)«' ''-" + ... i 
and, P =p being determined, the remaining coefficients Q,B,..., 0,... 
are readily determined by a verification ; and now 

2(«+a-)»'e'"" = Pg"'-"'+Qfr'<'-»+B*"--'^ + ... 

...+( [«*>-'' + C*"'-«+...} /«. 
If ^ is even, then .d is of degree j/i, aoA B of degree l/i-~2; and 
therefore ^ ^ ^+Q^-.+«^-.+S^-.+ .„. 

B= P^-*+C^~^+.... 

VOL. XXV.— NO. 488. p 
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13. We proceed now to illoBtrato the preceding theory b; the re- 
sults for the ximplest numerical values of ^ ; it will be noticed that, 
when n ih even, the reaultfi include thoxe for the case of \ix, and in 
addition that the i-esolntion of the cubic ,S is t 






0. 



8o that s— »), is a factor of H ; and the other factors of S &re inferred 
by the Rolution of a quadratic. This resolution of the cubic iS 
sppearB essential in the dynamical applications. 

Passing over the cases of /i = 1 and fi = 2, which have no signifi- 
cation in the theory, we begin with 



Hera X = 0, and the integral J, as written above in § 2, 
an illusory form ; but, wiiting it 



-A' 



-i. 



?*■. 






-cosh"' 



,r 2sle-' = y.S + «-,r. 

In the circular fdiin, corresponding lo parameter t- = Ju,, 



,' = 4«'-(»-(-j-/. 



The intcgi-als considered in Chap. xxvi. of l^ogendre's 
ellipligvet, t. [., are pseudo- elliptic integrals of this claMs fi . 



iH fc I 1 n i^l^^^^B 
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then S = f>''ti 1= 4p'«— jjpii— y„ 

provided that V2pv = — I, 

and then I23, = 1 +24*. 

2163,= l+3&i; + 2iar', 

i = -a'{l + 27a'). 

ThoB the relation between this j: and Kloin's parameter r, employed 

in hia " Modular Equation of the Third Order " (Proc. L-md. Math. 

8or., IX., p. 123), 

J:J~l:l = (r-l)(9r-l)» :' (27r'-18r-l)' :- 64r, 
_1 + 27j- 



)x pressed by 



27^ 



-1 = - 



27a;' 



14. Hen 


>y=o, 


and, working with the integral in tlie circular form. 


we find 




'=*f(^;;5«"' 




where 




N = 4.(.+j-)'-.', 




and 


T=c 






or 


2 


(.+.r)f" = v/[4(. + i-)"-.j+<v'.. 




Now, patting 


"+•' = <""-<"■•. 




and 




S = p'„ = V«-9,»>»-S.. 




then 




11!j,= 1-16j-+16.>, 
216j.= (l-K,)(l~16*-aH). 
A = ^* (1-16^). 




This X 
" Modular 


in connected with Klein'fi parameter r, employed i 
Equation of the Fourth Oi-d«i-" (Malk. Ann., xiv,. p. 


in hii 


■ J:J-i 


:1 = ( 


j' + 14r + l)':(r'-:)*'-:«r + l)":108r(l-; 


')'. 


by the relation 


r= 1-lOj. 
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I of the Fourth Order " (Math. 



In Gierster's " Modular Eqn&tit 
Afm., XIV., p. 541), 

/: J-l;l = (4r*-8^ + l)•:(^-. 
the connecting relation is 

If we put 



1)' (8r'- 16r- 1)' 1 27r (r-2), 



&■■ 



and x = -Hc + c^, 

then 165 = »'(»--c-c*)'~«'' 

= 8", suppose ; 
HO that, dropping the accentH, we may write 
j_,f (,+^-.)-2(»+c-) 

- ,ta-' ■/{(!+»)'— ■''—i ^ 

where, aiTanged in descending order if c is positive, 
».= (l + r)'. ».= f'. ", = (>■ 

The six roots of Gierster's " Modular Equation of the Foui-th Ordi 
IhuH form the group 
1_ (1 + 2c)" {l=k^il+2e)y 

2c + 2c'' 2c+2c' ' ±8(H-c)y(l+2c)' 

The value s ^ c+c* is intermediate to s. and s^, and the parameter 
con«Bponding to I must he taken as iii,+|u„ the value « = — c—(? 
coiTCHponding to the parameter ^w, ; and we find 

^"' "J (•+=■+.) ys 

. .,y{(i+c)'-,.<^_.) .,a+25)y. 






{l±.V(H-2e)}' 
±8.(l+c)yCH-2«)' 



c+r-t. 



r+<'+. 



and thas 

(»+«■+,) ,»«-j =,v{(i+c)'-..<»-.j+(i+2oy». 

The signs are chosen so as to be suitable for the dynamical appli- 
cations, in which t lies between s. and *^ or between c* and 0. 
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The factors of 8 being known, the preceding reanlta can be I'eadily 
translated into the notation employed by Jacobi ; thuH 









= S = 


l + 2c 




cn'lK'i — ~' 


.-»■-.. _ -0- 


-«■-(! + =) 


.■_l+2c 




i,n jH I _ — 


■:-«•-., 


" 




cn'(JK',< 




'a"',o = 


" l + 2c' 


15. 


The ralatiOD to be afttUfied is 










r. = 0, 







BO that, working with the circttlar form of the integrfti, 

and the valaes a ^-~x and 

may be taken to correepond to the parameters 
}u, and fw,. 
To calcalato p for the parameter 

we have pp'o = i^i^i— 3f>"t-, 

where p'v= —x, q,=: q^ = 2r; 

HO that p = *+3; 



athuj 



'<*-■) =^f^=mr^^ 



= coe-' 


Z<.+c)l 




and the condition 







{(i+3)^ + «.+S)"+(«+CI)'S= !(.+«)■ 
gives, by equating coef&cientfl, 
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If vre put s+x = t, 

wU.™ T = 4(l-j-)/--{(l+»)(-x}' 

= 4(((-i)'-{(l-x) !-,)•; 



Hi 



2rt 



o.- 2(l," = (3+»)l'-(l + 2x)(+i-+i((-l)y?'. 

Corresponding to the parameter ^,, we hare 
• = or (-1 = 0; 
and the corresponding pseudo-elliptio integral is 

' I (l-3i) (--( fc-t^-j-) l+^-i- 



Thia last integral can be dednced from the first inte^-al witli 
renpect to ", hj putting 



and by writing -~l/x in place of j:. 

16. Calcalating tlie invariants of T in the uxual manner, 

123, = 1 -1-2;^+ 14^"+ lai^+y, 

2l6g,= (l+3')(l-18iJ-+74r' + iar'+ir*), 
A = J* (i - Hi— j^) ; 
Of, at they may be written, 



21«S.. 



(iH(^-f 



+ 74+18r + ^' 
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Comparing these results with Eteia'e " Kodalar Equation of the 
Fifth Order " (Proc. Land. Math. Soe., «., p. 126 ; Math. Ann., xiv., 
p. 143), 

J : /-I : 1 = (12g,y : (21%,)' : 1728i 

= (r'-10r+5)»: (r*-22r + 125)(T'_4T-l)';-1728r. 

we find r = - — +ll+« = -4- 

Also ( = at* 

18 a root of Halphen'a equation (9), p. 5, Foncliom elUptiquei, t. in.. 

5^-129,('+10aC+ A' = 0, 
or < := 1 is a root of tliix equation, if j, and A are replaced by 

^ and 4l 
and then a root of Halphen'w equation (4), p. 3, is 

_ V / 1 ^A 



12pi«, = — — +6— IP. 
Mr. W. Bamiiide points out that, if one root r, of the equation 





(^_10r + 5)'_ 
-1728r 


is given by 




whero 


r. = ,+n-y. 



then the remaining five roots are given by 

- ( »-''a-t+l-rx-i) ' 



r = 0, 1, 2, 3, 4; « = «'■*; 



BO that xi is the ikoKafie^im irrationality (Klein, Malh. Ann., xiv.^ 
p. 1.56 ; and Lecturen on the Ikogahedron). 
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,. = 6. 
17. The relation y^ = 0, 

or y—x—i^ = 0, 

gives sr = y— y* ; 

and *s+^ = y» 

or «i = y*; 

and this value of s^ is a root of 5 = 0, where 

S = 4« (^H-y-y')'- {(1+y) g + y'-j^}* 
= (<,-y') (V-(l-y)(l-5y).+y'(l-y)'}. 

Calculating the invariants of S, we find that y is connected with 
r in the *' Modular Equation of the Sixth Order " (Oierster, MaJth. 
Ann., XIV., p. 541 ; Klein and Pricke, Modulfunctionen^ ii., p. 61), 

J : /-I : 1 = 4 (r-|.3)» (r»+9r»-h21r+3)» 

: (r' + 6r+6)«(2r* + 24r»+96r* + 126r-9)» 

: 27r(r-|-4)»(2r+9)«, 

by the relation r = "" ^ . 

According to Gierster, this r is connected with the r for fi = 3, 
distinguished as r„ by the relation 

_ T(2T+9y 
''» _27(r + 4)' 

This is easily inferred by a rearrangement of terms in 8, when 

S = V-{(l-3y)«-y'(l-y}', 



.8 » 



and putting « = 

then m^fif = 4«'»- ( (l-3y) ms-^my (1-y) }' = 8\ suppose, 

and flr=:4«'»-(«'-h;r,)'. 

This is the same form as in the case of /< = 3, if we take 
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18. TaJdng out the linear factor «— y* of 8, the discrimmani of 
the remaining' qnadratic factor ie 

(l-:,)«(l-5y)'-16y'(l-y)'=(l-y)'(l-9y); 
and the roote of the qnadratic are ration^ functions of e, if we pnt 

l-S U-cl • 



c ' 

_ _ (!+.)■ (2-0' (l-iii^)' 
' 27 (e-c")' 

...■■-■■ ■tq-c+O' 
27 (»-^)- ■ 



The three roots of S are now 



g-')' 



(°-<0'. 



(2-5c+2c»)»' (2-5c + 2c')'' (2-5c+V)'' 
J 2c(l-cV 

"^ "- (2-L+2J)' 

We may drop the denominator (2—50+20")', and write the corre- 
sponding pseudo-elliptic integral 



fPf2c(l-^)^^ 

^■' *J {a;(i-^)'-.jys 



where S = «-(l-c)'. «-<:?.«- (c-c*)', 

so that, arranged in descending order, if c<i, 

..= (l-c)', *, = c', »,= (c-c')*, 
also S = ^-{(l-c+c") s-(c-(^)*}'. 

As 2e(\—ey now lies between », and s^ the 
parameter 

o — Wi+t**,. 
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19. Taking the intognJ I (}wj aa derived from fi = 3, and nu^inf; 
the raqniaite eabstitntionB, 

By the Habntitntion 



afterwards repUcing ( by «, we deduce 

= «i„-' f L!^)(2-'^) y {(i-c)'-«^^-.| 

(«+2c-2(^)r" 
Again, by the sabstitution 



where ( is afterwards replaced by s, we obtain 

_ . ., (H- e)(l-2e)</(|J-,..-(<:-c')') 
and Enally, in a similar manner, 

_^,^.i {.-( l-c ) '(2-3c+20jy(e'- .) 
f2c(l-c)'-.jl 

-r-^-. Ca-'X'-^oyKi-')'— ■'-('^«')'} 
{&(i -»)•—! I 
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BO that we infei' in the original integral 

P = {2-r)(l-2r), Q=~3r.(l-cy(2-c)a-2e}. 
Thef<e funi- integralfl iao be expressed concisely as follows 

(1) .^.■"'■■' = (l-« + »').-(c-<?)'+>V.S 

= (l-t + r').-,(c-«')' 

+ .V{.-(l-c)'..-^..-(c-c')'), 

(2) (,+2.-2r')l,"«- = (.-a+c-c-) •{.-(=-,')■) 

+.(l+e)(2-c)yS(l-c)'-,.c'-.j. 

(3) (2c'-2i"— )l «■"-"= (.-<^-«'+2t')y{(l-c)--.i 

-.•(l+»)(l-2.)y(<»-,..-^e-c')'j, 

(4) {2c (l-r)<-.ilc"—l-.' = -{.-(l-r)'(2-3c+2c')) •(»■-.) 

-i(l-2c)(2-c)>/{(l-c)i-.. .-(,-«■)■{. 

20. With « = p«-f.2f, 

where Sp2.- = - (1-e+e")', 

the preceding values show that 

3pK=-(l-c+0'. ^ 

3,iK = -(l-c+<^)'-6c + 6«', 

3(.(.,+ I.,) = - (l-c + c")"+6c'-6r", 

3p<«, + K) =-(l-e + 0+6c(l-<-J'. 

Then ()i*,+|)f»i,+^«, = -1, 

(>(-, + »->) +!>!".+»>-, = - (1 -■■)' 

In the Jaoobian notation ■ . 

,,_ Jlf^ ^_ l-2c . ' 

(l-r)'(I+c)' (l-c)'(l + c)- 

.ndlhen en (jK'. <•) = c, sn (JK", O = 1 -C 

so that ■ Bn ^K' + cn |K' = 1, ' 

a well known lelation. 
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21. To find the vmliies of « co r r BBp onding to the mr^gmnent |^, 
we fltari with the equation 

and pni p2u = pK ; 

then 3p« = }(^)'. 

or, expressed in terms of «, 

12**-4(l-.c+c»)V-12* {(l-c+cO*-(c-c»)'}' 
= 9ii*-12«» (l-c + c») {(l-c+c*) «-(c-c«)'} 

or 3«»-4 (l-c+c')V + 12 (l-c+c»)(c-c»)'«-12 (c-c»)* = 0. 

This equation may be written as the difference of two cubes 
{(l-c+c*)«-3(c-c')'}»-J(l + ^)'(l-2c)'(2-c)V = 0, 

BO that 3(g-g')' -i,c^c»,i»/2(l-fc)»(l~2r)'(2-c)», 



giving the value of s corresponding to f Mj ; the values of ^* in which 
\l/2 is replaced by ^^^2 or iw'y2, where • denotes an imaginary 
cube root of unity, correspond to the arguments 

Mr. W. Burnside points out that these results are in agreement 
with those given in the Math, Ann., xiv., p. 156, and in Klein and 
Fricke's Modulfunctionen, i., p. 630, if the tetrahedral forms {, and ^ 
are given by 

f, = -2a4 = l-c-hc*, 

^ = x;=i(l+c)»(2-c)»(l-2c)«=^-V(c-c*)'. 

22. With given r, in § 18, the three values of r^ form the group 

_(l+cV^ (2-c)' (l-2c}' 
c ' 1— c ' c— c* 
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But, with given J, the four roots of the tetrahedral equation or 
" Modular Eqnation of the Third Order " can be written (Malh. Ann., 
XIV., p. 155) 

r. = -'- and if?!!L±iI' ,. = 1. 



otbat 



8,". 



4(l-C+l!')' 

(l+c)-(2-e)'(l-2.)" 



and thence the remaining nine mote of the Gierater's 
Equation of the Sixth Older " can be determined. 

In the notation of the JfoduZfunch'onen, i., pp. 684, 686, 



»■ = 



(1- 



i = -2(r,+4), 
rt(l-lie) 



The relation connecting r, with r ^ r, is (Gierster, Math. Ann,, 
XIV., p. 540) 



' _4(2r+9)' 



and (J/n(A. Ann., xiv., p. 154) 



for a given J; we thus obtain another grouping of the twelve roota 
of the " Modular Equation of the Sixth Order." 

23. If we had woiked with Abel's form of the integral 

I = 6f ^±^ d^, 

then Abel's condition q, = 0, 

is equivalent to (e+2o6)(e+4o6) = 8b* 

{(Euvres cmnpliitef, i., p. 143) ; or, putting 
166* 



this becomes 



n(»+l)i 
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«iid then, if n ^ — j^, 

-V(l-p')'{-^-a+P*)'+p'Cl+f')}'-'*p'C-'-f^' 

= x,x„ 

where X, = j?—(l+pyx + {p+p'y, 

x, = ,'-ii-prx+ip^py. 

We now find by Abel's method that 

6t = -l-3p', 



D that, finally, 

) y(.v,x,) 



= 2co,i,-'''-.<i±f±£lit(liw(L+J!') yx, 

■2pt(l-p') 
= 8.i,l.-'''-'^-''-^f'>'+('-'')"-f') yx,; 
and, on comparing tbi^ willi the former oho of r in § 20, we tii 





""'" ' ' l+r^ 




^. = ^■ 


24. The i-elation 


r,-0. 


or 


(;,-,,) .,-!/■ = 0, 


on potling 


il-^ = y2. 


ie HHtinlictt by y 


= .-(!-=). .r = ;(l-.-)'; 


HO tbat, taking tbe rii 


vulav fonn of tbe integrals. 


S = *.{, + : 


(1— -)']'-{(l+.-.-'). + .->(l-.-j')>. 


Now, with the notni 


rion 




-.,+j- = p..r-pr. 


where 


12pr = --fc-(!, + l)", 


then 


.-, = -.^=-.-(1---)". 




", = 0, 




., = ,-, = .-> (I -.-)■, 
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whicB we may suppose to correHpond to Hie parameters 
|«>i. ?"^. h>t; 

and thus 12|)|«, = - 1-6*+ 9**- 2*»-8*, 

12f.^ = -l + 6*-15i' + lOs'-»*, 
12f.|«., = -l+6*- a?*- V-a*; 

so that G, = |»?«,+ftf<#,+pf<Bi=-Hl-* + «")'. 

This expression is a root x of Halphen'a eqaatian (13), F. E., 
III., p. 51, 

while y = - 4r = - 40, = - 7.^ 

is a root of equation (10), p. 398, Modulfutietionen, ii. 
Also, in Halphen'a notation, p, 52, 

( = -(*,-.,)(*.-.,)(.,-.,)"= «•(!-,)•, 
and this is a root of hie equation (59), p. 75, 

7C - 2* . 3'g,e-2. 5.7. A(«-3' . 7 . A'i*-2 . 7 . AV- A* = 0. 
Calculating the invariants of the cubic S, we shall Gnd 

I2ff,=: (l-a+i^)(l-lU+30i*-15;»-10;*+5«°+j«), 
'21%,= l-18s+... ...+6z"+z", 

A = «'(l-z)'(l-8= + 5i'+s*). 

25. The parameter r employed in Klein's " Modultii' Equation of 
the Seventh Order" (Proc. Limd. Math. S<ir., ix., p. 125 ; Math. Ann., 
XIV., p. 143), 

J : J^- 1 : 1 

= (T' + 13r + 49)(r' + 5r+l)»:(r'+14r'+63r' + 7(h— 7)': 1728r, 
is now readily seen to be connected with 3 by the relation 

and then r'+13r + 49 = *^~'^fi '. 
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This relation is unaltered if « is replaced by — , or by , tbns 

constituting a group for this cubic equation in z^ corresponding to 
the parameters fiif,, fw„ f m,. 

Referring to Klein's article in the Maih. Ann., xiv., p. 425, ** ITeber 
Transformation siebenter Ordnung/' and to the Modulfunctionen, 1. 1., 
Abschnitt III., Chaps, vi. and vii., we find that we can put 

X=^, = -z (^-1)», 
thus satisfying the relation 



Also 






Av/-A = 



^(^-1)*, 
z^'^iz-lf^ 



so that, as a verification, 



4i = - 



A. 



2»(a-l)-»=^, 



4iz=- - 









Now, if for given /, one root of the " Modular Equation of the 
Seventh Order " is given by 

_. 49z(z~l) 

49 



- , , 1 , «— 1' 



1-z 
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he seven remaining roots are expressed by 



5+.+ j^ + '-^ 
r = 0, 1, 2, 3, 4, 5, 6 ( . = e*^. 
Thns the irrationality- z* (z— I)* 

plays the same part here as the icosahedron irrationality x^ in § 16 
above. 

We can put z = —x~ —, 

•^ z 

and then r = — n/_. — 77 ■ 



!6. Taking the integral 
I(v) = 



"J («+«)ys ■ 



and calculating p = P by the formnla of § 9, 

where Jg, ^ ig^ ^ ;e ^ a (1 ^*)', 

S9i = i9t = y = *(!-*). 
|»-t- = «(y+l)=*(l-z)'(l+«-^), 



then 
and 



/(r)=C08- 



= „■ .■ («'+g»+I>>yg 
2 (8+ie)J ' 

Knowing p or P, we can find Q, B, T, C, I>, by comparing co- 
B in the relation 

(P«»+G<'+i?»+r)'+c«*+o»+i>)'S = 4(«+ir)'. 

,. XXT. — NO. 489. Q 



226 Mr. A. G. Greenhill on Pseudo-Ell Iptk IniegraU [June 8, 
and also in the verification by differentiation ; and thence 

Q = 5-17i+28«'-15i»-a:*+a=», 

B = -(i-0'(i-5«+n='-i2.-'+o+:w). 

r = 3'(i-i)'ci-ii3+--'+='). 

A nimilai' prooedui-e nill sei've for the paeiido-elliptic integmla, 
7/-. \ 1 f r.s + Viiy J 

By putting s+j- = /, 

where 7= 4f (i+i*-/)'- {(l-i+^) ?-r (l-r)'}'; 
and putting s + j- — y ^ i-. 



■(!-=))•. 







;(3.) = 


,\-^ 




-■),; 


where 


V = iv(, 


,+!"-.-•, 


1^ = 


-3; 

= 8. 


.+.-■) 


1'— . 


27. The 


lel.tion 




n = 


iO, 






or 




:.(,-, 


,-f)- 


-(,- 


-»)' 


= 0. 


is found, o 


n potting 


j- = y 


<l- 


-). 




to bo satisfied hy 


y = ' 


•-?'■ 


1 = 




2-« 



Now *, + 'r = it?--^ = : - ,-'. 

HO that ■ . *, = :', 

ie a root of S = 4s («+«)'- ((!, + l) j;+.^yj= = 0; 





*^^^^^H iB^jpygM^p^pi^^gBpir^'*» 
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Calculating tbe invoriautB of this cubic 8, 
12j, a-')'= {(l-a^j'+'fe' (l-')')'-24^(l---)' (1-2^)', 
216s.(l— )•= {(l-22)'+fc'(l-0'}' 

-36^(l-j)-(l-2')'!(l-it)'+4:='(l-.-)'j 
+ 216«'(I-2)'(l-20". 
i<l-s)" = i'{l-j)'(l-2.)'(l-8!+8.'). 

Oierater's " Modnliu- Equation of the Eighth Oilier " is (Malk. 
Attn., XIV., p. 541) 

J:J-l : l=4(r*-8r» + 20r'-16r + l)' 

: (r'-4r + 2)'(2r'-16r' + 40r'-32r-l)': 27r(r-4)(r-2)'; 
HO that this r, distinguished as r„ is connected with onr z by 
1 ., _ (1-2^)' ._,_1-8s+8j' 



2.-(l-z)' 



2s (1-.)' 



This r, is connected with r„ employed in Gi 
Equation of the Fourth Order," by the relation 



2t(l-..-) ■ 
I'ster's " Modular 



r. = - 5'. ('.-■!) 
o that the con'osponding x, distinguished 



l_-8£+&f 

8/(l-.-)'- 



■' 8t, 4r,{r,— t) l-8;+8i'' 

•l + 2c.=y(l-16,.) = -7li=^3-^. 
28. Stiii-ting with the integral 

and culculatiug p ■= P, then, with ^ = 8, 

and 5, = g, = 2(«,+j-) =2j, 

?. = ?, = 2 K+;t) = 2y, 

1. =2(.. + .r) = 2rJt^-; 
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HO that 



= 4r«/+4p2 Ox (y+1) 

y 



X 



p-4-+2y + 2 

y 









Replacing s by — -j, the psendo-elHptic integral can be written 

(1— s) 

^-1 f (3-4.)[<+z(l-.-)'(l-2z)}-4r(l-z)'(l-2.-) ^^ 
whei'o 

29. Denoting the i-oots of this equation 7^=0, in descending* 

order, by 

'•? *fii s» 

Xow we find that the integral 



/ = cos 



= sin 



2{/+s(l-a)'(l-2z)}» 

y(4/»_(l_2;)'/+j«(l-e)'(l_2.-)«] 



2[/+»(l-z)'(l-2z)}' ^ V M' 

where, an deteiinined by an algebraical verification, 

(7 = - (l-zy(l-2z+2z'), 

Q = _(!_«)' (l_2r)«. 
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This iotogral / being /(o), where we may aappoee i 
/(2v) in of the form 



bat, a 






it falls ooder the case of /i ^ 4, and the expression can be ix 
spondingly simplified, at the same time affording interesting i 
panBons and verifications. 

Since I (3v) = /(-,- J-O, 

it can be derived from / (v) by the Bubatitntion 



1-^(1-.)'^ 






and wo thus find, dropping the accent of t, 

J.. , ^ J(l- fe){l-^(l -»)(l-2a)j-<^(l-.)(l-2.)j, 
°1' {l-^(i-=)(l-!!z)jyT 



30. TheiBotfl of r=0 c 
parameter r, by patting 



1 be expreDRed rationally in termx of a 



" l-2e" 



.■.o.._ (i-*'tac')' 






(1- 



l'(l-2i!+2cV 



(i-ae-)' 

_ c'(l-c)'(l-2i!t2c ')' 
(l-2«')' ■ 



_ c'(l-e)'(l-2»)' 
■ (l-2e-)' 



provided 



1-IW 
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To oTtHiiiij that V = }«!, wo miiHt have 

and .-» (l-.-)(l-2z)---' (1-,)' = -^(1_«), 

both iKi^tivii, anil lliei-efoi-e 

i(l— t) 111- r (l-c)(l — a-) mnBt be positive; 
othoi-wiMi! wo Nhould have 

and /(r) wuiild bo Hiiitable for the conRtmction of an atf^braical 
hmiNinuHlo. 

AciN nil i tiff to Qiio-Hter {Mufh. Ann., xrv., p. 540) the parameter t, is 
connm^tcil willi t, = t by the relation 

fc, = -r(T-«)(T-2)'; 
no that, uxpivHHCil in t«nn8 of e, 

, ^ (l-2 c')'(l-4c+2o')'a-2e + 2cy 
' l(>(!*(l-e)*(l-2c)* 

Bud til id T, is theiiifuro given by 

'—'■^- 

itinop, pxinvsHod ill teiiiui iif e. 

■I _ •*■ -' (1-c )' T _(l- 2t^)(l-4 c + 2. ^)fl-ac+2e')' 
' (l-2«j' • " (l-i!c)' 

SI It is iMiiveiiioiii to drop tlit- denominator (l-'ir")*, by pnttinff 



(l-i')(:l-V + i-){.+r(l-r)"(l-i)(l-i-+iOi 
f -4,(l-r)'(l-i-)a-i+*^(l-2<') 

I ;.+r(l— ■l'a-2fKl-'i- + 2f')!.'S 

i, ' "-<'-'•>' tl-'-^-* -'-it^- ^-t"*r'> 
•Ji.i"(l-,-)'(l-i)(l-i-+i^i' 

,»-' (i-a.-^(-'-i.-+-'l.— U -f)'('-i--a.-')' 

i!<Ttl- .Sl-i)<l-2r+i-^>;' 
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(l-2i?)(l-*! + 6c"){.-c'(l-(!)(l-2«)"(l-2e + a)} 
j,j,j^jf -tc-(l-»)(l-2c)-(l-2c+2o')(l -2«'). 



-r'(l-c)(l-2c)"(l-2c+2c")jys 
(l-2c )'(l-4c'+4.') ,, , , 



-e-(l-t)(l-!!e)'(l-2»+2=")) 

^^±^ r. ^<— ■>■ 



•,) 



(.-c'(l-«)(l-&)'(l-2»+2e')j' 

32. Working with Abel's form, involving the qnartic X, we ahall 
find that, with ^ ^ 8, we caa split up the qnartic X into two qnad- 
ratics X, and X^, of the form 

X ={«'-(l-2c')^-c(l-c)'(l-2c)|*-4c(l-c)'(l-2c):r 

= {^-(l-2c')a-+c(l-0*}*-4c(l-c)'(ai-c+c')', 

X„ X, = :r'-(l-2c') a-+c (l-c)*±2 (l-c)v'(c-c')(ie-c+cO ; 

and then 8fc = - l-ic+Sc*, 



and 



f&c-l-4c+8c'j. 



is a pseudo-elliptic integral, and the reanit in 

1= coth-'A(if-rs^+Qx-B)^X, 
= einh-'^ («*— Bi' + C«— I>)yZ„ 

wien jl' = 4c"(l-c)'(l-2e)V(o-«'), 

P+B = 2(3-2<s-3e'), 
P-S = 2(l-«)v'(«-<0i 
e+0 = 2 (3-6c+2t'-2«'+4>"), 
Q-C = 2(l-e)(2-e-2c')y(c-o") ; 
fi + I>=2(l-e)'(l-2c + e'+c'-26*), 
R-D= 2 (1-c)" (l-c+c'-2e")y(i;-eO, 

and the irrationality /(c— c*) can be tflmoved by patting 
"" 2+ai"' '~°~ 2 + 2o' 
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;.=9. 


SS. The relation to be satisfied is 




y. = 0, 


or 


/(y-x-/)-(y-xy = 0. 


Pnt 


y—x=yz, x = y(l-z), 


then 


y(z-y)-^ = 0. 


Again, pnt 


z' 


then 


z=p-f. 




y = p'(l-p). 




x=i^(l-pHl-p+p^. 



Forming the invariants of the cnbic 

8 = *»(s+xy-{(y+l)»+xyy, 
then with « = pit—pv, 12|»ti = — (y + 1)'— 4ir, 

12j,, = 144p'r-24f."e= {(y+l)' + 4j;}»-24(y+l) A 

21fty, = 864p*v-2l6gtpv-216p'*v 

= -i {(y + l)*+4*}*+*{(y+l)'+4wr} 

X [ {(j,+l)'+4r}'-24 (y + 1) x] -21&e» 
= {(y + iy+4xy-36{(y + iy+4x}(y + l)x-2l6x*, 

1728A = (12s,)'-(216<,,)', 

A = ;r» (a- (y + l)'-y (y + 1)»- l&r' + laty (y + 1) -27jy } 
= x*{(y+iy(x-y-y')-163?+18xy(y + l)-27xy'}, 

and with the alx)ve values of x and y^ we find 

A =;.»(!-;>)• (l-.;>-|-y)»(l-6/> + V+;'')^ 

Quoting the " Modular Equation of the Ninth Order," given bjr 
Gierster (Math. Ann.^ xiv., p. 541), 

J: J-1 ; 1 = (r-l)»(9r»-27r'+27r--l)» 

: (27r«-162r*-f 4O5T*-504r»H-297r«-54r-l)« 
: -64fr (r*-3r+3), 
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J 3 



• 



or by Kiepert {Math. Arm.^ xwii., p. GG), 
J : /-I : 1 = (f+3)»(f»+9f»-h27f+3)» 

: 1728f(f«+9f+27); 

and similai* equations given by Joubert (Sur les equatiotis dans I 
theorie de la transfonnaiiondesfonctionselliptiques, Paris, 1876), we fini 
that the quantities j?, r, and ( are connected by the relation 

p(i-p) 

80 that 9(r«-3r+3) = ^+9f +27 = ii=£±^'. 



We can write 



^- 1 ^ A 



P ^-P 

and the substitutions of and ^^ for p leave $ unchanged 

l^p p 

and thus we have the group of substitutions for this cubic in j 

which may be taken to correspond to the parameters 



If we put 



i«ii >•» f«8- 



P = -^'J 



then 



-M.-l)-«.3 = ^^l^. 



34. We may suppose v = -l^,. 

And then I2pv = — (y + 1)*— 4b 

= - (i+y-p*)'- V a-p)a-p-^p') 

= « l+0-6p"-M0p*-9p*+V-l>*. 
12p2t; = 12pt;+12a; 

r2|93v = 12pt; + 12y 

= -(y+l)'-4fl; + 12y 

= _l+0+V-2p^-V+6p'-p'» 
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12#)4t. = - (y+iy-4a+12p (1-pXl-p+p*) 
= - 1 + 12p-3()p'+3V-21p*+6p^-p*, 

l2Gi = 12 (pv+p2v+p3v+p4,v) 

= -4(y+l)'-4e + 12y+12p(l-p)(l-j»+y), 
SO,= -(l-p+p*)'. 

In the psendo-elliptic integral 

-Pm^k (?i3»+?.3»+g«3«+?49.+?.3»)-7p'«' 
= 3i«i+3«3. + i3'«-7#'"«'. 

i3i= * =i^(i-i>)(l-i'+j»'). 
i9i= y =?'(!-!>). 



k. = ^^^ = P (1 -P)(l -/'+P'). 



SO that 



y y 

P = 3y-f 3-f 4— ~2a; (y*"f )' 

35. The result which is given in the Proc. Lond. Math. Soc, xxiv.» 
p. 10, is obtained by putting 



1? =: - — , and »+«= (1— r)*^; 

1— "C 



and now 
where 



w = f 






(if, 



T=4f[(l-c)'^+c(l-c+c«)]*-{(l-2c-|-c>-|-c»)«-c(l-r+c«)}', 
and the result of the integration may be written 
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where P = 7-18c-|- 15r'-5c», 

Q = - 14 + 53(^-76c'+61r»-25c* + 5c*, 

R= (l-c-|-c»)(7-33c+38c»-23c'-|-6c*-.c*), 

iS = - (l-c+r')« (l-.9c + 6c'-2c»), 

F=-c(l-r+cy, 
Cf = -3(2-2c+c*), 

i)=:(l-o+0(5-3c-hc»), 

^ = -(l-c^-c'y; 

the work has been venfied by Mi\ T. I. Dewar. 
These results w^re obtained originally by patting 

?f = 94 

in Abel's formulas ((Euvres completes, ii., p. 162) ; and then it was 
found that we could write 

X = {oj*— (1— n) ar-|-m]'-|-4ma*, 

and n = — l^'-hp', rn = — ^ (1-"P)(1— P+p'), 

when X has the factor 

^-(i-i>)(l-i'+l>'); 

also 9A; = -2-3p>+4p'» 

and then the substitution 

will lead to the preceding results. 



:-(i-p)(i-p+P«)=£ii^£±£!) 



Ai = 10. 
36. The relation yio = 0, 

or y* (xy— a'*— 2/*)— a- (y— a5-y»)' = 0, 

becomes, on putting x ^ y (1— z), 

and this again, on putting «— y = — , 

P 



becomes 



(p-.^)(l-^).^(l«^)=0; 
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«> that, patting z = (l+a)(l—p), 

-a(l+a) i_.__l__ 
1— a— a' 1— a— a' 

_ — a(l-ho) 
^ (l-a)(l-a-a»)' 

_ -a(l4-a) 

(l-a)(l-a-a»)'' 

Then .,-h. = ^(y""7/) = -— -— f -, 

so that b\ = 



* (l-a)''(l-a-aO'' 
and «— «B is a factor of 



^-^r (l-a)(l-a-a*)M 

i(l--a)(l-a-a'')*"^(l-a)«(l-a-ay5 ' 



Put s = 



(l-a)«(l-a-a'y' 
and (l-a)«(l-a-ay/Sf= T 

= 4< [t-a (1-a')}'- {(l-3o-a«-|-a») ^-|-a' (1 +a)« (1 -a)]* 

= 0-a«){4^-(l-fa)'(l--a)(l + a-|-3a*-a*)^ + a»(l-|-a)*(l-a)*} 



= 4<.-..)[,-(l^')'{.-.Ml^.)v/H^']l 

We can also write 

T = 4^ {^-a» (l-a»)}'- {(l-|-a-a^ + a») ^-a^ (H-a)' (l-a)}», 

so that, on comparison with the case of f* = 5, the x there, distin- 
guished as x^, is given in terms of a by 

1-l-a 



^ = ""::i 



a» (1-a) ' 



Then r, = -— -hll-har. 



a' (1-a*) 
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37. Forming the iiiTariants of T, and comparing the Tallies with 
Oierster's " Modalar Equation of the Tenth Order " (Math. Ann., 
XIV., p. 542), 

j_l : {4r'-4Or'+160r*-320r'+320r'-130r + 5)'' 
(r'-4r+5)(r'-3r + l)' (2r'-6r+5)' (4r'-28r»+66r'-52r— 1)' 

27r(r-2)'(2r-5)', 

we find 

so that t 



l+4o- 


-a' 




2a 




1-a' 
2V 






l_o- 


-o' 





. 1— 6o+2a'+6a'+q' 



l~6ffl+8a'+6o'+o' 

' 2? 

T (2t-5)* 



(l-to-„-)(l -„-„■)■ 



It is convenient to pnt 
and then u 



' 1-c 



»- t(l+lc-(0' 

Then, denoting the roots of T = by (., /^ *„ and patting 
i4= (l-a')(l+4«-a'), = r»+c'-c, 



f. ; 



( (n-a)(i-.)'+(n-a)y^ r_^ (o'+yo)' 



■')' 



( (H-n)(l-n)'-(H-.)y-i V_. (e'-yC)' 
i 4 i ~ (1-c)' • 
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'^. It is convenient to suppose ff the middle root of T = 0, so that 
we may put 

and therefore we must suppose 

= W" (l-fa)* (l-a)(l-ha + 3a'-a») a' + n' (1 -f «)* (l-a)« 



= _4a«n +l-a) 



to be negative; that is, 

— +1— a = _ --' ^ must be positive, 
a 1 — r 

which is the case if 0<c< 1 ; but as C must be positive, if 

J(v/5-l)<r<l. 



Putting 






(1-r) 



fl' 



and denoting by .Vj, /?j, .<,, y^ the values of >• corrcspomling to r, 2r, 
8r, 4r, then 

= _ (1 _,.)• (l-a)» (l-a-a')V 



a\2 



(l~a)(l-^7-«^) 



= -4r(l+r)(l-r)». 



and .<! must be positive, and therefore r>l if positive, if ,<, is to lie 
between x, and *„, in which case we can take 



Similarly 



^' = <^i + >8- 
>j = 0, 

.V, = -8r(l-fr)*(l-c), 
y, = -4r(l + r)«(l-r)S 



80 that, to ensure making x, positive and s^ negative, we had better 
suppose r positive and >1. 
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39. We now investif^te the paendo- elliptic integralH 

^ ( P .(.-«»(e+l)(e-l)'i-8W('+l)C«- !)■('■-*«- 1) J, 



f(.l.) = 



■I ;.-4o(c+l)(r-l)'}ys 

, f P..-20c(.+l)-(e-l)' j, 

" J *ys 

1 ( P.(.-..)-20.(=+l)'(e-l)(e'-*.-l) J 
"J (.— ,)^S 



,,. ,, _ , f P.(.-..)-W(»+l)-('-l)' 



Then (§9 



.. = 4(.-+yo)', 


,,= (c+l)'(o-l)', 


.. = 4 (I?- yc)', 


0=«'+^_c. 


Pi 


(l-.)(l-»-a') 


, y ,+ (»-)'., 



= 2+2— 2z+2^ +p+y+l 



■ +S + 1 



P, !=4(2-3<i-a"+a'). 



Wilt 



1+c' 



.Sc^-lV + c + l 



but the denominator (c—1)* of P, must be omitted when employed 
in the last preceding form of the int«gr»L 

The valnes of P, and P^ can be inferi'ed from the int^gi-alu dis- 
coBsed under n = 5; tbns 

iP,=ic(c+l)'(l-3*) = c*-c?+7c-3, 
iP, = c(c+lV (;E+3)=3e'+7c'+c+l. 
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The determination of P„ P„ ... may be simplified by noticing that 
if the sum of two parameters is equal to a half -period, say 



rj+r, = *»., 



then, in the general case, 



P,±P. = 



- M^Z-iSt ^ Mv'-^ . 



»,— «. 



«8— «. 



this follows because the pseudo-elliptic integrals are transformed 
into each other by the substitution 



»— ». = 



— ^« ^fi • ^* ^T 



»— «. 



Thus, as examples, 



80 that 

We now infer that 



P.-P, = 206*, 

Pt-Pt = 20c, 

iP, = c»-c' +2c-3. 



nDl 



ds 



= sm * ^- ^ \/(«— *. . «— *^ • »— V 

d4 



= cos- («'-e'+7c-3),'+... ^ 



^dl' 



dg 



^ Bin 



;^.i «-4c(c+l)'(c'+c'+3c-l) /g 






and thence the remaining integrals 



Hi'-'z), J(i«.), i(«.+ i^^^«.) 



can be inferred by linear substitutions. 
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/. = 11. 

40. It was in worHng out this case in Abel's method that the clue 
was obt^ned hy which Halphen'a function y, and his x and y were 
fonnd to be available for the theory of psendo- elliptic integrals. 

With the notation employed on p. 162, t. ii., of Abel's GBuwes 
completes, we pnt 

j, = 0, or 3« = ?w 

and then, with c = 0, 

kp'+apq,-q,q\-q\ = 0. 
We can replace a, b, and p by X (n— 1), \*m, and 4\*m ; this is 
eqnivalent to taking — aa independent variable ; and now 



n^ 



t5): 



lo that, dropping the common factor 8X*m', 
This becomes, on potting 



'^fer^- 





l + (. 


-')"-? 


-(l+5)fe=2l*_„(l+5) 


^' 


= 0, 


md 


again, 01 


« potting 










! + (« + 


if.-': 


).;.-('^-5)ii^ 












-'(i+it,)<'+" 


1 


= 0, 


or 




(i+»- 


*-5){«(l+e)'-S(l+?)J = 


:0. 





TOL. XXV. — HO. 4)90. 
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41. The factor l+c+g = 

makes n = 0, corresponding to fc = 4 ; so that we take 

3(1 + 9) = c(l+c)'. 



or 

where 
Thence 



and, putting 



^ l+c+g 
l + c 



2g = -l+yO, 
0= 1 +40+80* H-4c». 
m = c(l + c)(l+c+5), 

g4=36 = 2c(l+c+g), 
X=l, 

Z= {aj' + (n— l)a;+m}' + 4mar 
has a factor 
and we can throw X into the form 

Calculated according to Abel's formula, we find 

llj, = a^. 27^y^+2 g, g,+2 g,^ ,+ g! 

P 

= -l + 6c+5c«+2\^5. 

1+c ^ 

But now we reduce the integral to the form we have employed 
previously by the substitution 



and, taking 



l+c t 

M= 2 ;, 

cUl+c)" 



we shall find that the integral assumes the form 

j^,rmii^(i+ci'^ 

^ J tVT 

where T= 4^{^-c'(l + c)ry]«- {(l + 2c-c»+29 + cg) ^+c*(l + c)'}', 
P = -(l+c)(l + 5c-60 + (2-5c)5. 
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Then I=cos-'il±9^+^^±8i+Ut±I 

_Bin ~ fl, 

and, knowiDg P, the ralaea of the coefficient Q,R, ... 0,D, ... can be 
calculated by on algebraical verification and hj a differentiation. 

42. To connect np these reenlta with the " Modnlar Equation of 
the Eleventh Order," given by Kiepert in the Math. Ann., sxxii., p. 93, 
and by Klein and Pricke in their Modulfunctionen, t. ii., p. 437, it 
was necessary to fonn the discriminant of T ; the algebraical labour 
was very great, and I am indebted to the Bev. J. Holme Pilkington, 
Sector of Framlingham, for a verification of this and other reenlta ; 
the resnlt obtained is 

4 = -c"(l+c)"{(H-c)' + (2+c)?j'{(l+c)*(l+3c) + (2+2c-c')3}.- 

We mnet next fomt the expression for Eaepert's / {Math. Ann., 
X3VI., p. 393) given by the formnla 

where t« = pmv~pv. 

Since Halphen'e equation 

is equivalent to the relatione 

T> Vt Ti 7, 7i 

therefore /-■ -T^T-y»y»y«y'Y>y»y»y>Y»- ^^^" 

(yiyiy.T4y.)* (riTjyiy.v J' ' 

and thence, or otherwise, we find that 

f-' = <?q*(l+C + qy = -c"'il+cy{il + cy + (2 + c)q}'- 

Next we find that, in Klein and Fricke's notation (Modulfunctionen, 
u., p. 442), 

y , = UA'=^r = c(l+c){il + cy(l+3c) + i2 + 2c-<^)q\. 
K 2 
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43. The determination of Klein and Fricke's B^ was not efEeoted 
without the kind assistance of Dr. Robert Fricke, who pointed out 
that the requisite clue was afforded by his equation (^Math, Ann.j XL., 
p. 478) 

and thence we find 

US' = - (H-c)»(H-c-2c»+c») + (2c + 5c»-2c*) q. 

The parameter r employed by Klein and Fricke, ii., p. 440, given by 

A' 

which is connected with Kiepert's parameter 17 (Math, Ann,^ xxxn., 

p. 96) by the relation ij 4-8 = — , 

now leads to the relation 

^Q, 1 _.g'_ -(l-fc)'(l-hc-2c'-hc»)-h(2c-h5c'-2c*)7 
'^ r A' c(l+c){(l+c)'(l + 3c) + (2 + 2c-c")g} ' 

_ (l-hc)»{(l-fc-2c»-hc^)r^c + 3c»} 
^ (2c + 5c'-2c*)r-c(H-c)(2+2c-c»)' 

, ^ (l-h4c-h9c»~ 3c' ~2c*-hc"-fc*)r-hc(l-hc)(-l+3c-h8c'+3c») 
"^^ (2c + 6c'-2c*)r-c(H-c)(2 + 2c-c«) 

Multiplying these two equations together, putting 

g(l+3)=c(l+o)', 

and reducing, we shall find, finally, 

(l-h4c-9c'-27c»-13c*-f c^) <? (1-hc)' 

-r(10+40c+31c'-28c»-9c*+10c*)c*(l + c)* 
-r« (l + 4c-f 2c'-5c»-2c* + c*)' = 0. 

Putting F= H-4c+2c*-5c»-2c*+c*, 

this quadratic equation for r can be written 
{F-llc>(l-hc)^}c*(H-c)'-r{lOF+llc'(l+c)'}c»(l+c)«-r'F»=0; 

and putting H=_^,, 
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Solving this equation as a quadratic in B, 

a 2H— ■ 

when, aa in Klein and Fricke's notation, 

r'» = l-aOr + 56r'-44r'. 
Thus the required relation between c and r is 

l+4c+2(^-5f*-2e*+c' __ l-lOr+r' 



■J + S: 



. 1 



= v^{(l+8)(9*+V~72>,-364)}, 
in Kiepert's notation (Math. Ann., xxxil., p. 96). 

Given r or i;, there ia thus a quintic equation for c, corresponding 
» thie five parameters 



(2, 4, ' 



, 10): 



11' 



and the group of this quintic is 
, l+2e±^0 



-l-4e-8e'±v/0 
&:■ ' 2(l+c)' 

The " Modnlar Equation of the Eleventh Order " ia now, according 
to Klein and Fricke, 
/: 3-1 : 1 = (2'.ll.r'-2*.23.r+61-2'.3.6.r')» 

: {7.2'.ll'.r»-7.2'.3.11.r'+7.2*.3.23.r-7.5.19 

-2.3'.r'(2'-ll'--37)}' 
:2'.3».rE2'.ll.r'-3.7.r + l-r'(llT-l)}«. 

These authors add in a foot-note the remark that the identification 
of their form of the modular equation with those given by Kiepert 
in the Math. Ann., xxxii., p. 96, is easily carried ont: " Die Ueber- 
fuhrung dieeer beiden letzen Qleichungen in einander ISsst aich in 
den That miiheloa vollziehen"; but I must confess that I did not 
find this operation very easy. 
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44. If, however, we adopt Kliepert's notation, and put 

«» = (5»+4P+8{+4)(«'+8P+16{+16), 
Tr=(«+2-2£-»)w, 
TP = (.|+8)(q'+V-72,j-364), 

A = (f+2)({*+9?+26£'+36{+16) =?+ll««+44?+88r+884+32, 
= il'+2P = ?''+ll (2i»+19?+104£'+368{»+886f +14725* 

+ 1664? + 1216P + 61 2Q + 1024, 
then we may pat 

i^ = 50+32-{ (4+l)({+4) ilw, 

?^ = 2y(2Q {({+l)(4+4) tr-4}, 
or ^=61.»'+608i,+1312-60Tr, 

Then 

m^_ 61iy'+608iyH312-60Tr 
If* f(7+32-£(£ + l)(£+4)^tr' 

^' ^ (>?'-5>?~16)y(T?-h8) + (i?-3)y(iy»-h4iy«~72iy-364) 
M^ 2y(2£){(£+l)(i+4)«;-^} 

and therefore 

^' ., (iy'"5iy~16)y(iy-h8)-f(i?--3)v/(>?'-h4iy~72iy~364) 
ilf» 61i|'+608i? + 1312-60Tr 

^ £0+32-1 (£+l)(£+4)^«7 



2^(20 {(£+l)(£+4)«7-il}' 
and, after algebraical redaction, 

^-■ (g-H5)y(£'-h4r-h8f-f4)-Kt+3)y(;»-h8;'-H6{-H6) 

Jtf^ 2v/(2{) 
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Memoirs on the "Transformation of the Eleventh Order," by 
Brioschi (Annali di Math,, xxi., Dec., 1893, also Dec, 1883), and by 
Klein (Math, Ann,, xv.), may be consulted for the employment of 
other associated parameters. 

Substituting for — its value in terms of £, namely, 

— — ly+o — , 

r 4 

and putting JT = 11 (K+ 1), 

then 11 (K+iy+ lOK±n _ ^ == q, 

r r 

or2r(£»+4P+8£+4)*-(10^+ll)(£*+4p+8P+4^-ll(E:+l)?=0, 

or jrr+8jri«+ii (2js:-i) i*+(32ir-44) ? 

- (112P + 6E:+ 99) ? + (24K'-44) £ -f leJT = 0. 

If we could discover a quadratic factor of this sextic equation, say 
of the form P+i!{+4, 

we should obtain the relation connecting 'our c with Eliepert's 4. 

45. The transformations we have usually employed, namely, 

y-x = yz, Z'-y^ — j 5? = c(j9-l), 

P 

reduce the equation y^ = 

to p^—c^p'\'C'\'<^ = 0, 

and will lead to similar results. 
In fact, the first two transformations lead to 

«(l-2?)=jp'-/, 
so that asrsl+yP, 

where P = 1— 4p'+4p', 

and now the relations 

are sufficient to identify these results with those which we have 
employed. 
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^ = 12. 
46. The relation 7|, = 

ifl eqtdvalent to — = {^] , 

or (y-xy [x (y-a.-y«) -(y-a:)'} -{(y-x) ar-y»}* = 0. 
Pat y— « = y«> «— y = — > « = (l+a)(l— p) ; 

Jr 

then p = 



1-a ' 
.,^ -a(l-ha)(l-hg4-a*) 

,« -a(H-a)(l-hg+a')(l+o') 

(l-a)« 



Foiming the expression for »„ 



_ ( y-a'){(y-g)a!-y*} 
•■*■ (y-^-y*)' 

= (i>-2)(i-i>) 

_ a(l+o+a') 
(1-a)' • 

. _ a'(l+a+o')' 
• - (1-a)' ' 



and then «— «« ifl a factor of 







( l-2a-2a'-2a'-a« , a'(l+a)' (1+o+a*)' (l+o') 7 ' 
t 1-a '"^ (l-a)» 5 ■ 



Put » = 



(1-a)" 
and(l-a)«S = r=4«{<-a(l + a)(l+a+a')(l+a')}' 

-{(l-2o-2a'-2a'-o«)<+o'(l+a)'(l+o+a')'(H-a')}' 

=|{«-a'(l+a+a')'} {4«'-(l + a)' (l+a')(H-2a+6a'+2a»+o*) < 

W (l+a)«(l+a+a')'(l+a')'} . 
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47. Tlie discriminant of the quadratic factor of T is 

(l+a)-(l-a)' (!+«■)■ (l+*.+o"), 

and the dificrimuuuit of the cabio T is 

<.»{l+a)'(l-o)'(l+a')"(l + o+«')'(l+4a+a"). 

Oierster's " Modular Equation of the Twelfth Order " ie {Math. 
Ann., ZIV., p. 542) 

/:/-!: l = (r'-6r+6)'(''-18r"+126r'-432T'+732r'-501r+21)" 
i (t'-12r'+4e.'-72r+24)"(''-24>'+2407»-129&«+«80r' 

-7188r"+7«6r"-302*--72)' 
: 1728r (,-6)(r-2)- (r-4)' (r-3)' i 

80 that tliiB r, or r„, is connected with a by the relation 

,_2=il+ai'. 



'■ 


-4 = i±^, 
a 


r- 


-6 fl=^, 
a 


H 6,+6-'+2''+2«"+'''. 
a" 


Also (Gierater) 


'.= Jr('-6). 




. _'(r-4)' 
'• 8(.-3)' 




r('-6)(r-3)' 




'• -27(.-2)V-4)' 




. _'<'-6)(r-2)-(»-*)" 
-64(,-3)' ■ 
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48. Denotiiig tbe roots of T, in descending order, b; t„ i^, t^ than 

Denoting by f, the valae of t corresponding to s, or u, 

(,=_(l_a)«a! = aCl+a)(l + a+a')(l+a»), 

and *,-(, = o(l+o+a'); 

and this is positive, or ^ lies between t. and f„ if a is positive ; and 
BOW we can take «_».j.i_„ 

49. The pseudo-elliptic integi^ corresponding to v is 

IM-i f f«,-0 + ^2«(l-»')(H-a+J) J, 

*] (.,-.)ys "• 

whera pa! = i(3,3,+5,3,+g,g,+5,?j+5,5»+...+g,3,)— IQpV 
= 3i?i+g.gi+3.2.+S.?i-iPp"''. 



--n '^ (»-»-»*) 



J. = 2 



&-')((>-')"-?■} 
(j-»^-»')' 



-10»(!(+1), 
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%-6 



y— 35— ^ 

= 6-2(l + o+a«)(2 + a) 
= -2(6+3a+3a*+a»). 

Now 



(^) ^ 1 f (l-a)(5 + 3a-h3aHa')(^-0-6aa-a*)(l-f o+o') jj. 



= cos-^±^^+^ 



2(^-0 



+a« (1 + a)* (l + a+a«)>(l +«')'} 



where P = (l-a)(6+3a+3a'+a*), 

and thence the yalnes of Q, B, 0, D are inferred by a verification ; 

we find 
C = 3+0+6a«+4a»+6a*+4a»+2a«, 
D = (1 + aO (l + a+a')»(l+0+2(^+0+2a*+2a»+a«), 
Q = (1-a) (1+a') (6+lla+26a»+35a«+34a*+22a»+10a!»+2a0, 
E=(l-a)(l+a)«(l+a*)*(l+a+a')«(l+0+2a«+o«). 
The psendo-elliptic integrals corresponding to 

2v, or J«„ 

Sv, or «i+|«„ 

4r, or fw„ 
fall under the head of preceding cases ; and the case of 

Sv, or «i+>8, 
can be constructed from I (v) by the substitution 

and then 

' Pj = (1-a) (l4-3a+3a*+5o»), f^ = a« (l+a) (l+a+a«) (l+a«). 
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50. The relation 
being equivalent to 



or 



7876-7677 = 0, 



or y {aj(y-a?-t/») - (y-«)*} x{y-x-fy^ (y^z) {(y-«)«-y*}' = 0, 
becomes, with the nsual transformations, 

75 cp 

7e CJB*' 

l)y« = c* (l + c) « = c« (1+c) y (l-«), 
p«=c«(l+c)(l-«), 
|)0>-1) =c(H-c)(l+c-qp), 

= (l+2c-c«-cy+4c> (l+c)«. 



■or 



where 



Then 



z = 



l-« = 



c(i>~l) 

|c(-i^c«-c'+yo), 

|(2+c+c»+c*-cyO), 



l-_p -2c(l+c) 



1 = 1— c*- — = 1 — cH 

|, jp i? 



= l-c+ 



2(l+c)* 
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2(l+c)« 

»=-('-7) 

2(1 -he)' 



l+y = 



2-h4c-h3c»-h3c'-h2c*-hc^4-c' (l-c-c')yG 

2(l+c)' 



aj = y(l— 2?) 



25a 



= ^7^ {l+2c-2c«+2c»+6c*+c»+2c7+c» 



51. The next operation is to determine the relation connecting c 
with Klein's parameter r, employed in his " Modular Equation of the 
Thirteenth Order " (Proc, Lond, Math, Soc,, ix., p. 126 ; Math, Ann,, 
XIV., p. 143), 

/: /-I : 1 = (r> + 6r + 13)(r*+7r»-h20r»-hl9r-hl)' 

: (r> + 6r + 13) (r« -f 10r» -f 46r* -f 108r» + 1221^ + 38r - 1)» 

: 1728r, 
Kiepert's parameter L being connected with Klein's r by the relation 



= J7 



(Math. Ann., xxvi., p. 428). 



After very great algebraical labour I have found finally that 

c(l+c) c l+c 

80 that, considered as a cubic in c, the group of substitutions 



c, — 



1 + c 



1+c' 



leaves r unaltered. 
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Then 



'--*'''%^- 



r« + 6r + 13 = 



G 



and 12^1 



c?(l+c)" 
TO* (T»+6r+13)» (r« + 7T» + 20r» + 19r + l), 

t»« (r> + 6r + 13)» (r» + 10r» + 46r« + 108r» + 1221^ + 38r 

TO"r. 



-1), 



52. If we choose the valne 

then 12^, = O(l+c+c*)(l+3c-4c^-25(j»-23c*+22cf^+40(^+18</ 

-}-22(J»+4(W»+29c^«+9c"+^), 
2%, = 0* (1 +4c-3c*-40(3»-65c*+32(J^+235(^... 

...+2646«+82c'«+14c^+c^, 
A = (?c"(l+c)"(l-c-4c»-c»). 

Eaepert's expression (Ifa^^. Ann,y xxvi., p. 427) 

was employed for the determination of r ; the expression of A as a 
function of c and lyG was calculated, in the form 

and then Kiepert's / was calculated from the relation 

/"' = («1-«i)(«1-«4)(«4-0(««-«18)(«18-»m)(«M-O 
= («1 -O («1 - ^J («4 - h) («6-«8) («8-«6) («8-«l) 

or f = ^(,S,S,S,S,S,8,) i 

and then, if we find 
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It was tlms fonnd on rationalizing the denominator tliat the 
numerator and denominator differed by an irrational factor ; and then 






1 — C—^iC*— c^ 

c(l+c) 



bnt the algebraical labour was very heavy, so that a more direct 
method probably exists. 

The quadratic relation 

y(l+ct/)+c(l+c)=0 

changes the equation 1— c— 40*— c* = 

into y«+y*-5y*-4/ + 6y»-}-3y-l = 0, 



and now 



changes this into 



X 



aj-1 



= 0, 



thus showing the connection of these forms with the thirteenth roots 
of uniiy (Bumside and Panton, Theory of Equations^ Ex. 15, p. 101). 



53. Another long algebraical calculation will show that 

-24(l+c)*pi; = 2+8c+18c»+38c'+45c*+22c*+3W+96(?+102c* 
-h 60c^ + 38c*° + 36c*^ -f 24c" -h 8c» + c>* 

+c«-/Cf(6-f6c-19(?-32c»-18c*-llcf^-18c^-17c^-7(^-c^, 
-24 (l+c)*p2t; = 2+8c+6c»-22<j»-39c*-14c»-57c^-180c^ 
-174c»-72c^~68c^°-72c" -36c^-4c»-c** 
+c»yO(-6-6c+29c>+52c»+18c*-hl3cf^+42c^+31c^+5d»-c^), 

and so on. 

But we shall find that, if 



m 



. ^ _ <?{i+cy 



VG (p-2)il-p) 



j» 



or 2mV0= 6c^+6c'+c*+2cf^+3c»+(?+(2+2(J»+c*)ya, 
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then 



12m'|»3t; = - ^^^'^) +1 _3c'-a^+c', 
12m'p4t> = - ^ (^ + ")* +l+6c+9«J+4c'+<!«, 
12m«p5r = - ^ (^^^"^^ +1 +3c«+4c»+(^, 
12m«p6t;= ML^ +i^.6c+9c«+4c»+c*; 



80 that, by addition, 



12m«(?,= 12m*2V^ 

r.l lt> 

= 6(H.c+c«)*. 



54. If one root of Klein's " Modular Equation of the Thirteenth 
Order " for given / is written 

_13_ 13c(l-fc) 
^- T l-c-4c»-c» 

13 



1+c c 



then, guided by the results of Klein's article, " Elliptische Functionen 
und Oleichungen fiinften Grades " (Math, Ann., xiy., pp. 145, 146), 
we should expect, by analogy with the cases of /i = 5 and ^^ = 7, that 
the remaining thirteen roots are expressible in the form 



Tr= — 



(^+'z:+-+'-i)' 



4+C' 



1+c 



l+c c 
r = 0, 1, 2, ... 12; € = e^*; 

where the A^q are expressions such that A^* is a rational function of 
c and \/0. 
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tt=l4,. 

55. The equation r„ = 

is eqniTaleiit to ^= (^ ) , 

T. ^Vi' 

or y!v»-nyl = 0, 

or z(y-it-yO'{!/*Cy-«-y')-C!/-*)*} 

-(y-«)y'{'^(y-*-s*)-(y-«)'}'^ 

Putting y— a: = y«, 

, = «(,-!), 
this equation redacee to the quadratic in p, 

(l+e-2c'-fl)>"+(2e+3e')y+i?+<» = ; 



', patting 



8'+(2+3e)j+(l+0(l+e-W-c') = 0i 



Then 




where 


= j(l+2i!){4+5c+2(^, 




„ -2-4c+c'+2c'+c^/0 




, I -3e-2c' '0 

p 2(1+0) ■ 



3e+6c'-4c'-8c*-2<*+(l+2c-2e'- 
" 2(l+c)(l + c-2c'-c') 
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2(l+i:-2c"-c")" 

, jir.T._^i y'y. 



•.,=2»- 






(i+e)(i-ac)+(i-c)yo 



= i«(l+c) 
and s—s, is a &ctor of 

S=4,(*+x)'-{(3,+l)s+:n/}'. 

The resolntion of 8 into factors can now be effected, and the ooire- 
sponding pseudo-elliptic integrals for parameters 

u = t», or Wi+lu,, 
and also for parameters 2v, 3v, 4v, 6v, &v, can be conBtnict«d ; but tiha 
algebraical ezpressiona involved will obvioosly be long and oon- 
plicated. 

^ = 15. 

56. The relation Yu = 

can be ezpressed by the elimination of X between the equations 

1*7 



->.- ^. (p-mp+c) 



r. ' 
lie., 
flmploying the Qsnal transformations. 



{p-l){(l-c-<f)p + 2c+<f} 
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We tims obtain the quadratic eqoation in p, 

j>"-c (c-l)(c'+3c+3)f +«■ (c'+3«+3) = 0; 
aotbat 2p = c(c-l)(c»+3c+3)+c(o + l)yO, 

■nhete = ((?-c-l)(«'+3i:+3). 

Ihen . = ie{t(«-l)((?+3»+3)-2+c(t+l)yO} 

= J<{«+l)(o'+e--o-2+«yO, 

' _ (e-l)(e'+3e+3)-(i!+l)yo 
p 2(e'+3e+3) ' 

II ' _ (c+l)(c'+3.!+3-^0) 
p 2(?+37+3) ' 



_ (e+l)(<^+3e +3+yg) 
2(e"+3«+3) • 

• = »(!—) 

c{c'+3«+3)(e»+3i?+0-10e'-ll(?+3<^+12c"+e«'+2c'-c-l) 

2{c'+3c+3) 
57. Making nsa of theee valuee for the calonlation of po, |»2r, 
pSr, ..., and putting „. _ 24 ((^+3c+3), 
we find 
«'|.i. = -e(c'+3e+3)i-2(c?+3<:+3)(j+l)" 

= - (c"+9+30+35-45-186-195+16+2l9+228+123 
+21-27-12+6) 
-e(«+l)yO(c"+7+16+6-34-54-21 + 16+21+21+6), 

ofling the method of detached coefficiente. 
s2 
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ET 5" to ? 5 I- 



^ * 



HI 



s- r .-. » 
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58. Tlie relation 



being equivalent to 



/* = • 


16. 


yw = 


= 0, 


X' = 


■■^, 




y? 


x* = 


• ^10 




re 


x« = 


:>", 




75 


&c. 


'■> 



may be replaced by 2^ — ( ^) = 0, 

5!» 2ii— (2ip\ = 0, 
rr re We' 

-(s)'=». 



or 



or 



Zu 

76 



&c. ; 



and these relations, with the nsual transformations, will lead to the 
cnbic inp, 

(l_2c-c")2)»+4cp*-h(c'-.c»)jp+c^(l + c) =0; 



and, putting 






this becomes 5'— c (1 + c) (f^c^—if (1 + c) = 0. 



Put 
then 



q — ca\ 
c*a*-c (a«-a*-a-l) + l = 0, 



a quadratic for c in terms of a, the discriminant of the quadratic being 

(a«-a«-a-l)*-4a»= (a*-l)(a»-2a-l) 

= ii, suppose ; 



so that 



a'— a'— a— 1+ y/A 

^ 2^ 



a'— a' — a— 1 4- \/-4 
^ 2a 
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26S 



^ a-l a-1 



z 



_ (o+l)(a'-2a-l)-f y^ 
2a(a«-2a-l) 

_ (o'-l)(a'~2a-l)-h(a'-a-l)y^ . 
2a»(a«-2o-l) ' * 



59. The expression of GKerster's parameter r or r,o as a function of 
aor c has still to be discovered ; this can be effected by a return to 
the case of /i = 8 (§ 26) ; and (Gierster, Math. Ann., xiy., p. 541) 



(T-2)» = -2(T,~2)=i^=^. 



Now, in § 26, 



P 



«,-pii»>, ^ 2?'(i-g)«-hg(i-g)'(i-2ig) _ /1-gy 

«s-Pi«8 «* (1 -;»)•-«' (1-;5)(1 -2^) ""V z I* 



and, expressed in the notation for fx = 16, this is 






and therefore 



l-« 



= — , g= , , , 1— ^= a . ■- , > 1— 2z = — 



a*+l' 



r-2 = ^\ 



a 



a*+2a— 1 

T = ^ 



a 



T-4 = 



a«— 2a— 1 



a 



a' 

Also (Gierster) ., = _ l(l=4K,^l^+8Kr-2I« . 
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and, taking 



n _,V _ (a'+l)'(a'-lV(a«-6a«+l) 
U y " 16o« 

f\_ . Y _ (a»-4a*-2tt«-4a'+l)« 
V It / 16o' 

_ a»-4a'-2a«-4a'+l-(a'+l)(«'-l)V(a«--6<^+l) 

80* 

/-- («'-l)*-(tt'+l)^(a*-6a'+l) 
"^ 4a* 

«/ _ a'+l-'/( a* -6a*+l) 
^*~ 2^2a 

, , _ y(a'+2y2a+l)-y(a'-2y2a+l) 

^ 2y2yo 

or2t/2?/K = J(a + 2y2+i)-^(a-2v/2+ ■^); 

and now the pseado-elliptic integrals 

,/l, 3, 5, 7 \ t( .1,3,6,7 \ 

can be oonstracted by means of this parameter a. 



60. The relation y^^ = 

is equivalent to 

X = ^, X» = 1i5, X'^ = 5^, Ac., 
78 y? re 

so that, with the preceding transformations, we obtain 

-(l-4c-10c»-5c»-c*)(y-(?(l+c) 



= 0; 



or, with 






g*-c(l+2c)3'+c(l+c)(l-c+o*)3'-c(l + c)(H-c+c03 

-c'(l+c)' = 0, 
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{g»-ic(l+2c)y+im}' 
= {m+ Jc« (l+2c)'-c (l+c*)} 3» 

-{i««!(l + 2c)+c(l+c)(l+o+e»)}3+im'+c'(l+o)', 

a perfect square, if 

{m*+4^ (l+c)*] {m+i<> (H-2o)»-c (l+c*)} 

or m*-m*c (l+c')-mc« (H-c)(l-c-2e?+c'+2c«) 

-c* (l+c)» (I +2c+5c»+c'-2<!*+<i') = ; 
but this cubic appears irreducible. 

/» = 18. 
61. Here 

x=rB= ^ /(p-i){a-<'-<^)y+2c+c'} 

y. * (l+c)i> '' '' 

X« = 2i»= y.^ p'-<^P+c+<^ (2), 

V = Tl. ^-y.^ (P-l)K2+o)i'-l} :...(3), 

x' = ^.= y.^CP-i)'{i>'-(i-c'-<^)P-c(i-hcy} 

Prom (2) and (4), 
(c»+3c»-3)i>»-(c*+36»+6c*+3c-3)p* 

+ (2c*+5c»+6c»+2c-.l)|)-c(c+l)' = 0. 

Puttmg £_ = _, E^^ = _.p = _, 

«'-(2(^-l) <' + (c+l)(c'-(^+2c+l) t-2(J (c+1)' = 0. 

Put < = (e+l)x, and c = y for the moment ; 

therefore (l+y)a?+(l-2y«)a!»+(l+2y-y«+y')iB-2y» = 0. 
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Put «-y = 5f «+y = »'» * = ^-^» ^•^^' 

then r»(g+l)«+2r(2»+35+l)-g*-32'+2gf = 0; 

therefore r = -^-Sq^lJ- y/Q 

Q = g«+23»+65*+l(V+10g«+4g+l, 

0+1 ' 2(5+l)« ' ^ 2(5+1)' 

therefore 

"^' 2(g+l)' • 2(g+l)« 

J ^ 3^-2^-62^-72-2-£yQ 

2 (2+ 1)« 

_ (g+l)'{2(g+l)'(g*+3g'-l)-2(g+l)VQ| 

-4(3+l)*(<?'-3<?-l) 

P 2(3'-3j-l) 

_ -g«-2(?'-3q'-5(7-l4-(g + l)v/Q 

* 2(3'-3g-l) 

« = c(p— 1) 
^ (-q^-V-4<?-H- VQ ) ((y + l)(-«;f»-3(i^+04-l+ VQ) 

_ qf'-<-3g«+6g'+5(?'-((?'+2(?)A/Q 
2(5'-33-l) 

J_ ^ <i'+2<)'+3q'+5g + l + (g+l)y/Q 
P 2g- 

{3«+33»+6g»+ 5}- (5+2) >/Q} 

_«^_ {gH2g'+3g'+5g+l + (g+l)yQ} 

P 4(3'-33-l) 

_ 2 («?'-3g-l)(?»+«?'+0+l) + 2 (<^-3g-l)y Q 

4(2»_3g-l) 

2 
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p 2 



,=.(l-±) 



'"'^ -* 2(3»-3j-l) 

1 r - -«^-3g*- V-5«?'-6«?-2+ (g'+gg) yO 

2 (3»-3g-l) 

«=y(l— «) 

-(1+7+23+51+80+90+70+36+10+1) 
^ ( ^.j) +yQ (1+6+15 + 19+15+6+1) 



2(g»-33-l)' 
-(1+6+16+29+36+26+9+1) 



= 3(?+l)(3'+3+l) 



+ yQ(l+5+9+5+l) 



2(2»_33-l)' 



P 



,(,+l)(^+,+l)=^^±^±^^t±^^l^, 



- 5 (3»+43*+83»+ 143*+ 173+ 7) 
^l-«)=5(3+l)(2'+3+l) +^Q{<l+2)W+q+l) 



2(2»-33-l)' 






= a;> 



y«^ (l>-l){(l-6-c')j>+2c+c^} 1+c 
£^ 2E_ 



__ yz y(l+c){(l-c-e')j)+2c+c'} 
p— 1 c (i>+c)' 
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Put 



therefore 






««+« = 





p+e = 


1+e 
't-1' 




9—Z = . 

t-1 












(l+6)it-C- 


-c*) 


(1 +c) C (1 +( 


5) t-<J 


t-1 




t-1 


<-l 


(t-iy 








Bat 8g can be determined more rapidly by noticing that 



/9 ^9 /8 



y.ya (i+c)(j>+c) 

62. Now, if t-l = -y (q+l)* (^-2q-l), 

taking, from /u = 9, 

x=(?(l+c)(l+c+<?), y = (?+(?, 
S = 4» («+«)'- {(1 +y) as+asy}', 
and writing «+* = <, 

= 4<'{<-<^(l+c)(l+c+c')} 

- {(l+c'+c') <-«? (H-c)(l+c+c?)}', 
this can be written 

r = 4« {«+c (l+c)(H-c+cO}' 

-{(l + 4c+3c'+6»)<+c'(l + c)(l+c+(0r 
= 4» («+«)*- {(1+y) s+asy}'; 



1893.] 
again, if 



therefore 



cmd their Dynamical Applicaticna. 

t = m'«, 
c(l+c)(l + c+c^) =m}x, 

H.4c+3c«+c' = m(l+y), 
c«(l+c)(l+c+c*)=m'«y; 

my = c, m=(H-c)'; 
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X 



= l(l±£±^ y^ 



(i+c)« ' ^ (i+c)*; 



63. We have still to determine Gierster's parameter r or r^ as a 
function of q ; this proved very laborious, but it was finally effected 
in the following manner, by means of Oierster's relations {Math. 
Ann,^ XIV., p. 540). 

Patting ^18+ 2 = x, 

thence r = r^g is connected with r, by the relation 

• 3(t+2)' 

-3 (t,-1) = ^=^ = iB« - ^ . 

X X 

Also T,-l = (t,-1)', 

and refeiring to the case of /u = 6 (§ 18), 

80 that X and c are connected by the relation 



Now, in § 19, 



or 



PI<^s-pK ■ 2c-2c' _ ^ = j;» ■ 



so that, with the notation for /u = 18, 



.3^.3 



J ^ ^6 — ^I ^ ^9 T= ^9^7 

j^-«6 rwyj yj,yj' 



2 



-£±^ — 



— 1 -I- ^ — 4. £_ 

jp— 1 p+c p— 1 < 
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But 



1>-1 



c = 



so that 



t 

t 
X 



23(2+1)' 
2(q+iy 



~^ 2(3 + 1)* 

43(3 + 1) 

^ ^+3'-23-l-yQ 
43(3+1) 



a! = 



'■m = 



3'+3'-23-l+yQ 
23(3+1) 

^-3q^-6q,-l+yQ 
23(3+1) 



Thence, with the ^ = i?^ f or /i = 9 in § 33, we find 

-3(T,-l) = -l-i.+ -i- + -^ 

_ (/'+3(/'+3g«+(?'+3?'+33 + l + (9'+0-33-l)ya 



23' (3 + 1)' 



and this is satisfied bj 



^ ^ 2M^<^+2£+l+VQ 
^ 23(2+1)' 



80 that 



jp^-l = 



c+1 



64. It will be found that Jonbert's parameter x employed on p. 89 
of his memoir, " 8ur lea equations qui se rencontrent dans la thSorie de 
la transformation des fonctions elUptiques " (Paris, 1876), is connected 
with Gierster's t = t^ by the relation 



X = 



T + 2' 



and then 



T, = 



64 { (x-iy-\-l] 



4ic«ic* (a.-l)«» {(aj-l)»-8} ' 
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while Jonbert's parameter x on p. 91, giving 

^' 4,U "^Z (a.-l)«»((a;-l)»-8}' 

is connected with Gierster's r by the relation 

aj = T+3. 

So also Jonbert's parameter x on p. 103 is connected with 
Gierster's t = t^q by the relation 



0? = 



and then 



T. = 



T-2' 

1 64b 



^K^l 



(;,_1)5(^_5) 



65. The relation 



M = 19. 



being replaced by the relations 
\ ^y^s^yi (1— c— c')p-h2c-hc' 

Xs = Til == ^^ c(p-l) ( p'-Cp-hc-hc«) 
78 ^ (l + c)p« 

X' = -b. = J^ (p-1)' {(1 + 0-2(^-0') jp»-K2c-f3c«)j>^c« + c'} ^ 



y« 



F 



4&C., 



the elimination of X in any manner between these relations is 
found always to lead to the relation 

p*4.(-2+0 + 4c*+ 5c»- 3c*- 4c»- <f^p' 

+ ( i-.4c-12c«- c'+18c*+lW+2c«)2)' 

+ ( 0+3c+ 2c"-16c»-.21c*- 7c»- c^i?' 

+ ( 0+0 + 30^+ 7c»+ 3c*- c»+ 0)p 

4.(j» (1+0)^ = 0. 
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If we put p = 2-i ^ , 

r 

rJ»+(3+4c_c0r*+(3+2c-15c«-21c»-7c*-c«)r» 

+ (l + c)(l-4c-12c«-c»+18c*+llc»+2c^)r« 

+c(l+c)«(-2+0+4c'+6c»-3c*-4c»-c«)r 

+c»(l+c)»=0. 

No factor or rednction of this qnintic equation, in p or r, has been 
discovered so far, althongh it was hoped that a quadratio factor 
might be discovered, from the analogy between the cases of /a = 19 
and /i = 11, worked ont by Dr. Bobert Fricke in the McUh. Ann,, XL. 

Thus, in the case of /u =: 19, he shows there that the " Modular 
Equation of the Nineteenth Order" may be expressed by the 
relations 

= 2».3.19.il«-2'.211.4«£»+3.503^»B«-181B«T60BB (5il'-3B0, 

^ID ^ )\Qzi ^z) ^ ••• ••• ••• ••• ••• ••• 



A^ 



2 VA, 2 yA' = 2p^M (^-8^'S ±^) 



•/AA' = 



and putting 



{A^-B-y 

{A^-BY 

J? 
B 



E 



'' "■ DS » '^ ~ J5» ' 



also 
where 



r'' = -2M9r' + 2«.r'-2*.r + l; 
2r«8 



19P = s'p 



••• 



r«l 



19 



/I = 20. 
66. The relation y» = ^ 

being replaced, as before, by the isolations 

79 ^ P (P+c) 



y. ^ (1 +«)/>' 



-1)} 



77 



&C., 
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we obtain, by the eliuuiiatioii of X, 
;i-= 0,-1)} (yes)" {(2+.)p-l} -(l+tXp'-c-y+C+fl- = 0, 

or, putting f = !zi' 

If we pat 3*— (^3+c+^ = r, 

then this eqnation beoomee 

r-(l+«)- = r', 
or, with l+c = — o, 

2r = l+>/(H-4<.'); 



and thne 9, ^, i, y, and x can all be expteased i 
parameter a. 



terms of a single 



67. Here 
,r X = a = 



V = 31> = 



' J, {(l-c-c-)!. +&+<?) 
■^(2+„)r-l 

' j>Cp+«) 

■,.. ' (y-i)' ip'-(i-»'-i!^)r-e(n-c)'i . 



or else 



and, by the elimination of K '^^ obtain 

tf-ei>+c+c')"(p+o)-p'((l-«-«")!'+&+«')"!(2+»)l— 1}=0. 
((2+.)p-l)- 
' ?■(?+«)■ 

, =(?-!)' {p'-(l-e'-i!')p-c (l+c)'} (p'-^+<!+.f) _ 
■^ (l+.)f'((l-c-c-)y+2»+^j ~ • 

each reducing to 

e(l+c)p{(l-c)p+c}{(2+c)p-l]'{(l-c-c')i)+2c+e'} 

+ (p+c)'{p'-(l-c'-c')p-c(l+c)'} (y'-c^+e+<0=0, 

an equation of the sixth degree in p, bnt having a factor p—l; this 
case does not look promising (Kiepert, Math. Ann., xsxii., p. 123). 
TOL. XXV. — NO. 492. T 
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/if. 



M = 22. 

68. Here X* = ^ = aj»t^«» (2+c)p--l 

Tio p {(l-c-c0l>+2c+c*} 

y© «* i^(p+c) 

and therefore, eliminating X, 



X 



{(2+c)jp-l]« ^ (^-l)(p«-(i,c«,,g»)p,c(l+c)n _^ 



{(l-c--c*)^+2c+c*} 



2?-fc 






But « = y (1-;?) = z (\-z)'f^^ = c (jp-l)(l+c-(y)£±£z:2?; 

80 that 

c(l + c-cp)0?+c-cp)(jp+c){(2+c)2?-l}* 

+^{(l-c-c')l)+2c+c'}'{i)»-(l-c»-c»)p-c(H-c)*} =0. 

■ If we put 

this equation reduces to a quaHic in g, 

(l+c)'9'-c(2 + 5c-h45* + 2c»)g»-c(l+3c+c^-2c»-c*-c0g' 

+ (?'(l + c)(2H-4c + c' + c«)g-c*(l + r)« = 0. 
Writing this equation 

= {7^ + i(2c-l-5c« + 4c=' + 2c0+c(l+c)'(l+3c + c«-2c'-c*-c')}g* 

-2{(2c + 5c« + 4c^ + 2c*)|m + c'(l+c)«(2 + 4c + c' + c')}g 

and making the right-hand side of the equation a perfect square, the 
reducing cubic for m has a i^oot — c* (1 + c) ; so that 

(2(l + c)'g'-(2c + 5c' + 4c' + 2c*)(?-c*(l + c)}' 

= (4c + 8c' + 4c»+c*){(l + 2c)g-c«(l + c)}', 

and the resohition of the quartic is effected. 

I am indebted to Mr. St. Bodfan Griffiths, pupil of Professor G. B. 
Mathews, at University College, Bangor, N. Wales, for the solution 
of these cubic and quartic equations, and for a general yerification of 
the algebraical reductions in this case of /x = 22. 
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or 



Vi* Vin Vv.i/ ' 



jp*{(2+c)2?-l}{(l-c-c')p+2c+c*} 
^ (j?-l)*{(l+c-2c^-c0/ + (2c+3c0p + c'+c'} '^ 

or (/-c»2?+c+cT{^'-(l-c'-c')2?-c (1+c)'} 

X {^'+ (30-20^-0') i> + 3c'+3c'+c*} 
-0>-l){(2+c)p-l}{(l-c-c»);> + 2c+c^} 

X {(l+c-2c*-c')jp' + (2c + 3c')^ + c«+c'}' = 0, 

an equation of the eighth degree in p. 

Simplifications pi*obably exist, as this case of /i = 25 is the highest 
order of modular equation treated by Gierster (Math, Ann.y xiv., 
p. 543). 

Expressed in terms of the a? of § 16, Giei*ster's r^ is given by 



Dynamical Applications of Pseudo-Elliptic Integrals to the Motion of a 

Top or Gyrostat, 

70. With the notation explained in Routh's Rigid Dynamics, the 
principles of energy and of momentum lead to the two equations 

i^(^)Vi^sin«<?(^)'= Wg(d-hcose) (1), 

ABm*e'^+GrcoB6= G (2), 

at 

where r denotes the constant angulai- velocity of the top about its 

axis of figfui'e 0(7, -^ the angular velocity of the vertical plane 

av 

through OC about the vertical Oz, the inclination of the axis OC to 

T 2 
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the apwEird drawn TeHical Or, W the weight of the top, and h the- 
distance of its centre of gravity from 0, and A the momenta of 
inertia about 00 and any axis through perpendicalar to OC, while 
d, Q represent nrbitrary constants. 

We also put •^=l=OP, 

as in the simple pendiilam, and coll P the centre of oscillation, as in 
plane vibrations ; and also put 

The elimination of ^ between (1) and (2) leads to 



dt 



\dtl 



«tf)(l-cos'*)- 



'0-Crcoae\* 



= 2n' (cos ^— coBa){cos tf— cos j3)(cos ft— coah y) 

= 2«*9 (8). 

suppose, the inclination of the axis of the top oscillating between a 
and P, chosen such that a>0>0, and therefore 

— l<oo8a<costf<coB^<l <coshy. 
71. The solution of equation (3) is expressed in Weierstraas's nota- 
tion by Bit—ow = X.coa$ 
where M = u, + mt, or w, + mt, 

if we suppose, initially, 6 = ^ or a when t = ; the half peiiod w^ 
or ui, being added to ntf so as to make pw oscillate between e, and e^ 
And COB 6 between cos ^ nd cos a. 

Denoting by a and b the values of w corresponding to 
cos0=: — 1 and costf=+l, 
then p«-pa = A.(l+cosfl), pfc-pu = X (1-costf) ; 

and, since — l<cosa<0O8#<cos/i<l <coshy, 

we mast take a = lfw„ 6 = w,+Vw„ 

where M and N may be considered as real positive proper fractions ; 
and now 



tmAp'a 



1 la+Ory 

■ '\ A„ I' 

0+Or 
' ,f(2Afrgh)' 



mVp^b = — i 



rO-Crt' 



imXp'b = — 



^(2iWgh) ' 
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and, if G— Cr is negative, we put 

From equation (2), 

d^ _ G-Cr cos $ ^ ^ G-hCr 1 , 0-Cr 1 

dt ABin'O ^ A l + co86l^ A l-cos«' 



or 



^ = «A« + ^6» 



where «Aa = 2 — 7~ 



u 



dt 



G+Cr f 



I 



ainede 



, iG-CrC 



+ co8« 2V(2AWgh) ]^(l + coad)Ve' 
dt G-Cr f sinede 



f si] 



cos d 2s/(2AWgh) J^ (l-cos«) a/G* 

so that ^ is composed of two elliptic integrals of the third kind, ij/^ 
and i/r^, having poles at the lowest and highest positions of the axis 
of the top, and parameters which we have denoted by a and h. 

72. As we are concerned now with the application of the pseudo- 
elliptic integrals, we use the s, formerly employed, as independent 

variable, and put 

8 = pu—pv, 

«— 5a = X(1-|-C0S6), Sfc — S = X(l— COSd^), 5ft— «a = 2X. 

Employing the suffixes 1, 2, 3, instead of a, /3, y, then 
«,— 5rt = X (l+cosa), 55 — 5, = X(l— cosa) ; 
8^ — S„ = X (1+C08/3), «6 — «i = ^ (1— cos/J) ; 
^j — 5a = X(coshy-l-l), Si—8t, = X (coshy — 1) ; 

S = x«e, 

{'* ds _ [' ainddd _ J 2_ 

(G + Cry ^ 8a (G-Cry ^ S, (0±Gry^S^ 
2AWgh X»' 2AWgh X»' XG'-Cr) S,' 

but the negative sign must be taken with i/r^ if (r — (7r is negative. 
In the Weierstrassian notation 



}pu-pa 
J po'-pu 
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73. In the pseudo-elliptic applications of order fi, M ftnd if am 
propel' fractions with denominator /t, bo that we pnt 

• 'J. (.-..)•« 

' *J. (-.-.)^S 



ftnd therefo[« 



2. = JP.nl ^l -/-.f. = ^ (!>.(-*,), 

4= iP.-l^f -/-*. = /■ 0>.'-W. 
_ i^, » = £: /_2- 



!■■ = 






f v'(2X) 
Then, if 0— Cr is positive, 

I„ + h = ^ipt-^), 
where p=^Pa+Pi., 

and tr"^-*'' = e"' e\ 

which the preceding inveetigations have shown us can be expreesad 
as an algebraical function of s or cos 6, in such a form that 



(sin »)-<•-"'-*'■ =.rfv'(coshy-coBfl.. 
or Ay(co8hy-cosa)+tBy(cc 



sfl— eosa) + jBv'(co8/J-co9»), 
/3-cosfl.cose-cosa), 



where A and B are rational integral functions of « 
the curve described by a point, P suppose, on the 
determined. 

If G—Cr, and therefore also ^,, ia negative, we 



3s 9 ; and thns 
I of the top is 
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and now 


i-J„ = /i(g* + iP), 


where 


q = ^6— 2?. ; 


and 


e^i^t^i^u^ e''*.e""" 



and the curve described bj P is obtained as before. 
Introducing Euler's coordinate angle 0, given by 

^ =r-cos^^= (l^^]r-^l^±^ _L_ -1^^^ 1 
dt dt \ Al^^ A l+cos 61 " A l-cosO, 

then * = (^^ ^) ^^ + '^-""^*' 

and is also pseudo-elliptic. 

It will be noticed that a change of sign of N interchanges Q and 
Cr^ or ^ and 0— f 1 — — ] rt. 



74. When 
that is, when 



h — a =: (Ui or uij-J-w, ; 
g'— g = or /i, 



there is a further simplification in the value of 0, as it can now be 
expressed in the form 

sin tf e^*''*^ • = ^(cosh y — cos ^) + 12> y(cos /3 — cos tf . cos ^ - cos a) ; 

or G \/(cosh y — cos 6 . cos ^— cos a) +iD v/(cos /3 - cos ^), 

and ^ also receives a similar simplification when 

6-|-a = «i, or Wj-f-w, ; 

these considerations are useful as a check upon the accuracy of the 
algebra in the formulas, which becomes very complicated and 
baffling. 

In these cases the values of !« and !& are deducible, the one from 
the other, by the substitution 

(cosh y — cos ^)(cosh y— cos 0^ = (cosh y— cos )3) (cosh y— cos a), 

or (cos /3 — cos ^) (cos )3— cos 6') = (cos j3 — cos a) (cos /3 — cosh y) , 

(*!-*) («i-0 = («|-0(«i-«i) ; 
the accent on 9 or « being afterwards dropped. 



or 
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When & db a = w„ 

/cosh_y--iy_ / (?— (/r \*__ l— cosg 1— C08/3 cosh y— 1 
Xcoshy + l/ \0'i'Crl l+cosa 1+C08/3 coshy + l' 

coshy— 1 1— cosa 1— cos/? 

coshy + l l + cosa l + coB/3' 

tanli |y = tan |a tan ifi, 

A d . G Cr 

and — = cosh v = — . or — , 

according as (?— Or is positive or negative, or as 

6— a or 6 + a = «i. 

When 6 =h a = CD, 4" w„ 

/ l--C08/3 y_, I 0'-Cr \^_ 1 —cos g 1— cos/3 coshy — 1 
\l + cos/3/ "" \G^+Cr/ "" l+cosa 1+C08)3 coshy + l' 

so that tan \fi = tan ^a tanh |y, 

and ^ = eos/3 = -, or -^ , 



or 



according as 0—Crv& negative or positive, or as 

h — a or 6 + a ^ w, + ai,. 

75. It is curious that when 

6— a = w,, or «i + «a, 

the arc described by a point P on the axis of the top is easily 
rectifiable. 

For, denoting the length of the arc in the general case by a, then 

_ WL(d-hcoB e) = 2gi (|- -COS e) , 
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if 

and 

if 



a/ad their Dyna/mical Applications. 
I = AjWh ; 

pc^pu = X f — — cos J . 
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But the formulas of elliptic functions prove that 

c= 6— a 
is the value of u con'esponding to 

d 



cos $ = , 
h 

e = b-\-a 

COS t* = -I ^ Mm * 

h 2ilV 



the value 
corresponding to 

This follows because 
' ta/^V Olid ^\x, ,flv /G— Orcos^X' 

Olid 0*-CPr^ a\ri iav fGr -Gco80 \* 

and therefore a linear relation of the form 

connects pv and p'v, when t? = a, 6, c, e. 

76. Thus o- is pseudo-elliptic when c or 6— a = Wj or Wj + ««'8* 
When 6— a = ai„ 

(^ ) = 2^Z (cosh y— cos 6), 

and sin^Of — J = 2 ^ (cosh y— cos 6)(cos/3— cos6)(cos0 — cos a), 
\dt / I 

IsinO 



da 

dO \/(oos/3— cos^. costf— cosa)' 



-^ = 2tan- 



V 



cos O~cosa 
cos /3 — cos 



f» • -1 IcOBd — COSO 

= 2sin »W T 

V cosp — cosa 



V cosp— cosa 
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The solution of equation (3), bj means of Jaoobi's elliptic fiiiictioii8» 



18 

where 

BO that 
When 



dir 

de 



cos = COS a en' mt+cos/i sn'm^, 

m' = I (cosh y— cos a) -^ ; 

c := 21 am mt 
6— a = «,+«„ 

IsinO 

-v/(cosh y — cos . cos 0— cos a) ' 



^ Ox -I /costf — cos a • 
-- = 2 tan ' W . = &c., 

I V cosh y— cos ^ 



or ff = 2l tan-' f^E!^^ -. 2Z tan'' en (K -mf) 

= 2 sin"* *: sn mf = 2 cos"* dn mt. 

This last spherical curve has a series of cusps on the circle defined 
by 6 = /3 ; and it is practically the most interesting case, as the top, 
if spun initially with its axis at an inclination /3 to the vertical, will 
proceed to describe this curve if the angular velocity r is of appro- 
priate magnitude ; we shall therefore illustrate in general the pseudo- 
elliptic applications with reference to this case. 



77. Let us begin with the application of the pseudo-elliptic integrals 
corresponding to 



Then we take 



so that 



/I = 4. 
« = iw„ 6 = Wi + |w„ 

6— a=(i»„ 6+a = w,-|-iii|. 



Referring to the previous treatment of /i = 4 in § 14, we take 



where 



8i = (1 + c)*, 58 = 0*, *8 = ; 



and ir.s-c-c', y(-Sa) = (l + 2c)(c+c'), P. = l + 2c, 



55= C-^(^y y(-S4) = 



C-i-f? , P6 = l. 
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Then 
and 



Xszc-^C^ 8= (C + C*) COS 0, 

COSa = 0, 008j3 = --^, cosh y = — "i"- ; 

1+c c 

6; 



2c 



a-Cr 



y(c+c*) ' y(2AWgh) v/(c-|-c«) ^ 



y(2^Tr^A) V c ' y(2.4TFi//^)■■VH-c' 



JP. = 



l + 2c 



4y(2c+2c>) 



w, P6 = 



O JA **' 



4y(2c+2c«) 



5 + C + c' 5 + + 0* 

Jt (c+(r— «)-v/fi^ 

= -008--^^? 8in-:d(i±f)j:li±:ll. 



c+c*— » 



c+c*— 



5 



Putting p=p^ +JP, = -| Y -^^ , ^ = ^. + «A* ; 

_ (l + 2c)y5 + iV{(l + c)»-5.c'-g} y5-iV{(l + c)»-g.c'-i>} ^ 

_ c'(l + c)«-2c«g + 8»-2zcv/ig 

_ [cy{(l+c)«-5}-iV(o«-5.5)]« 

[ y (l— C08/3 COS e) ~iV{co8 g (C08/3— coa Q)} ]* 
"= sin' B 

or sin0e^-*>* = v/(l-co8/3co8 0)— »V{co8 6(oo8j3— cos6)}, 
sin 6 cos (»/'— pO = v^Cl "" ^^ j3 cos 6), 
sin 6 sin (^— jpO = \/ {^8 6 (cos j3— cos B) ] . 
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78. But the values of O and Or are interchanged if we take 

h = wi- J«8, 

80 that b — a ^ w,— w,, 6 + a = (tfi f 

and now we put 



80 that 



«'(«*-♦)• = e*^«e-*'* 



-1^*; 



_ [ y {(sec /3— cose) cose] +tV(l— sec/^cosO)]* 



or sind e(«'-*^' = v/{(sec/3— cos^) cos^} +tV(l-sec/3 costf), 

y{(sec/3 — cosd) cosd], 
y(l— sec/3 cosd). 



sin ^ cos (qt — ilf) 
sin ^ sin (qt — yj/) 



The point P on the axis of the top now describes a spherical curve, 
which touches the horizontal plane through 0, the fixed point of the 
axis, and which has a series of cusps on the circle defined by ^ = /3, 
where 

Cr 



cos /3 = 



l+c' 



and 



y/(2AWgh) 



= yj^-±^=y/(seci3). 



79. Next apply the pseudo-elliptic integrals derived fi-om (§§ 13, 18) 



and then we take 



^ = 3, or 6 ; 



where 



5i = (1— c)*, 5, = c*, «, = (c— c*)', 

0<c<|. 
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The corresponding parameters aro 

a = J«, or ffc>„ 6 = W|±^<tf, or w,±|u, ; 



and a = f «„ s, = 0, 

y(-S.) = (c-c«)', 
a = Jwj, ». = — 2 (c— c*), 



P.rsl-C + c'; 



-/(-S.) = (l+c)(2-c)(c-c'), P, = (l+c)(2-c) ; 

6 = iiiidbfcii„ «ft = 2c'(l— c), 

y(-S,) = (l+c)(l-2c)c»(l-c), P* = (l+c)(l-2c) J 

y(-Sf,) = (2-c)(l-.2c)c(l-c)«, P, = (2^c)(1^2c); 



Pn = inP„yJj^, Pi = i*^bJj' 



80. Let us begin by taking a ^= f w,, & a: oi, — ^oi^ ; so as to make 



6— a =s W|-^W|, 



and O'-Or negative ; also 



G 



For 



so that 



cos ^ = — , and tan i/J = tan |a tanh |y. 



Or-g 
Cr+G 






(2-c)(l-2c) 
c 



l-cosff _ gt-g, _. 2c(l-c)*-c* __ 2— 5c-f2c' . 
l+cos/3 5,—*. c* c 

Or (1— c) 

1— cosa gf- g, 2 — c 

1 + cosa gj— «rt c 

coshy— 1 _ gi— gft _ 1— 2c 
coshy+1 gi— g|, 
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Also 


\ = c (1-c)', 


80 that 

* 


Cr+G e 


y(2AWgh) (l-o)yc' 




Cr—G 2— 6c+2c' 




^(2AWgh) (l-c)yc' 


Cr 


_l-c_ 1 . n.- 



; Or :=: sec ^l3V(AWgh), 



^(2AWgh) -/c y (1 +C08 /3) 
Now we take 

I,^Ia = 3{(j>,-Pa) ^+^«->^»} = 3 (i)^ + ^), 

where 



1— 4c+c* 



or 



,3(|rf+^)i __ J^^ ^'^» 



= e "e 



But 



= (l-2c)(2-c)y{(l-c)«-5.«-(c-c)«} 

+,• {^-(l-c)« (2-3c+2c«)} y(c*-0, 
80 that, multiplying these equations, 

X'sin'tfe-'^**^* 
= {2c(l-c)'^-s»}*e^'»e-^* 

= {(l-c+c*)«-(c-c')'+ViS}[(l-2c)(2-c)y(5i-«.«-0 

H-i{5-(l-c)»(2-3c + 20} (*,-«)] 

= [(fi-c'){s-(l-c)*(2-3c+2c«)} 

+ (i-2c)(2-.c){(l-c + c*)if-(c-c')'}]v'(^i -«.«-«.) 
-i[{(l-c+c*)s-.(c-c*)*}{«-(l-c)*(2-3c + 2c')} 

+ (l-2c)(2-c){5-(l-c)»}[.-(c-c*)}]v/(5,-.) 

= {«*-A+c»(i—c)']y(5i-s.fi-s,) 

+1 {-(l-4c + c0 5-4c« (l-c)*s + 2c» (1-c)*} yis,-s), 
while, as a verification, we find that 

{2c (l-c)'^-^}* e*"' e*'* = { ^(^-8 . s-^-s^ +i (1 - c)V(^,-«)}'. 
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81. Again, take O—Gr negative, and 
then «« = -2(c-c»), 54 = 2(^(1-0), 

Cr^Q ^ /S« _ (l-fc)(2-c)(c-c') _ 2--c 
-G VS^* (l + c)(l-2c)(c»-c») c-2c«' 



Or 



l-fco8/3 _ s^-Sg _ (^+20-20' _ ^-c 
l-eosi3 5,-5, 2c*-.2c»-c> c-2c'' 



Cr+0 _ 2-c 



Or-G 



c-2c« 



P« = (l+c)(2-c), P,= (H.c)(l-2c), 



1.. = *n (1 +c)(2-c)^-?^ = In (2-c)^(l . J4^^^ 
l.* = in(l+c)(l-2c)^^-^ = ^(l-2c)^(|^.^), 



1^ = 



I«-l6 = 3(jp^-i/^), 



where 



1 (l+c) t 



</. 



and («— «a)* ^ 

= (5-2+c-c»)y{«-(c-c»)«}+t(l + c)(2-c)A/{(l-c)«-«.c«-.5}. 



^-*)* 



.-^t 



«(«-c'-.c»-|-2c*)^/{(l-c)*-s}+t(l + ^)(l-2c)^/{c'-.v.«-(c-c«)*}. 

Multiplying these equations, we obtain a result of the form 
X' sin* fie' ^'^-^^ = iiy(5,-fi .«-«,) +iBy(x,-.s). 

So also combinations can be made of a = Jw„ 6 = Wj 4- Jw,, and 
of a = f«„ 6 = «>i + fw|. 
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/I =: 8. 

82. The corresponding parameters are 

a = Jw, or Jw|, and h = (i»i=fcj-«j or <i)idbf(fe>t ; 
and now (§ 30) we can put, with c (1— c)(l — 2c) positive, 

5, = Hl-2c)*(l-2c+2c')*, 

^,= c«(l-c)*(l-2c+2c«)', 
., = c'(l-c)«(l-2c)«, 



a = i-w, 



4"'») 



«, =-c(l-c)'(l-2c)(l-2c+2c'), 



^(-S.) = ic (l-c)'(l-2c) (l-2c+2c')(l-2fl«), 
P.= (l-2c')(3-4c+2c'); 
a = ^ii»„ ». = 0, 

v/(-S.) = ic'(l-c)'(l-2c)'(l-2c+2c')«, 
P.= (l-2c+2c')»; 
a = K, «, = c»(l-c)(l-2c)'(l-2c+2e»), 

v/(-Sa) = 5c'(l-c)(l-2c)'(l-2c+2c')(l-2c'), 
P,= (l-2c')(l-4c+6c'); 
6 = «, + i»„ s» = c (1-c)' (l-2c)» (l-2c+2c'), 
y(-S,) = ic(l-c)'(l-2c)»(l-2c+2c')(l-4c+2c'), 
P» = (3-8c+6c»)(l-4c+2c') ; 

t = «, + !«„ » = c»(l-c)(l-2c)(l-2c+2c'), 

yC-'S*) = ic'(l-c)(l-2c)(l-2c+2c')(l-4c+2c'), 
P»=(l+2c')(l-4c+2c'). 

83. Then, if • a = H, 6 = «, + Jw„ 

P» + P, = 4(l-2c)', 
Pi-P„ = 2 (l-2c + 2c«)(l-6c+6c«). 
We can make Pi—P, = 0, or 5 = 0, 

if l-6c+6c' = 0, e= ^=^y^ ; 

o 

Mid then c(l-c)(l-2c) = i^ = ±^, 

that we take c = |^ (3— v''3) to make c (1— c)(l— 2c) positive. 
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1 -008)8 _ ss-s^ _ (l-c)*(l-4c+2c») 
i + cosj3 «,-«« c'(l-2c«) 



cos/3 






so that 



(2c-l)' 

C08/3 = — 



1 



if 



s/3' 



c = i(3-y3). 



Also J-:^^?^ = «'--:^« = <^-!)'<^-^> 

1+cosa «s— *« c'(l— 2c) 



= (i?)'. 



flo that, if 



Then 



c = i(3+v^3), 

1— cosa _ 2+^3 
l+cosa 2-^3' 

cos a = — ^ -v/3, 

a = 150°. 

V(^W^/i) ^ ' v/(^Tr^^) y3" 
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;i = 5 or 10. 
84. The corresponding parameters are 

a = i«8» i«8» I<^i7 l^-'a ; 

\ 

and, according to the preceding investigations of §§ 36-39, with 
safiBjces 1, 2, 3, instead of a, fi, y, we pnt 

,, = 4(c^+yC)*, .,^(c + l)'(c-l)*, .-, = 4 (c«-. yO)«, 
where = c' + c'—c, and 2+ \/5>c>l ; 

so that *i— *i . *?«—«» = (c*— 1)* (— c'+4c + l) is positive, 
and «i >«,>**,. 

We find that we must take 

VOL. XXV. — NO. 493. u 



£50 It. A- "Sl C ?q* rT . TnI ■•! ?PH»^.^i 



!i 



■^ 
.< 



•I 















• -5 = 



-5 =i ir»-kr— r 









— >,' =4 — 



f =4 T-: r— l-v,"-^*X 






y:- 






-?. =4 — : 



.=-4 — : — l*.,'0-r). 






T^r 



'. = -4 --,'r-v,v-iv 
= - +.- -^ 1 ' .,.— 1 • ,i.— 1- ye), 

•| — < "^ = *-> — 1 • -—1"' 



CO lIL^Sw IT- IT. $ ... 

(? = C" COS oL 
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Cr^O 

Ct+0 



V — Ofl 



--fif, _ 4c> (c+l)(c-l)» (-c«+4c+l) 



4c*(o+l)*(c-l)« 

= (c~l)(-c'H-4<;-fl) _ c'-Sc' -f 3c -fl 
(c+1)' c»+3c»+3c+l' 



(?' 4c 

1 -C08/3 _ y,-g, _ 4c(c+l)(c-l)«-(c+l)'(c-lV 
H-cos/3 «,-«« (c + l)«(c-l)*+4c(c+l)«(c-l)« 

_ (c,H)(^^l)» (4c.,c«+l) _ (c-l)(c«-4c-l) 
(c+l)«(c-l)«(c+l)« "■ (c-fl)' 

1 — cos g __ gft—g, ^ c^— c*— 5c-H-h4v/(7 



1 + cos a 



«,-«, 



cos a 






2c 



(c+l)(c-l)« c'+VC 



[86. In the above applications \^« and ifr^ are both pseudo-elliptic^ 
so that the cnrve described by a point P on the axis of the top can 
be written down when O and Cr are interchanged. 

But, by the rule for the addition of elliptic integrals of the third 
kind, 



where 






e 



can be expressed by means of an inverse circular function of cos 0^ 
and by a secular term pt, so that ^, alone is required. 

In fact, putting, in § 75, 

A ^-^^ 

h "" 2AWgh 



= E, 



so that = (l-cos*fl)(^>^coBe)- ^^"^Tfj^^^^' y 
we find that ^ = ^„ -f ^4 



_G^ , ,. ,1 Cr—O cose 
2A^^* an ^^^^ ^^^^ ^^ , 



where 



, Cr-^OE f jf _ Cr^OE f sinOdB 

^'^ 2A jE^ci 



cos e ^(2A Wgh) J (^-cos 6) -/G ' 
u2 
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this can be verified by a differentiation, remeibbering that^ 

— -— = — sm^ — = — »y2v/0 ; 
at at 

and thence we find that 

d^ _ O—Cr coa B 
dt ^(i-oos«0)' 

aa in equation (2) of § 70. 

87. Now, when e = w, + *-_§^ 

and I, is the pseudo-elliptic integral of order /i, corresponding to ifr^ 

if s.—s = X (^— cos 0). 

Then 

. _ ( 6? P, ^ /_ij.f .1 Cr-GcosQ 

''' ( 2y(AWgh) ■*■ yLiy(2X) j yix "*" ^(2^^^^^) -v^e ' 

80 that, putting - — ,,„,,, -f , ' ^, = -^- , 

'^ ^ 2y(^lF^;i)^^v^(2\) n' 

then ft (\l^—pt) can be expressed by an inverse circular function of 
cos 6, 

If /I is an odd number, the relation can be written in the form 

= { (cos ey-'-^c (coa ey-'+D (cos ey-'+ ...} 

>/ (cosh y— cos 6 . COS 0— COS a) 

+ i {P (cos ey-» + Q (cos ey-^ + E (cos 6)''-'+ ... } v/(cos /3-C08 e), 

when /is an odd number ; 1) at coshy— c6s6 and cos)8 — cosO must 
change places if / is an even number ; and if /x is even and / there- 
fore odd, then cos 6— cos a and cos)3 — cosO must be interchanged ; 
but in every case 

where m is defined in the next aj'ticle;- and thence thet values of 
Q, B, ..., C, B, ... can be determined by a verification. 



a- 










i 










.-<„ •.- 


■»n '.-H, respectively; 


and 


now. 


««br = 


2 J IT}* 


= ..f- 
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8. It is conTenient to pat 



also to writ« 7„ Vf, r, for «,■ 



ff, = X(B_008hY), ff, = X(B-C08/3), »,= X(B-coaa); 
therefore m'+'i = X (cosa+cosj3), 

m'+ff, = A(co8a+coali7'), 
m'+^i = X (cob /3+coab y) ; 
2XcoHa ^ »!,'+*,+ »,—«■„ 
2X cos/3 = m'+ff,— »,+<r„ 
2Xcoati y ^ m.' — », + »,+»(; 
3m*+», + <r,+o, = 2X(cosa + co8)3+coBhy) = 2m'+2XE, 
or 2XE = m.'+ffi + ffi+»i- 






,iT,= iS. = X»e, 



2AWgk ' 






CrX'_ 
"24IFg 



(m'+«r,)*-(o,-ff,)' + (»t*+<r,)'-(ff,-ff,)'+(m'+<r,)'-("i-''t)' 

= 4X'(c03aCOS|8 + C08aCOshy + COa/3cOBhy) 



= 4X' -1 + 



GCJr \ 



-4X' + 



SmCrki 



and therefore 

4X' = (m.'+»,+ff,+<r,)'+8mN/(— S.) -4 (»,<',+»»<'i+<'i<r») ; 
theooe X and G, Cr, i? are ^en in terms of m, »„ *„ »,.^ 
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Application of Pseudo- Elliptic Integrals to the Motion of a lUgid Body 

about a Fixed Point under no Forces. 

89. In the herpolhode of a body moving a la Poinsot about a fixed 
point ander no forces, the parameter of the corresponding elliptic 
integral of the third kind is always of the form 6, as previonslj 
employed for the top ; so that the integral for ^^ when pseudo- 
elliptic, can be utilized for constructing solvable degenerate cases of 
algebraical herpolhodes ; also of tortuous elastic wires. 

The integral for ^^^ when pseudo-elliptic, will serve in a similar 
manner for a tortuous revolving chain. 

Writing the equation of the momental ellipsoid in the form 

Ax'+By''hG:^=^Dh\ or 4 + ^ •<■ 4 = 1, 

a' tr cr 



where 



Aa^ = BV = Oc« = Dh\ 



and supposing the motion a la Poinsot to be produced by rolling this 
ellipsoid on a fixed plane at a distance h from its centre, which is 
fixed, then, as shown in my " Applications of Elliptic Functions/* 
§ 104, where the notation employed here is defined, we put 



80 that 






and then p, ^, the polar coordinates of a point on the herpolhode in 
this fixed plane, are given by 

^ = f v/(4.ri-p'.pj-p'.p;-p'). 






d^ 
dt 



where 



d^ 

pV(rf-p^pJ-p^p'-p«)• dt' 

/^* BG 

pl ^ C-D.D-A 

h* CA 

pj ^A-D.D-B 



AB 



^ -t 
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90. We take A>B>0^ or a*<6*<c'; and now, with 

(i.) A>B>D>G, or o'<6'<V<c», 

p6_e. = ^ ^ = ^ ^ (positive), 



BC 
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ph- 


-e -'*' 


pj_ 




w4- 


AO 




ph. 




p! 




4- 


D.B-L 






AB 


80 that 




6 


r. = e„ 


e, = 


= e„ 


e, = ei, 


and 






fc 


^ u 


• 


's- 


In Jacobi's 


notation, 


, with 














6 


=sK 


+/K 





(positive), 



(negative), 



sn 






and then, to the complementary modulus k\ 



sn'fK' = 



D 



A A'-a' 



cn'/K' = 



dn«/K'=- 



1 1 

4 


~c'-a" 


1 1 

D 


c»-A« 


1 1 
A 


~(^-a*' 


1 1 
G D 


c'-fc« 



1 



J^ 
B 



c«-y 
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Therefore 



sn'(l-/)K' = ^., 
cn'(l-/)K'=|5|. 
dn.(l-/)K' = |=g. 



Denoting by /3, y the semi-axes of the focal ellipse of the momental 
ellipsoid, and by ^ the distance from its centre of the revolving^ 
plane on which it rolls ; then, according to Sylvester's theorem 
of correlated bodies, (^>/3), 

sn/K' = i-, 



en 



sn 



(l-/)K'.= ^(l-|). 



cn(l-/)K' = l, 

y 

<in(l-/)K'=l. 



(ii.) 



A>D>B>0, or a'<7i'<6'<c', or 3<j3; 



a similar procedure now shows that pb—e, is negative, |»6— e, i» 
positive, |»6— e, is positive ; so that 



and with 



e. — Cj, C0 — Gj, 6^ — Cj ; 

6 = aii+>, or K+/KV, 



cn*fc = 



dn»6 = 



ph-ep B A-B' 

ph—e. ^ 0_ B—B 
ph-e^~' B A—B' 



sn« 6 = -^ 






B^ A-B 
B A^B' 
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and to the complementary modulus jc', 



Bn/K' = ^(l-il). 



cn/K' = -^ ; 

y 



dn/K' = 






8n(l-/)K'=^ 



cn(l-/)K'=^(l-^). 
dn(l-/)K' = ^^. 



29r 



91. Confining our attention to the herpolhode of the focal ellipse of 
the momental ellipsoid, and employing p, ^ as polar coordinates, then 



1> 



-Pt = i| 



p'yW-p'.rf-p'.p'-p')' 



To employ the previous notation, we put 

8'^8,'=zk (pi— f>*), Ac., 



so that 



«6— «. = Jcpl, Ac. 



When ^</3, the value of p' in the herpolhode oscillates between 
its maximum value y*— ^ and its minimum value /S*— 3* ; but, when 

^> j3, the minimum value of p* is 3LIZ — * " . 

Therefore, with «i>9,>9s, using suffixes 1, 2, 3, instead of a, /3, y, 



(i.) ^>/3, 






"T" — a* 
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80 that 



W = ?iz:**_J 



Then 



and therefore 



(ii.) «<A 



80 that 



8 — «, = 



^"•" Sf, , 8ft -^8 g 

3* 






^), 



3* 81—84' S* 8, — 84' 

y— ffl _. Si -8^ ^ _ 8^^8^ , 



8n/K' = >-i--=l'. 



sn (1-/) K' = yJhlZh^bzJ^ 

V 8| — 8^ *6 ^ 8j 

cn (1-/) K' = Jh:zl*/rzl\ 

V 81 — 83 86 — 8, 

dn(l-/)K =zj?i=^. 



«»— «i ^ — 



-a* 






»,— « 



*(/3'-«*), 

* (y'-a*), 



Sj — Sf . ^6^^1 



= h[p' 



-S 



3* 



■■). 



fc(p«_/3'+i'), 
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Then 



y*-^* _ ^i—^t y* — »i-<s . 



a« 



«»— *j 



a« 



«6 — *S 



^In^-^izi* ffl _^i-g8. 



5* 



«*— «$' ^' 



«6 — «j 



and the values of the elliptic functions of /K' and (1— /) K' with 
respect to the modulus k' are the same functions of « as before. 



92. Here (§ 14) 



/u = 4. 



«j=(l-fcy, «, = c', «8=0, ^ftssc-fc*; 



and therefore 



ic» = 



c* ^_ l-f2c 

(1+0)^' ' ""(l-fc)*' 



^ l + 2c ^ 1 + c 



l-f2c 



Then 



and (i.), 8>j3, 



fc«' = (l-fc)«, 






_H-2c 



<ii.) 5<i3, 



jffl _ c 

l + c' ^^ 1-fc 



2!.=i±2c i3^«l±c 



y 



and 



S" 



i' = /-/?, 



in each case, so that the focal ellipse of the momental ellipsoid rolls 
upon a plane at a distance from its centre equal to the distance of a 
focus from the centre. 

Since (c-ht^s) e*'* = t^s-h -/{(l+c)'-*. c»-«} 
the herpolhode is ^ven by the equation 
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With respect to axes revolving with angular velodiy p, we can pnt 

^-y^ = p' cos 2 (^ -pt), 
so that (a^-y^y = (o^'-f y*)'-0>^+p;)(a^-f yO+f^pJ, 

or (4^.pJ«p|)(V-p5-pp = 0>«-p«).. 

This algebraical herpolhode is due originally to Halphen 
(F. E., II., Chap. VI.). 



93. Here (§ 18) 

*, = (1— c)', 5, = c», #, = (c— cO'» 
if c<i; 

and if f=^h ^ = *'i + t«8i #6 = 26(1—0)'; 

/ = f, 5 = «,H.f«„ i?» = 2c»(l-c). 



Taking /= J, then 

cnJK' = c, snjK'=l 

so that en f K' -f sn JK' = 1 , 

a well known relation (§ 20). 



— ^, 



(i.) 5>iS, 



80 that 



— = sn ^K' = 1 — c, 

r 

^=cnfK' = c, 



^ = y-)3, 



or " the focal ellipse of the momental ellipsoid rolls upon a plane at a 
distance from its centre equal to the difference of the semi-axes." 

Now W=(l-c)*, 

,,-,= (l«c)*^, 

8o that, writing 3{^—pt) for I(«,+J(i»J, 
{2c(l-c)«-«}»e'(*-''> = -{«-(l-c)'(2-3c+2cO}y(*i-») 
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we obtain 

\1. C) 

as the equation of the herpolhode. 
(ii.) «</3, 

Now - fc^' = (20-0*)', 

and the herpolhode is given by 

If we take / = f, and~(i.) d>j3, (ii.) d</3, we shall obtain similar 
results. 



94 Here (§§ 30, 82) 
where 



and 



/I ^ 8. 

f=\ or f; 
«,= i(l-2c)«(l-2c + 2c»)', 
«,=c'(l-c)«(I-2c+2c')», 
«,= c'(l-c)'(l-2c)'; 
/ = i, *. = c (1-c)' (l-2c)» (l-2c+2c'), 
/=f, «»=c»(l-c)(l-2c)(l-2c+2c»). 



(i.)/ = i, J>A 



) 



(l-2c)« 



- = sn' ^K' = 

7* * (l-2c + 2c')(l-2c»)' 

^;=i.n»|K'= y(i-'')--, v 

y* ' * (l-2c+2c')(l-i2o»)' 



. H. 



\' 



1 / 
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(ii.)/ = i, 8</3. 



^ = 8n»fK': 

y 



(l-2c-f2c»)(l-2c«)* 

2c(l-c)(l-c-fc«) . 
(l-2c-|-2c»)(l-2c«)' 



95. Then (§§ 38, 84) 



and 



^ = 5 or 10. 

», = 4 (e?+ yO)', 
», = (c+l)'(c-l)*, 
*i = 4(c'-v/(7)'; 
/ = i, .»«4c(c+l)(c-l)', 
/ = !, », = 8c(c+l)»(o+l). 



(i.)/=t, i»3. 



— = an iK 

r 



V«,— s, 



_ 2c(yO-l) 
(c+l)'(c-l)' 



— «, «,— «t _ yO— 1 



6 Y «6— «, 



Therefore 



and 



Also 



2c 

3 2c ' i 2c ' 

2 c ' ^ c ' 

/J _ v/0-1 /y yO+1 



Vy (c+l)y(c-l)' V/3 ~( 



c+l)y(c-l)' 



and therefore 



V/3 Vy (c+l)v/(c-l)' V)3 Vy (c+l)y(c- 



1) 
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(ii) / = i. 


i<fi; then 










Y 


= en iK', 


-=dn. 


•K' ^ - 

y 


sn |K'. 


(iii.) / = f 


, s>^. 










s 

y 


= 8nfK' = 


2e 
V+yO" 


(c+l)(c-l)«' 




y 


= cn|K' = 


c»-ya 

V+yO' 








/J 


= dnfK' = 


■ 2c ' 








y 

i 


= nB|K' = 


■ 2c • 






Therefore 




r-/3 


c 


y+P-c- 




and therefore 




c^r- 


c^+c*-, 
" c» 

_y+|3 , 


^ = c+l- 

1 « 


e 



3 ' y+^' 



the well known relation for the existence of poristie pentagons. 
Also /y _ ct+y(c+c-l) /i8_ c*-y(«!'+c-l) 

Vj3 (6-i)y(«+i)' Vy (c-i)y(c+i)' 



and therefore 



/y_, /jg _ 2c« /y_ /i3 _ 2y(c'+c-l) 

V /3 ^V y (c-i)y(c+i)' V^ V y ~(c-l)y(c + l) 



Since 



therefore 



sniK'+cntK' = ^±2g^+2yO. 

sntK>cn|K' = '^+^-\-y<^ . 
(sniK'-f cii|K')(8n|K'+cnfK') = 1. 



Also sn iK'-cn ^K' = ^^T^?"^^^ = sn flC-cn f K'. 

(T — 1 

(iv.)/ = *, «<i3, 

i- = cntK', l- = dntK', i.=8nfK'. 

y p y 
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96. For /I = 7 and higher values of /i, the resolution of 8 into its 
factors introduces analytical difficulties depending on the solution 
corresponding to 2/i, and the complexity of the formulas in the 
dynamical applications is considerably increased. 

But the case of ^i = 12 (§ 46) will serve for the parameters »,+i«b 
and ii»i+f<*'8 't ^^^ M ^ ^^ (§ ^^) ^^^ parameters 

. 1,3,5,7 

As stated in § 7, an essential part of the method of this paper 
consists in assigning a first place to the elliptic functions of aliquot 
parts of the periods ; and thence the value of the modulus can be 
deduced, if required. 

Memoirs on the subject of Pseudo-Elliptic Integrab will be found 
from the following list of references : — 

Legendre. — Fonctions eUtptiqties^ i., Chap. xxvi. 

Abel. — (Euvres completes, t» i., p. 164, t. 11., p. 139. 

Jacobi. — Werke, t. i., p. 329. 

TchebichefP. — St. Petersburg Acad, Sci. Bulletin, iii., 1861. 

RafFy. — Bulletin de la Societe Matheinatique de France, t. xii. 

Goursat. — Bulletin de la Societe MathenuUique de France, t. xv. 

Halphen. — Fonctions elliptiques, t. 11., Chap. xiv. 

Dolbnia. — Liouville, 1890. 

Bumside. — Messenger of M^athematics, ^ 



Ebrata. 

p. 201, line 4, readyj = (y— «) a:— y». 

p. 213, line 11, r«Kf S^ 4» (« + a;)2— {(1 +«) « + xS}2. 

p. 218, line 1$, r#«rf ^— ^ + c3_2<?*, in the numerator. 

p. 222, last line, read *8 = y— * = «* (!—«)• 

p. 238, lineG, rtf<Mf«-4a2 ^ L«l«a],&c. 

p. 239, line 7 from bottom, read a = ^^^. 

l — e 

p. 240, lines 9, 10, read 80 instead of 20 ; 

line 11, read ^-c*- 13c— 3 ; 

lines 13, 16, read 20 instead of 6. 
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Thursday, April Uth, 1894. 

Mr. A. B. KBMPE, F.R.S., President, in the Chair. 
The following commnnications were made : — 

On Regular Differencje - Terms : the President (Professor 

Grreenhill, pro tern,, in the Chair). 
Theorems concerning Spheres : Mr. S. Roberts. 
Second Memoir on the Expansion of certain Infinite Products : 

Professor L. J. Rogers. 
A Property of the Circum-circle (ii.) : Mr. R. Tucker. 
A Proof of Wilson's Theorem : Mr. J. Perott (communicated by 

Dr. H. Taber, Clark University, U.S.A.). 
On the Sextic Resolvent of a Sextic Equation : Professor W. 
Bumside. 
Mr. Perigal exhibited some diag^ms illustrating circle-squaring 
by dissection. 

The following presents were made to the Library : — 
"Beibliitter zu den Annalen der Physik und Chemie,'* Bd. zvzn., St. 3; 
Leipzig, 1894. 

Zeuthen, H. G. — ** Note em la resolution g^ometriqne d*ime Equation du 3* 
degT^ par ArchimMe/' pamphlet (No. 4, Bibliothgea Mathemat%c€B, Stookholm). 

Zeuthen, H. G. — *' Notes sur Thistoire des math^matiqueB," 2 and 3, two 
pamphlets, 8vo ; Kjobenhavn, 1894. 

** Bulletin of the New York Mathematical Society," Vol. m., No. 6. 
'* Nachrichten yon der Konigl. Gesellschaft der Wissenschaften zu Gottingen," 
No. 1 ; 1894. 

** Transactions of the Texas Academy of Science," Vol. i., No. 2 ; Austin, 1893. 
*' Bulletin de la Society Mathematique de France," Tome xxn., Nos. 1, 2. 
*' Sitzungsberichte der Kunigl. Preussischen Akademie der Wissenschaften zu 
Berlin," xxxiz.-Lni., and Jahrgang 1893. 

**Atti della Reale Accademia dei Lincei — Bendioonti," Vol. m., Fasc. 4, 6,6, 
Sem. 1. 

*' Acta Mathematica," xyzu.. No. 1 ; Stookholm, 1893s 
** Transactions of the Cambridge Philosophical Society," Vol. xv., Pt. 4. 
" Educational Times," April, 1894. 
*' Annals of Mathematics," Vol. yzu.. No. 3 ; Virginia. 

**Kendiconto dell' Accademia delle Soienze Fisiche e Matematiohe," Serie 2, 
Vol. vm., Fasc. 1, 2. 

** Indian Engineering," Vol. xv., Nos. 7-11. 

** Mathematical Questions and Solutions," edited by W. J. C. Miller, Vol. X2. 
Williamson, B. — *' Introduction to the Mathematical Theory of the Stress and 
Strain of Elastic Solids," Svo ; London, 1894. 
** Smithsonian Report of 1891 " ; Washington. 

** Premiers fondements pour une throne des transformations p^odiques 
uniyoques," par M. S. Kantor. (Memoire couronn^ par I'Academie des Scienoes 
physiques et Mathematiques de Naples dans le oonoours pour 1883.) Naples, 1891. 
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Theorems concernivg Spheres, By Samuel Boberts. 
Read April 12ih, 1894. Received April SOth, 1894. 

1. I must first of all mention some results relative to plane space, 
which are suggestively analogous to those referred to in the heading 
of this paper. 

The followinp theorem was the subject of a question by Professor 
Mannheim (Educational Times, C^uest. 1 0145, Reprint, Vol. Lli., p. 48), 
and has been discussed at considerable length by the late M. Eugene 
Catalan (Meniorie delta Ponlificia Accademia dei Nuevo Zn'ncet, Vol. vi., 
pp. 223-233, 1800). 

Let A, B, C be the vertices of a given triangle (Fig. 1). Through 
A let a circle be drawn meeting the side AB & second time in a 




Fig. 1. 

point taken at will thereon, which may be conveniently denoted by 
ah, and meeting the side AC & second time at a point taken at will 
thereon, and similarly denoted by ac. 

Thix)ugh J5 let a second circle be di'awn meeting* the side J.P a 
second time in the point ab, the side BC again in the point be, and 
the circle first drawn in a point If ; then the points C, ac. be, M are 
concyclic. Take, further, an arbitrary point D in the plane of the 
triangle ABC, and di-aw the straight lines, AD meeting the circle 
through A again in a point ad, BD meeting the circle through B 
again in a point hd, and CD meeting the circle through G again in 
cd ; then the points D, ad, hd, cd, M are concyclic. 
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M. Catalan and others have proved this theorem simply enough hj 
means of the condition that a quadrilateral may be inscribable in a 
circle. 

The method is not available for the establishment of analogues in 
three-dimensioned space. However, we readily arrive at the same 
results by the repeated application of the first part of the theorem 
which may be stated in the familiar form — " If an arbitrary point be 
taken on each side of a given triangle, and through each vertex and 
the points on the adjacent sides a circle be drawn, these three circles 
intersect in a point." 

Assuming the trath of this theorem as to the triangle ABC, and 
the points ah, ac, he, we can next apply it to the triangle ABD, so 
that D, ad, hd, M lie on one circle, and then to the triangle ACD, so 
that D, ad, cd, M lie on one circle, and consequently the five points 
B, ad, hd, cd, M lie on one circle. 

2. In like manner we may take another point E at will in the plane 
of the triangle, and, forming the linear connexions EA, EB, EG, ED^ 
and denoting the intersections of these with the four previously con- 
structed circles in their order by as, he, ce, de, we conclude that the 
six points E, ae, he, ce, de, M also lie on one circle. Continuing the 

process, we arrive at a system of n circles, and — - — - — lines con- 
necting two-and-two together n points, so that there are n intersec- 
tions of n— 1 straight lines and one circle, ' — intersections of 

1. m a 

one straight line and two circles, and one common intersection of the 
n circles. On each line will lie two multiple points of the first class» 
and one of the second, while on each circle will lie the common inter- 
section of the circle, one point of the first class and n— 1 points of 
the second class. < otherwise regarded, the conclusion is that, if the 
system of straight lines is given, and also »— 1 of the circles, 
n-\-l points are determined of the »*•* circle. 

The foregoing result is one with the theorem that, if «— 1 circles 
intersect in one point, and a polygon be constructed so that each side 
not being an extreme one passes through a single intersection of two 
circles, and the two vertices terminating the side lie one on each of 
the two circles, and if the two extreme sides pass through fixed 
points on the two final circles, then, the polygon being varied subject 
to the conditions stated, the locus of the last vertex is a circle through 
the common point and the fixed points. If we connect any point on 

x2 
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this locns with the vertices of the polygon, there will be n— 1 points 
determined on the locns by the intersections of the connexion with 
the corresponding circles. Thns, including the common point and 
the point selected on the locus, n -H 1 points are determined. We may 
suppress in a variety of ways all the n— 1 circles but two, and all 
the lines but three, and obtain the same locus by the variation of the 
triangle formed by the three lines under the conditions {Quart. 
Journal of Math., Vol. iv., p. 361, 1861). 

3. The diagram of Fig. 1 may be regarded as representing straight 
lines and planes in general space. Viewing it so, let ABOB be a 
tetrahedron. On each of the edges AB, AC, AD, BC, BB, CD, in 
their oi'der, let there be taken a point at will represented according 
to the previous notation by ah, ac, ad, be, hd, cd. It is known that, 
if a sphere be constructed through the vertex A and the points ah, ac^ 
ad, a second through the vertex B and the points ab, be, bd, and a 
third through the vertex C and the points ac, be, cd, then the points 
D, ad, bd, cd and a tnple intersection of the three so constructed 
spheres lie on one sphere, i,e., the four spheres meet in a point M 
(Froc., Vol. XII.). 

Take another arbitrary point in space E, and connect linearly 
with A, B, C, D hy AE, BE, CE, DE, meeting the four spheres 
through A, B, C, D, respectively, in the points ae, be, ce, de ; the six 
points E, ae, be, ce, de, M lie on one sphere. For we can apply the 
previous result to the teti'ahedron ABCE, showing that E, ae, he, ce, 
M are on one sphere, and next to the tetrahedron BCDE, showing 
that the points E, be, ce, de, M are on one sphere. Again, we may 
take any other point F, and connecting as before with A, B, C, D, E, 
detennine seven points F, af, &c., M on & sphei^e. In this way, we 
arrive at a system of n splieres and n points connected two-and-two 

by ' T ederes, fonned by -^ — '-— planes. There are n in- 

tei'sections of n — 1 planes and one sphere, ^ intersections of 

two planes and two splieres, 7i intersections of one plane and three 
spheres, and one common intersection of n spheres. 

4. According to the foregoing i*eckoning we shall determine 
» -f 1 points on the n^^ sphere. But, in ideality, there ai'e determined 

multiple intersections on each sphere, viz., one intersection 

of » — 1 planes and one sphere, w — I intersections of two planes and 
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and the common point of n spheres. 

A certain number oi triple intersections &nd simple intersections 
&re not here taken into occoant. 

For example, in the case of a tetrahedron, the intersection of the 
sphere throogh a vertex with the opposite face and all the triple 
intersections depending on it are left oat. We omit, in fact, twenty- 
four intersections of two planes and one sphere, and twenty-four 
intersections of one plane and two spheres. 

It is not necessary to work out the nombers ^nerally. Moreover, 
the maltiplicities of the omitted intersections may be increased in 
special cases, and their numbers will be consequently modified. 

5. We will examine a little more in detail the case of the tetra- 
hedron (n = 4). The arbitrary points taken on the several edges 
determine more than at first appears. 

There are eight quadniple interaeotions on each of the four spheres, 
determining in ea«h case a hexahedron with plane quadrilateral faces. 
The tetrahedron is thus formed exteriorly or interioriy into four 
hexahedra each inscribable in a sphere. The diagram (Fig. 2) will 
give a fairly good idea of the arrangement when the figore is divided 
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interiorly. The hexahedra are, of course, Aa'a"a'"lmnM, BaWftmnJf, 
CahdklnM, Da'hckhnM. 

We may consider the spheres as given, while the tetrahedron is 
altered by displacement in accordance with the conditions imposed. 
The figure klmnM, forming three trihedral angles whose sum is 
measured by 4ir, will remain fixed. 
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That snch variation of the tetrahedron may be effected appears a 
follows. 

Let ABCD bo the onginal tetrahedron (Fig. 3). 




Let A'p'If be drawn so that A' is on the sphere A, and B' on the 
sphere B, and p' is on the circle of intersection of A and B. Here I 
ttse the letters of the vortices to denote the respective spheres paeaing 
through them. Tlien, draw A'D' in tlie plane A'D'H and meeting in 
t' and D' the sphere D, It being a. triple intersection of A, B, O and 
r' on the intersection of A, D. Join SD'. The sphere A determines 
a circle through A', p', if, meeting A'D' in r. The sphere if deter- 
mines ftcirclethioughB',j>', if, meeting RI/ int'. The points If,/, t',R 
lie on one circle, Bnt the points D', r, B determine a circle on the 
sphere D. so that t' lies on J). 

Let M be the intei-section of A, B, C, B, and let P, Q, 8 he the 
intersections of the tdads of spheres (B, C, D), (A, C, D), (A, B, 0). 
Planes thi'ough the edge J'B' and the point S, through the edge 
B'D' and the point P, and through the edge A'l)' and the point Q 
determine the edges A'C, D'O", B'O'. The sphere .4 will pass through 
Q and also meet A'C in q', the sphere B will pass through B and 
also meet B'O' in s, the sphere D will pass through P and meet IXC 



-; _-v-->T 
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Hence a sphere will pass through , q, s', v\ M, P, Q, 8 ; but 
this is the sphere P, which passes through (7, i «, v, JUT, P, Q, S ; so 
that, as we make further displacements, the locus of the last vertex 
is the sphere C. 

6. There are e. few particular inferences which may be noticed : 
(a) WTien a vertex of the figure (Fig. 1 ' is sonsidered as generating 
a sphere, an«l the number of director spheres is greater than three, it 
becomes unnecessary bo retain all the plane faces of the figure, just as 
in the plane analogue we may suppress certain of the double chords ; 
in fact, w^e obtain in p. ^anety of ways the same locus when all but 
three of the spheres are suppressed. 

(6) We may regard the diagram of Fig. 1 as a flat evanescent 
figare in solid space. The triple intersections of three circles in each 
face coalesce, so that we fall back upon M. Mannheim's cheorem, 
when we regard only the sections of the spheres. 

(c) In Fig. 1 suppose that the vertex F is removed to an infinite 
distance. It follows that, if we draw from the vertices A, B^ C^D, E 
parallel straight lines, chey will again meet the respective spheres in 
points which lie on a plane passing through the common point of 
intersection M. 

7. A more important particular case is the figure of five planes, of 
which a form is given in Fig. 4. Here the six arbitrary points on 




Fig. 4. 



the edges of the tetrahedron ABCD lie in one plane. In the figure, 
6, c, dy e, /, g lie in the fifth plane, and there are foi-med five tetrahedra. 
Of the five spheres circumscribing these, four meet each plane in 
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circles circnmscribing the triangles formed by the intersectioiifl of fonr 
straight lines. These circles meet in a qaadrnple intersection of the 
four spheres, and the centres of the circles are concjelic with that 
point. Thus the spheres about ABC and D, Abe and d, Bhe and/, 
Ddf and g meet in the plane ABD ; the spheres AhoMt ABO and D, 
Ahc and d, Bhe and /, Cce and g meet in the plane ABC. The two 
multiple intersections ai*e therefore the triple intersections of the 
three spheres common to both sets. If we select a tetrahedron, and 
omit the sphere circumscribing it, the four spheres through the 
veHices intersect in the fifth plane. 

If we add another plane, the sections of the spheres circumscribing 
the teti'ahedron by a plane will consist of circles circumscribing the 
triangle formed by five sti'aight lines, and, if there are n planes, the 
sections of the spheres by a plane will be circles circnmscribing the 
triangles fonned by the n—\ intersections of the plane with the 
remainder of the planes. To these systems of lines Miquel's theorem 
and the extensions by Clifford, Longchamps, <fec., apply, and we need 
not occupy ourselves further with them in the present connexion. 

We may consider a figure representing the intersections of five 
planes as reduced in the limit to one plane. Thus, by inspection of 
Fig. 5, we see that, if hcd, BCD are homologous triangles, A their 
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centre of homology, and efg the axis, and if Ahcd^ A BCD are 
inscribable in circles, then the points cCeg, bBcf, dDfg are sets of 
concyclic points and the five circles meet in a point M. The 
symmetry of the figure shows that each intersection of three lines is 
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the centre of homology with respect to two of the triangles, and each 
circle circumscribing a triangle passes through its centre of homology 
with regard to another triangle. 

8. The inversion by reciprocal radii vectores of Fig. 1 in the 
simplest case, that of the tetrahedron, introduces more symmetry. 

Taking the centre of inversion at an arbitrary point in space, we 
get, for the four faces, four spheres passing through the centre and 
intersecting in six circles which have four triple intersections. These 
form a tetrahedron with circular edges and spherical sides. We 
have also four spheres, meeting in a point. Each of these passes 
through the inverses of the arbitrary points on the edges of the 
original tetrahedron adjacent to the vertex through which the 
sphere passes. These inverses may themselves be regarded as 
arbitrary points, one on each circular edge. This is the direct inter- 
pretation of the original theorem, but does not fully express the 
symmetry. 

There are eight spheres intersecting in sixteen quadruple points, 
the radical centres of sets of four spheres. Let us say the spheres 
are A, B, G, D, a, h, c, d. We have to take no account of the inter- 
sections of A and a, B and 6, G and c, D and d. 

The quadruple intersections may be denoted as in the following 

scheme : — 

Ahcd, ABGD, abed, aBGD, 

ABcd, ABGd, aBcd, aBGd, 

AhGd, AhGB, ahGd, abGB, 

AhcD, ABcD, ahcD, aBcD, 

showing that there are eight such points on each sphere. It follows 
that, if we take six spheres B, G, D, 6, c, d, and from the triple inter- 
sections as indicated^ bearing in mind that Abed, abed must mean 
that A passes through one of the triple intersections of bed and a 
passes through the other, then, if the eight points of one set form the 
apices of a hexahedron inscribable in the sphere A, the other eight 
form a hexahedron inscribable in the sphere a. The analogue in 
plane space is — " The circles which have for chords the four sides of 
a quadrilateral inscribable in a circle form by the other intersections 
of the same pairs of circles a quadrilateral inscribable in a circle " 
(Catalan, Theoremes et Problemes, sixieme edition, p. 39). 

The limiting case may be noted in which the six spheres meet 
in one point, the tangents at which ai*e parallel to the faces of a 
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hexahedron with quadrilatei*al faces and inscrihable in a sphere, and 
to this also there is a plane analogue.* 

9. InYei*t now the figure of five planes and its five associated 
spheres. This gives us ten spheres and sixteen points of quintuple 
intersections. Let the spheres derived from the five planes be 
denoted by a, h, c, d, e, and the other ^ve spheres by A, By (7, D, E. 
The quintuple intersections will be duly represented by 

AhcdE, ABCdE, ABcBE, AhCBE, 

AhcBE, ABcde, AhCde, ABCBe, 

ahCdE, aBcdE, ahcDE, aBGDE, 

aBCde, aBcDe, ahCde, ahcde. 

The total number of quintaple arrangements containing the first five 
letters of the alphabet would be 2^ •- 32. But, if we take any one of 
the set, say AhcdEy its complementary form aBGOe does not appear. 
There are left sixteen sets. 

From the scheme it appears that eight of the quintuple intersec- 
tions lie on the sphere d, and eight others on the sphere a. ^Iso the 
hexahedra have not only six plane quadrilateral faces but also two 
diagonal planes. Thus as to the hexahedron circumscribed by the 
sphere A, the circular sections AE, AB, &c., Ae^ Ah, <&c., pass 
severally through four intersections, and the same is the case with 
the circular sections aJ5, aC, &c., ah, ac, <fcc. 



♦ Having proceeded so far, I happened to refer to a paper by M. Auguste 
Miquel, and in the second part (Liouville, Journal ^ t. x., 1® serie, 1845) I un- 
expectedly found the theorem of this article in the second form. Accepting 
MiquePs proof, we may evidently by inversion with respect to one of the quadruple 
points pass back to the original Uieorem relative to the tetrahedron, from which we 
set out. For we shall have four planes whose six intersections correspond to the 
six circles of intersection through the point. Wo shall have also the six" arbitrary 
points, one on each linear etlge, and finally the four spheres each passing through 
a vertex (intersection of three planes) and the arbitrary points on the threa adjacent 
edges. The proposition is the last in the second part of MiqucVs paper, and differs 
rather in character from the other contents, which relate to circles in the plane and 
on a spherical surface. Inversion by reciprocal ** radii vectorcs *' was at that date 
of recent introduction. In fact, the theory of '* images " is given by Professor W. 
Thomson (Lord Kelvin) in the same volume. Accordingly, M Miquel makes no 
use of the method which is directly appHcable to some of his propositions. It 
appears that Mr. Stubbs employed the substitution p'^ for p in space equations 
towards the end of 1843. 
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A Property of the Circum-drcle (li.). By R. Tucker, M.A. 
Received April 9th, 1894. Read April 12' a, 1894. 

1. If through the Brocard points lines AL^ Alt \ BM^ BM*; 
CNy ON* are drawn to meet the circam-circle in ir, Zr' , M, M \ 
N, N' , and then through these points straight lines are drawn 
parallel to AB, AC ; BO, BA • OA, Q o ; these straight lines by their 
intersection determine a triangle pqr congruent to ABO. 




2. Using the notation of my former note (cf. Vol. xxii., pp. 
470-472), the coordinates of the points are, viz., 

X, — c (a* -f 6') a ~ ahcfi = a'y ; 
L\ — 6(c'-ha»)a= a»/J z^ ahcy* 
and the equations to the lines are, viz.. 



* [The conBtruction in Art. 1 \r seen to be legitimate because the a-ooordinates 
of M and N' are 2Aa (^ + (r)l\^ ; and so for the other points. Hence Jtf'JV parallel 
to BC, From the present article it is also evident that Py q, r are the images of 
A, By C with respect to the mid-point of AA'.] 
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The points jp, q, r are 

aa __ _ 



_y 2A^ 

g _ /? _ _cy _ 2A 



(ii.). 



+ 



Vf=»' 



From these equations we get altitude of ^pqr equal that of ABCj 
and the triangles, by construction, are similar ; hence they are oon- 
gruent and co-Brocardal. 

Also, from (ii.), we see that the centre of perspective is the mid- 
point of the join of ilQ\ i.e., the centre of the Brocard ellipse. 

3. The equation to the circle pqr is 

ai3y + . .. + ... = (og-f-. .. + ...) ^(6c«„g4-... + ...)/X* (iii.); 

t.e.y it is the circle, equal, of course, to the circum-circle, obtained in 
the former note ; hence this is a nine-point circle, passing through 
P,q,ri g, /5, y ; a\ ^3', y (cf. p. 470, I.e.). 

4. It is readily verified that the Brocard ellipse, whose equation is 

touches the sides oi pqr, as well as of ABC. 

5. The conic through ABCpqr has for its equation 

6c(6*-l-c»)/3y-|-ca(c»-ha*)yg-|-a6(a'+6»)g/3 = ^.(iv.), 

whose centre evidently coincides with the Brocard ellipse centre. 
This conic cuts the circum-circle in the Steiner point, viz., 

aa (t'-c*) = hl3 ((^-a^) = cy (a>-6«) ; 

hence its axes are parallel to the axes of the minimum circum-ellipse 
of ABC. 

The Steiner point for the triangle pqr is given by the equations 

Ow^g =z= huftft = cw^y (v.). 

6. The tangents to the conic (iv.) a,t A, B are 

6(a'-h&')/3 + c(cHa')y = 0, 
c(6' + c')y + a(a'-|-6')g = 0; 
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if they intersect in r, i.e., 

6/3/(c*-|-a«) = aa/(6»-hc») =-cy/(a«-h6*), 
then Ap\ Bq\ Cr intersect in 

t'+c* c'4-a' a'4-fe' 



a 



817 



(vi.), 



the Lemoine point of the medial tiiangle of ABG (cf. Proc, Vol. 
XVIII., p. 395). 

If, in like manner, the tangents at p, g, r intersect in p", g", r", then 
Ap**, Bq'\ Cr" meet in 






(vii.). 



7. The joins of X, i' ; Jf , if ; 2^, i^T are evidently parallel to BC, 
CA, AB, respectively, and the triangles LMN, L'M'N\ are congruent 
to. ABC. 

12 is the negative Brocard point of LMN, and CI' is the positive 
Brocard point of L'M*N\* 

We proceed to find the other Brocard points. Let Oj be the posi- 
tive point for LMN ; then, since 

the coordinates are (cf. § 2) 

(a6*sin3w— a'sinw)/X, ..., ..., 
i.e., asin w (6*X'— WcAj)/A', ..., ..., 

i.e., a(6'X*— w^Aj), b (c^X^ -w^k), o(aV— wjA;). 

In like manner, the coordinates of 0|, the negative point for 
L'MN', are 

8. The equations (for reference) to LM, liW, are 

6' (a« f 6*) a + a6 (fe'^+c') /3-a»cy = 0, 
ah (r + a') a + a^ (a^t^ /3-6*cy = 0. 



* These tnangles have been discussed by me in " Uni-Brocardal Triangles," 
Troe., Vol. xvra., pp. 393-398. 
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ly, 0, &((r+a'), ca*; 
J*, a(6Hc), fee*, 0. 



9. In the former figure (Vol. xxir., Z.c.) we may mention that on', 
/J/y intersect on the symmedian line thi-ough C. 

10. Let 'pq cut BC, CA, in D, J^T; gr cut GA, AB in ^, jP* ; and ip 
cut ^B, 50 in F, K, 

The points are given thus 

D, 0, a'6, c(aH6'); 
i7, a(6Hc'), 0, 6»c; 
F, c^a, 6(c'-|-a'), 0; 
Hence we obtain D^ = a*6V (6»+c'-|- 26c cos J) /\* ; 

i.e., 1?^'. ^0 = a-tV/X'* = Fr. AB = DD'. BC. 

* 

11. The conic round DEFiyE'F' is 

5V(D'+a*)(a* + 6';a»+. .. + ... = (2a*-hX«) 6c(6»+c*) i3y + ... + ... . 

12. We see that AE = 6V/X', AF^ = 6V/X» ; 

hence the hexagon 

jyBEiEFF = A (l-2a*6VX*) = 2Aa'6V/X*. 

Also the diagonals pass through the mid-points of OO', which is 
therefore the centre of the conic in § 11. 



Second Memoir on the Expansion of cerfain Infinite Products. 
By L >}. PoGERS. Received April 2nd, 1894. Read April 
12.h. ^ .94. 

1. li Ar{&) denote the coeflScient of ^5^/(1 — 5)(1— 5*) .... (1— 9O in 
the expansion of 

1 -f- (1-20! cos e^a?){\-2xq cosfl-|-a:'g') ..., 

we have seen that the value of Ar (fi) is 

2 co8rfl+ \^ 2 cos (r-2) 0^ \^-^^ ^f^' 2 cos (r-4) fl + ... 

(1), 
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and that cerfcain series and infinite products have been expanded 
according to ascending orders of ^'s. Now suppose that any such 

be equivalent to the Fourier series 

6o-h2&icos tf-h2&, cos 2tf -h ... . 
We obtain, by equating coefficients of cosines of even multiples of 6, 



a« + «8 
&c. 



-9 



-l-a^ 



+ 08 



l-c 



-9 1-5 

— ^ +a«r~^ 



^^.i-q'l^l^t 



-3 



^+a 



-<7 



-5 
~9' 



i+O] 



"1-5 1-3* 1-3* 
1-5* 1 



+ ... = 



=-h^ 



8 



1-3 1-3' 1-3' 



-i" 



+ ... 



-9 



-h... 



^-h... = 6, 



= 6, 



= 6. 



= 6. 



(2). 



"We may evidently, by multiplying these equations by suitable 
quantities, obtain a relation connecting the a's and 6's in the form 



ao + aiX + a2X*+... = 6o+ ^l/*l + ^5/^l"^"••• 
Now, since a^-^-a^Ai (^)-h... = &j+26i 303 tf + ..., 



(3). 



and 



2 cos fl . Ar^i (0) = Ar (0) + (1-3* -•) Ar.2 (0) 



(see footnotes on p. 344, Vol. xxiv.), we get, after multiplying by 
2 cos 0, which is A^ (tf), 

= 2bi + {ba+b,) COB O + ibt + b,) COB 20+ (4), 

and hence, by (3), 

«. (1-9) + {«o+ffl, (1-9')]^+ (a. + a, (1-9*)] ^'+.. . 



320 



Prof. L. J. Rogers on the 



[April 12, 



i.e., X[a^-|-a,X + a,X' + ...} 

If, however, as in Vol. xxiv., p. 337, ^x denote the operation which 
tnms / (\) into ^ ^ / / \ i^ , we see that 

A 

(x+ax)(6,+6iMi+V.+ -) 

is identically the same series in the &'s as 

Kfi + h(2+^) + .... 

Hence /»i = ^ 



(5). 



From these equations we may successively obtain the values of 
/L£i, Ai„ ..., and by substituting in (3), and equating coefficients of 
powers of X, we may obtain the values of o^, a,, ... . It is, moreover, 
obvious that the terms containing a*s with even suffixes may be 
equated to those containing 6's with even suffixes. 

The actual values of /ij, /i^, ..., however, may be best determined by 
means of the identity 



1+^^ + 



«*/^8 . ^'M 



+ 



1-q 1-q^ 1-5 



- 4- 



X 



X' 



= 1+ - (\-x)-\- -^(\-x)(\^xq) 



1-q 






(6), 



which we will now proceed to establish. 
Calling the latter series F, we see that 

^^F=x-^x'(\-x)-\-a*{\-x)(k-xq)-\' (7), 

since ^x (X— a;)(X— ajg) ... (X— ajg""') 

-q'\kq-x)(K-x)(\-xq) ... (\-«9"-')} 
= (l-q')(\-x)i\-xq) ... iX-xq'-'-). 



U »m 
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Again, 

as is easily seen, and this 

= (^-«3)+« (^-«2)(^-a^) +«" (^-«gr)(X-ajg*)(X-as}«) + ... 

-aj«aj»(X-ajfl^)-aj»(X-a5j)(X-a5g»)- (8), 

while, by (2), 

SJ^F = l+aj (X-aj) +a? (X-«)(X— ajg) + ... 

— g— ajgr(X— «g)— aj'gf* (X— ajg)(X— ajg*) — (9). 

Now » (X-a?) ^,F= a(X-aj)(X-aJSf)+aj' (X-a5)(X-ajgf)(X-aj3>) + ... 

— «* (X — «) — ir^ (X — a?) (X— ajgr) — •.., 

and, since S^F may also be written in the form 

(X-aj) +aj (X-aj)(X— ag) -haj» (X-aj)(X— ajg)(X-ajg") + ..., 
— a?g— aj'j' (X— ajg^)— as^g* (X— ajg)(X— arg*)— ..., 
we see that 
(l-Xaj+aO S,F =s (X-a?) 

-^a? (X— aj) +aj* (X— aj)(X— ajg) + ... 

— ajg— aj'g* (X— ajg)— a^g* (X— ajg)(X— ajg') — ..., 

which, by (9), =X-2aj+aj3,^x^ (10). 

If, then, F be arranged in powers of a; in the form 

l-« 1-9^ 
we see that ^,F= mi+wi,ajH-7n,aj^+..., 

and (10) becomes 

(1 + a?) (mj + m,a5 + Wjas* 4- . . . ) 

= X— 2aj-f-aj (X+ 8j^)(«ii+fn,«H-iiija?H- ...). 

Equating coefficients of powers of a;, we get 

mi = X, 

2+111, = (X+ax)wi» 
mi+m| = (X+3x)^i 
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BO tliat the m's are derived from one another in precisely the same 
way as the /I's in (5), and are therefore identical. 
Hence the truth of (6) is estahlished. 

If we write q^ as an abbreviation for 1— g", we may easily obserre 
the formation of the coefficients. 

In.fact, since (\—x)(X.—xq) ... (X— «g*"*) 

we get, from (6), a^-|-aiX-f-0|X*H-... 

i 34 58 qi qt J 
^qt 3« 5i ^8 5i i 



(11). 



where the coefficients in the bracketed series are formed on the 
analogy of those appearing in the development of 2 cos nO in powers 
of 2 cos Oy and q occurs in the r^ term of any series raised to the 
|(r-l)(r-2)"» power. 

Equating the several powers of X, we see that 

a,^h,-(l-^q)h,+q(l+q')b,^q' (1-^^)1,-^ (12), 

the general term being 

(-irg'-'^'Hi+g-)^. 

while (1 -3) a. = (1-3) 6,-(l-9') 6.+3 (1 -/) 6.-9*(l -2') 6»- .... 
the general term being 

(-lyqirir-v (l-g"*') 6^^, (13). 

Similarly, series may be obtained for a,, a,, ... in terms of the h% 
but for our present investigations it will not be necessary to quote 
them here. 
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Either of these relations gives us a method of expanding the square 
of the infinite product (l—gi)0-—q*)0-'-q*) ... in powers of q, 

j as a series of partial 

fractions, which, on changing q\ 20 into 5, d, becomes 

n [i-g-? 

1-25* oostf+5 l-.25f" cos fl+g» 1— 2gr»coefl+g' 

+25*oo8fl(l— g.g+g'.gf*— 5*.2»+...) 
+ 25cbs 2tf (1— g . 5»+g». 2*— 2« . 2"+ ...) 

we get, from (13), 

n[l-3»]'= (l-3)(l-g' + 3'-g»+...) 

-3(l-3')(l-g*+3*-9'»+...) 
+2«(l-3')(l-5«+9»-9« + ...) 

-3« (1-30(1 -2'+3"-?*+...) 

Multiplying out the binomial factors on the right-hand side, and 
arranging the series in two blocks, it will be found that horizontal 
and vertical series are equal in pairs, starting from a series of terms 
running parallel to the diagonals of the blocks, so that 

n [1-g"]* = l~2g-h2g»-25«+ ... 

-3»(l-29«+2g'-2g»«+...) 
+g*(l-2g*+22*-.2g"+...) 
-5«»(l-2g»+25"-23«+...) 
+ 5"(l-23«-h2g»»+22" + ...) 

where the indices in the terms outside the brackets are of the form 
n(3nd:l), while those in the bracketed series form series whose 
differences are in arithmetic progression. 

Y 2 
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2. Tlie series on the right-hand side of § 1, (6) can, in the rmnnn 
where X = 1 or where X = ^, be very easily arranged aooording to 
powers of x, by means of a functional equation which it satisfies. 

Let F(jA,x) = l+:JL^(\^x)+:J^iK^x)(k^xqH... . 

Then F(ti, x)-'F(jiq,x) 
= ft(X-«)+/i'(X-«)(X-«3) + ... 
= ,. (X-«)+^ (X-aj) {2^0*, xq)^F{^, xq)] (1). 

Moreover fJ^ [^ (j^qt x)-'F (ja^, x) ] 

= fi^qx (X— ») -^-fi^^x (X— aj)(X— ajj) + ... 
= -^« (X-5«)(X-«)-,i»(X-g*«)(X-«)(X-ir2)-... 

+ /i»X (X-«) +/i»X (X-«)(X-ajg) + ... 
= ^(X^x)-(l-fi\){F(jj^,x)^FOiq,x)} (2). 

Again, 

-^0^, «^)--^0*, «) = fi«+/iaj{-P(^, xq)^F{fiq, xq)} (3), 

t.c., FijjL, xq){l-fjix) =F(fi, x)-tAxF(fiq, xq)-{'fix. 

By the help of (1), (2), and (3), we may eliminate all the functions 
except F (/i, »), F(fiq, xq), and F (/Ltg*, xq*), and obtain the equation 

i — fiX 

i — fixq 
^ f^(l-fix^)(\-xq) (4). 

Let n=x, aaid write f («) for F (x, x). Then 

= x{l-a?q*)(\-xq). 
Let X = 1, and write i^ (x) for ^(^)-/(^)+^ , so that 

i^ (aj) ^-^c^yif {xq) = x—^q—afc^+x^^. 

From this relation we easily get 

^(x) =ar-a^9-aJ»g*+a^2*-|-a^3'-««5"-a?g»+ (6), 



1894.] Expaimon of certain Infinite ProdiLcts. 325 

a series which is worthy of notice for its resemblance to the expansion 
of nr [1—5*] in powers of 5. 

Substituting for \// (x) and multiplying up, we get 

F(x)''F{xq) = a;-a;'g-aj»(g+3«)-a;V+«»g»+aj»(/+50 + ..., 
and, finally, 

^' 1-3 l-«' l-t l-g*^l-a»^ -2« ^•" 

(6). 

Hence, by § 1, (6), a,+Oi+a, + ... 

= 6o+6,-g6,-(3+9')6,-3»6,+3»6,+ (g'+/)6,+/6,-3^.--.. 

(7). 

The formation of these coefficients is sufficiently obvious. The 
coefficient of 6j« is (-1)* {g*"f'-iJ4- g*" (*•+»)}, while that of 6>»_, is 
(- 1)*^<*-»), and that of h^^, is (-l)" gf^^^^K Moreover we may, 
of course, equate the series of terms with even suffixes to each other, 
and those with odd. 

Again, in (4), let A =: gf*, so that 

\^xq = gr* (1 — \x). 
Then, in a manner similar to the above, we may show 

(8). 

SO that, by (1), ao+2«ai 4-50,-1-... 

The series of alternate terms giving 

ao+5'a,+5'a4-h... 

is of special interest, as will be seen later. 

The coefficient of h^ is g«« (»«->) +g»«(*«+i>, while that of fta^., and 
6e„+a are respectively — g**^*-*^ and —g*» (*"+«. 

3. Closely analogous to the results obtained in the preceding sec- 
tions are those derived from the coefficients of af/C^ ""S'O • ^ *^ 

expansion of (i^.2ajgoo8fl-h««3')(l+2«g»ooBfl-|-«»(?*)..., 
which in Vol. xxiv., p. 352, was denoted by B^ (fi). 
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If the q series a^-^-a^B^ (0) +a,5, (0) + ... 
be equivalent to tlie same Fourier series 

6o+26i cos 6+25, C50S 2tf+ ..., 
we have, as in § 1, (2), 

31 S'lS'f S'lJjJ* 



3i 



= 6. 



= 6, 



= ^ 






(1), 



whence a^, a,, ... may be expressed in terms of the Vs. However, it 
is easy to see, from the formation of the indices of the powers of q 
which occur in the coefficient, that if by § 1, (2), we obtain a relation 

Woao+m,a,+m4a4+... = n^hQ-^n^h^+n^b^-^- „., 

then, from (1) above, we get 

Woao+m,gf*a,-hm43*a4+Wa3"ae+ ... 

= n^K+n^q'^hi'^n^q-%-\'n^q'%'{- (2), 

while, in a similar manner, if 

miai-|-m,aj+,.. = Wi6j+«,6s+..., 
then 

4. By the results obtained in § 1 it is obvious that, if conditions for 
convergency are satisfied, any cosine- series in may be expanded 
uniquely in the form 

Let us therefore expand the product 

(1 + 2X5 cos tf +XV)(1 -h2Xg* cos fl+XV) ... 
in this form. 

Now it has been seen in Vol. xxiv., p. 345, that, if 
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Zo+-B:,aj+E;a!«+... = 



(Oo+Oi\+...), 



(ajX) {xi) 
where i operates onlj on the X's not contained in the 0*% ; or, since 



we maj write this relation in the form 



(Oo+0,aj+a,aj'+...), 



(X») (X3,) 

where the O's are independent of x. 

Hence Oo+0iaj+0,a!«-h... = (Xa,) (XajX^o+^i* +...)• 
If, then, P(X) = Oo+(7iili(e) + ..., 

we have Oo+(7iaj+0,aj'+... = (W.)(Xa5), 

because Z^j+Z^i^, (6) + ... = 1. 

Now Q^z)Q^) 

and since a,af = (l-^jO ^''^ 

bj definition, we see that the coefficient of af is the series 

^ '^ (l-/)!"* (1-S-)! ^ ^' 

where 5 = 0, 1, 2, ... . 

Changing X in — Xg, we have 

(i+2Xgf cos o+xy)(i+2Xg»cos e+xv)... 



■> > 



= 1+^+ 



xy 



x^ 



i-s (i-gXi-j*) (l-3)(i-3')(i-2') 



+ ... 



+ ... 



(2). 
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(8). 



Moreover, if we write x (^*) ^or *^® series 

which is the coefficient of A^ (6), we can write this expansion in the 
form 

The function x (^') &lso satisfies the relation 

80 that jlG^= 1 ^^JalJJa: 

x(X'j) 1+ 1+ 1+ 1 + 

5. When X = q~^, we get some very interestiiig results. For then. 
the equation § 4, (2), gives 

(l+2g»oo8e+5)(l+2g*cose+g*) ... 



(*). 



= 1+^ + 



1-S (l-5)(l-20 



+ ... 






■••} 



+... 



= ^(g)+2^ii«l^(3) + ..., say. 
1— g 

But, by the theory of theta functions, the above product 



(l + 2^cos0+22'cos2e+29fcos39+29*«»40 + ...). 



n[l-g-] 
Hence, by § 1, (12), 

n[l-5«]^(3) = l-2'(l+g) + 3»(l+2')-5«(l+9»)-." 

= l-jl (s-»+2») +2» (g-«+g')-jV (2-1+21) + ... 

= n [1-g-] n [1-5**'] ; 

therefore ^ (g) = 1 ■*- (l-3)(l-2*)(l-a»)(l-3»)... 

= l^n[l-3*'*'] (1) 
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(2), 



Similarly, by § 1, (13), 

n [1-g-] f (3) = l-g-3* Q.-^)+c^ iq-f)-- 

= 1-?* (?"*+«*) + ••• 

= n[l-g*']n[l-g*'*']; 

therefore ^ (q) = l-i-U[i-^^*} 

Combining these results, we see that 

.(,)..(-) _ (l-<?')(l-g")(l-<?")-.. ^ 

and that 

iji) _ X JL JZ!_ JZ!_ _ (l-g)(l-g«)(l-9*)(l-9')... 
^(3)^1+ 1+ 1+ 1+- (l-3«)(l-3')(l_37)(i_g.)... 

= (l-3)(l+3«)(H-g»)(l+3')(l + g')(l-g»)(l-2>»)(l+j")..., 

where the indioes in the binomial factors include all nnmbers whose 
final digits are 1, 2, 3, 7, 8, or 9, the first and last being combined 
with minus sigfns, and the rest with pins signs. 

Similarly, 
*§) = (l+3)(l-3«)(l+9*)(l+3')a-9')a+2')a+g")(l-g").... 



6. The series 



= 1^ V 



xW = i+ 



Vsl 



+ ... 



l-g (l_g)(l-3«) 

may be expressed in another form by means of Lemma lY. on p. 340,. 
Vol. xxiY. For, since this lemma gives 

we get, by putting 4/ (XJ = (— Xj^), and fi = — g, 

1 



(H) 



(-Kq) = (-^^^iX-^ff)- 



Expanding each of these products and performing the operations 
involved, we get 
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whicli, by Bjnninetry, 

= (-^3){H- (i_2)(i+X3) + (i_g)(i_j.)(i+Xg)(l+Xg») ■*■"•} 

(!)• 

Let Xj = A^, so that 

l+Saffi, (X, Xi) = 1 ^ (l-X»)(l-AaJ5*)(l-A«g) ..., 

and Hr(K K) = X'^(l-g»)(l-?)... (1-3*^)5 

then (1) becomes, after changing q into g^, 

I ■^(i-a'Xi+Xs*) (i-5')(i-«*)(i+V)(i+V) "i "'^ ^' 

= n[i+3*'x]x 

r+(i-3')(i+V)^(i-3')(i-g*)(i+V)(i+V) i '^^' 

Ag^ain, in (1), let Xj = — X, so that 

H-2afB,(X, Xj) = l-=-(l-XV)(l-XV«*)..., 
and fl-,.(X, X,) = x^-f-(l-3«)(l-2*) ... (1-g''), 

and flar+i (X, Xi) = ; 

then (1) becomes 

^+T~i + 7i ^kn 4T+— = C""^?) 5 l""?! — ^rnrTT^+— f • 

1-g' (i-g*)(i-3*) c (i-g)(i+Xg) ) 

Changing q into g*, and X into \q, we get 

h- ^ + ^V - i (4) 

I (l-3')(H-X2«)^(l-g')(l-3«)(l+X3')(l+X3») - 5 -^ '' 

the left side of which is x (X') in which q has been changed into 5*. 
If, now, in (2), we put \ = q'^, we get 
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therefore if, (g)+^ ( -g) = 2n [1+ j^] x 

I ^ (l_g«)(l-9') (l-2*)(l-2')(l-s'*)(l-3'*) 3 ■ 
But in (4), if X = — 5"', we get 

^(3«)=n[i-3»->]x 

Comparing these results, we see that 

9(.q)+f(-q) = 2^^±^^f(q^ (6). 

Similarly, 

, (g)-K-«) = 2n [!+,»■] ( ^ H. (,_^)^,^^)(,_^,.) -^ ... } . 
wlfich, by putting Z = +1, and — g* for gr in (4), 

-^ft^V'-'^ <*>• 

Again, by (3), we shall get 

H.) = n[i+g-]{i+^.+ ^j-^^+...}, 

whence, by (4), 

'K3)-*(-?) = 2f^fZ^2V(5") (7), 

and similarly, by (3), used twice, 

^iq)+4' (1-g) = 2 "[iy-i] » ^~g*^ (^>- 

These four identities (5), (6), (7), (8) are sufficiently remarkable 
in themselves to call for mention at this point, although they may all 
be derived from the 9-function valaes of the series ^ {q), \p{q) 
obtained in the last section. 

For instance, (O') + ( -" ?) 

_ (l-g)(l-g')(l-g")(l-g^')...+(l + g)(l+g')(l-hg")(l-hg")... 
(l-2')(l-2«)(l-g")... X (l-2*)(l-3')(l-g")(l-3^-) ' 

by §6,(1). 
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This numerator maltiplied by 

(l_3«)(l_g«.)(l_g-)... 

= 2 {1+3- (s-»+g»)+5"(g-"+s«) + ...} 

= 2n (l-3*-)(l+3")a+2")a+2")(l +«")... . 

In this manner we reduce the left hand of (5) to an infinite product, 
which is easily seen to include identically all the &ctors in the right- 
hand side, after substituting for ^ (q^ ^7 § ^9 (1)* 

It is not, however, in these identities that the special interwt in 
the series ^ (q) and ^ (q) lies. These relations may be considerably 
simplified by substituting the functions 

^(g)x(l-9«)(l-g0(l-3*)... and ilr(q)x(l-^Kl--q'Kl^f)... . 

Let u±r denote ^(±gOn (1— g^}, 

and v±r „ ^i±f)^{l-f^]' 

Then (5), (6), (7), and (8) become 

t., + u., = 2n[l-g^]^(3'«) = 2^Ilz^u^ (9), 

t*i— <*-i = 2gr«4 (10), 

">-"-« =^'Sfr5^^« <">' 

t?i+«-i = 2u.4 (12). 

Now, if we put X = g"* in (3), we get 

^(?)=(l+?)(l+9')(l+3*)- 



{^^ 



^ 



+ ...}, 



SO that u_| 

=n[i-x(-3r]{i+^-^+ jf^ +...} 



(13). 



By § 2, (9), and § 3, (2), we see that, if 

«>o+«i Bi (tf)+a,Bj (fl) + ... = 6,+2fe, cos fl+2fe,co8 2tf+ ..., 
then S+"i3'+"«9'+««5"+ — 

= ^- ^ -3' ^ +S* (1+3*) 4 -3' 4 - (14). 
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Now, by the definition of Br (fi)^ 

(1+22* co8«+g)(l + 2grl cos «+2«)... 

1-g ^(l-2)(l-g*)^(l-g)(l-g')(l-g')^- 
= ^P^— p: (1 +22* cos e+22* COS 26+2^ 008 3e+2g» 008 46+ ..0. 

Hence, bj (13), u.i is the right-hand side of (14), where b^r = ^, 

Thus u., = l-g-2»+g»(l+g0-2~-3*+g"(l+g»)- ...(15). 

This series may be systematically arranged, if we notice that by 
taking every fourth term we get powers of q whose indices are in 
hyper-arithmetic progression. 

We then see that we may write the series in the form 

l+?""(S-'+2')+2*»-'(5-*+3*) + .„ 
-3 (l+g"" (g-+5«) +g«- (g-"+3>^ + ... }, 

oonsistiiig of two G-seiies of the 15th order. 

Changing q into —q, we arrive finally at the remarkable identity 

= i-s"''(r'+20+5'*''(g-*+<z*)-... 
+3{i-2"''(r'+3')+s"'"(g-"+3")-...} 



= n[l-g»"]| 






-g*)...J' 



and, remembering the product valne of ^ (g) obtained in § 7, we see 

that 

nci-j*-] T-n[i-g»"] n [i-g*"*'] 
= (i_3»)(i-3^(i-a*)(i-a^(i-a^(i-a^... ' 

+q (l-30(l-3")(l-2^(l-!n(l-ar)(l-«") (16). 

We may, moreover, obtain from (10) a similar expression for «,, 
after changing — {* into q, 

+2*{l-2""(r'*+3")+2"''(«-"+2^-...}, 
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whence n[l-g*']+ll[l-3*"]n[l-g^*»] 

= (l-?»)(l-2")(l-3*')(l-0(l-3")(l-0..- 
+2'(1-3)(1-9")(1-5")(1-2")(1-9")(1 -«")"•• 

Again, since, bj (9), 

«+«., = n[l-2^]^(3'«), 
we have n [1 - g**] ^ (g") 

. =l + 2"*'(2-'+3*)+2"-(5-'+8*) 

-3 {3""(3-+3')+3""(3-**+3") 

' H -3"(3-'+3*)(H-8'**)(l+3*)(l+3")(l+3*)...r 
therefore, changing g^ into q, 

n [l-3"]*(3')-5-n[l-g'-] = (l-g)(l-a»)(l-J«)(l-3')."(l-3*)..M 

where ^ is any integer which is not a multiple of 15, or whose last 
digit is not 2 or 8, 

= (l+3')(l+3*)a+3")(l+3")." 
Similarly, from (11), 

n [1 -3"] + (2") -5- n (1 - g»"] = n [1 -g»]. 

where N is not a multiple of 15, and does not end with a 4 or 6, 

= (l+2«)(l+2»)(l+3'*)(H-3*)... 
-q (H-3)(l+3")(l+3'0(l+3*)- • 

7. We have seen that, if 

ao=fcai^(e)+a,^(e)=fc... = 6o=fc26icose+26,cos 2e± (1), 

then Oq, c4, ... can separately be expanded in § 1 in series containing 
&'s with simple coefficients. Moreover the series 

ao+<=H + ^+«- and ao+a,g* + a,2+.., 
have been similarly expanded in § 2. 

These identities are only a few of a very large number of relations 
connecting simple series in the a's with simple series in the 6*8, 
which will be established in the subsequent sections of this memoir. 
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These can all be treated in the manner of § 6, (14), where by § 3 (2), 
we see that, if 

ao+miai+m,a,+ ... = 6o-|-ni6i+n,6,+ (2), 

then ao+m,5'a,+m4g"a44- ... = feo+^H^'^^i+n^g**^^^... 

and 7n-,5*ai-|-m,5rVa,+ ... = ni5^*6i4-w,g-*6,4-..., 

which, applied to the 9-f unction identity 



n[i-3"] { 



^ , B, (6) ?-* I B, (6) ? -' 



,..] 



gives 



1-5 ■ a-qXi-q') 

= l+23» 008^+23' COB 2fl+„., 



n[l-3-]Jl±^ + 



9^ 



^"*» 



-3«)+-} 



1-3 (l_3)(l_3«)-(l_2)(l_3')(i 
= l±g*n,+3»i,±gtn,+3*«4± (3). 

Many of the relations obtained will only lead to well-known identities, 
and in sach cases the application of this section will not be quoted. 

8. We have seen in § 4, (2), that, if 



^ 1-5 ^(l-gKl-j*) 



^r •..) 



be expanded according to A (0)'s, the coefficient of Ar (0) is 

^(i-gOia-g*)! ' 

when 8 has all integral yalnes from to oo . 

Now ir(r+l)+r«+«(«+l)=ir*+i(r+2«)(r+2ir+2), 

so that, if any power X"* of X be changed into Xg-*'"^'"**^ the corre- 
sponding coefficient of Ar (6) would be 

^(i-^OKi-g*)!* 

This is predselj the same thing as saying that 

, , g.(g)(?-«\ , B,(e)q-*\* . 
'■*■ i_j +(i_3)(i_2.)+- 

V^ 1-3 +(l-3)(l_3«)+-j 

^ r'''i^'''(i-3)(i-3*) ■*'"•) •••^^^' 
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Now Bnppose that, in consequence of a relation 

00 + 01.1^(6) + ... =rao-faiBi(0) + (2), 

we can establish some relation of the form 

a^+aiXi+a,X,+ ... = a«+aini9*+a,ii,g" + (3); 

then (1) gives relations connecting the A^b and B^b by eqnalang 
coefficients of powers of X; (2) establishes connexions between 
Oq, Oi, ... and a^, O], ... bj equating coefficients of the ^'s ; on snbsti- 
tnting for the a's in (3), we get relations connecting X|, X^ ..• with 

It will be easy to see, however, that these are simply expressed by 
substituting \. f or ^ (fl), and w^ for Br (6) g"*'^*'**', so that 

Now, in § 3, we have seen that, if 

a^+7»jai+m,a,+ ... = 6o+ni6i+n,6,+ (5), 

then ao+mjg*ai+m,5'c4+... = 6o+nig"*6i + n,g"*6,+ ..., 

i.e., ao+aiXj+a,X,+ ... = 6o+nig"*6i+n,g"'6,+ (6). 

If, then, we know a relation of the form (5), we can by (4s) obtain 
the coefficients X|, X^ ... which establish the equation (6), and vice 
vend. 

Example 1. — Let X^ = X, = ... = 0, 

so that, by § 1, (12), we know the values of n^j"*, n,g"\ &c. Then 
substituting in (5) the values of the m's given by (4), we get 

«,+«,(l-3')+o«(l-s«)(l-s')+«.(l-2*)(l-30(l-9*) + -.. 

= 6,-s (1+g) 6,+9'(l+3') h-q"* (1+2*) 6.+ ... • 

Example 2. — In § 7, (1), by putting 6 = —-, we get 

a,-o,(l-g)+04(l-3)(l-3»)-... = fe,-2b,+2fe«-... . 
The present section gives 

ao+a,(l-3)+o«(l-2)(l-30+-=6o-23b,+22'6«-.... 



'1- •- 
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Example 3. — By putting ±2 cos = j"'+a' in § 7, (1), we g«t 

a,*<H3-* (1 i- g') +«ig-' (1 +3*)(l+2) ± ... 

= 6o±«^2*» (l+2*) + 6.3"*(l+3)±..., 
and the derived form is 

o.±ai(l+2*)+«i(l+3')(l+3)±a,(l+g*)(l+3)(l+3*) + ... 

= 6o±Ml +?•) +M' (1+2) ±6.«» (1 +?«) + ... . 

Example 4t. — ^If — 2cos2tf s'j-'+g, 

a»-oigr'(l-g)+o«3-'(l-3)(l-3»)-... 

= 6.-S-' (H-g») fc,+5-' il+f) 6,-..., 
and the deriyed form is 

9. Quadratic transformation of q. 

We have already seen, on pp. 175 and 343 of Vol. xxiv., that 

from which relation, bj putting v = /u^, and afterwards changing 
q into g*, we have 

I l-3« + (l-3«)(l_3«) •••n^+ l_g +(l_3Xl_3.) + -} 

^ 1-3 '*+(l_3)(l_3»)'*+ ^^^' 

where A^ (0, g') is what Ar (fi) becomes when q is changed into g". 

By equating coefficients of powers of /i, we get Ar (d, f) in terms 
of il,(d),^.,(0).... 

Now suppose that we have some function expanded according to 
both kinds of -4, i.e., 

oo+oi-^i («) + ... =yo+yiA(«,3') + (2). 

Substituting from (1) in the right-hand side of (2), and equating 
coefficients of like il's, we get relations connecting the a's and y's. 

VOL. XXV. — NO. 496. z 



388 



Prof. L. J. Sogers on the 



[April 12, 



If this is written in the form 



a,+m,a,+m|a,+ .>. = ro+<'I')'l+<'^y•+••• 



(3), 



it will not be difficult to see, just as in the last section, that the nt's 
and c's will be connected by the relation 



1+^+ 



^ 



i-q (i-g)(i-2*) 



+... 






(4). 



It is evident, moreover, that if we know a relation connecting a 
series of y's with a series of h% we maj change g to ^* throughout, 
provided we change 7,. into a,.. 

In this manner we maj extend very considerably the numbier of 
relations connecting series of a's with series of &'s. It will not be 
necessary to work them all out in detail, since the method of deduc- 
tion is the same for all. 



Example 1. — Let m,. = g*', 

so that the right-hand side of (4) becomes 

(i-A) (i-^V)(i-mV)... 

(l-,i2»)(l-,ig«)(l-M3*) 



which 



= (l+^g»)(l + /'2*).-. 



= 1 + J^ + 



if^zl 



1-q (l-3)(l-3«) 



^n • • • • 



Hence ao+aig*+ai9 + a83* + a4g'H-... 

= yo+yi2*+yi3*+y8?*-i-r43'-H... • 

But since the left-hand side has been given in § 2, (8), and changing 
q into g*, and y into a, we have 

= ^+ti9*-Z>j-9*(l+?)^-9'^+(Z*&5+..., 

where, of course, the series of terms with even suffixes are equal, and 
those with odd. 
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Example 2. — Let m, = ; 

then o, = y,-gf(l-3)y,+g*(l-g)(l-g')y4-... 

= 6.-(l+9) 6, + 3 (1+3') 6.-3» (l+3») 6.-..., by § 1, (12) ; 

therefore a,— g* (1— 3')ai+9'(l— 3*)(1— 9*) 04— ••• 

= ^-(1 + 3*) 6,+3* (1+g) 6«-2* (1+2*) 6.+ ... . 
By § 7, (3), we get the identity 

n[l_,-]h g*(l-g*) + 9*(l-«/')(l-3«) ) 

>■ 'J I (l-3)(l_3') + (l-3)(l_3«)(l_3»)(l_g^) -5 

= the e-fmiction I-5 (i+g*)H: g* (1 + g) — ... . 
Examples. <h'^(h(}'-q)-^^4 0-'-9)0'''^) + '- 

= yo+r,(i-9)'+r4(i-9)'(i-3')'+... 

= 6p— 2^6, + 25*64— . . . , by the preceding section ; 

therefore Oo+Oi (1 -?*)* + a4(l-3*)*(l -?*)*+... 

= 6o-2g*6,+2g«64-..., 
whence, by § 7, 

nri-o»]h+ (I-?*)*? + (i-./')'(i-<7«)'a* I ] 

•- s^J I T (i-3)(i-3') ^ (i-g)(i-3»)(i-3*)(i-g*) ^ ) 

= l-23*+23«-.... 
Example 4 a,+a, (l-3') + a4(l— 3»)(1— 3*) + ... 

= y.+yt(i-g)+r«(i-5)(i-3*)+-.. 

= 1.0-g (1 +g) 6,+g' (i +g') «»«-..., by § 9, Ex. 1 ; 

therefore o.+aj(l-g*) + a«(l-3*)(l-3«) + ... 

= ^.-g* (1+3*) 6.+g» (1 +g) 6«-g* (i+g») 6.+ ... . 

By § 7, this gives 

n[i-<,-ih+^tiki<z!}_+ <?«(i-3*)a-g*) I ] 

...=l-3i(l+3»)+3V(l+3)-3»(l+3f) + ... 

= n [1-3*"] n [i-3»<'"*'']. 

Hitherto we have deduced results by changing 3* into 3. We may 
derive other identities by assuming values for the c's in § 4. 

z 2 
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then 



1+ «hii +;.. - 1 H- (1-/*'3)(1-;.V)- 

1 — Q 



flV 



-II g/* I TM- . , 



therefore yo = ''o+"»3(l~3)+<*43' (1~9)(1— 9') + ••• 
= 6.-6, (l+g') +M' (1 +2*)-?'.2* (l+jO +..., 

by. cHanging q into g*, and a^ into y^ in § 1, (12). 
This result agrees with § 8, Ex. 4. 

10. Second quadratic transformation of q. 

By putting r = — ^a in the identity quoted at the beginning of the 
last section, we get a' relation 



V^ l-g« '^ ^ (l-3')(l-2*) "/ 



'<11 1_3+(1_2)(1_3.) •••; 

1-3* (l-3')(l-2*) 

As in the preceding sections, we see that, if in consequence of a 
known equation 

o^+OtA, (0)+a,A^ (6) + ... = e,+e,^, {20, 3') +e,il, (20, g") + .... 
we can derive a relation 



a9+a,»i,+04TO4+... = eo+eifc,+e,fc,+ .... 



then 



1 + M + 



k^ 



1-3' (l-3')(l-3*) 



iT *** 



-/i+2«iif! + ?!iif! 4. \ 



2 (1-3)(1_3') 



*■"••• r •••^A^, 



Example 1. — Let fc^ = ; 

eo = ao+a,(l+g) + a4g(l + g)(l+g") + ... . 
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But the expansion of e, in terms of the &'s is evidently obtained 
by changing q into q*, and b, into bt, in the expansion of a, ; therefore 

0,-1-04 (1 +3) +a.j (1 +3)(1 +9') + a,2» (1+3)(H-3')(1 +3') + ... 

= 6,-6. (l+j*) +6,3' (H-30-6,»3' (1+3')-... . 
By §7, we get 

nri-g'ifii ^^^+'?^ I g'Ci+gXi+g') + \ 

n[l 9 ] |1+ (l-3)(l-3.) + (l_3)(l-30(l-3»)(l-30 ^•" / 
= the e-fonction 1— 3*(l + 3')+3''(l+3*)-— • 
Example 2. — From Ex. 1, § 8, we get 

o„+a,(l+3)+o«(l+3)(l+3') + ... 

= 6,- b,q* (1+3') + 6,3'<' (1 +3*) _ ... ; 



whence 



nri-q'lli+ g^^+g) + 



q*(l+q)(l + q^ 



(l-3)(l-3«) (l-3)(l-3')(l-3*)(l-3*) 
= the e-function 1 - 9' (9-' + 3) + 3" (3"' + 9O - . . . • 

Example 3. — Let A;, = — 3, A;, = 3*, A^ = — 3*.., ; 
then a,+a,+043» + a,3*+ag3"+... 

= h^qh^-^h^-q (1 + 9*) 6.-.g«68+..., by §2, (8). 
Similarly, • ao+ajj + a^g*^... 

= 6o--^a-5'^+3*(l+3*) ^e-— » as in §9, Ex. 1. 

Excmiple 4. — Let m^ = I+5, m^ = (l+5)(l + 9')» ... ; 
then, since 



,..} 



1+ 



1+3''' ^ (l-3')(l-3*)/' +••• (1-m')(1-A*)-.. ' 



we hare 



1 + 



1-3* 



+ ... = i-^(i-/i')(i-AO".; 



therefore a^+a^ (1 +3) + 0, (1+3)(1 + 3") + ... 

= e,+e, (l-30 + e«(l-9')(l-9») + ... 
= 6o-23'6«+ 23»6,- ..., by § 8, Ex. 2. 
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Example 5. — Let mr = 0, 

«o-(H-3)ei + (l+(?)(l+5')e,-... 

= «o = ^«-a+g) 6«+3 a+^') 64-..., by § 1. (12); 

therefore ao-(l+9*)ai + (l+2*)(l+9) Oi-- 

= 6o-(l + 5*)&i + 2*(l + 5)6«-?* (!+?•) ^-•••• 

11. Cubic transformation of q. 
The identity 

given in Vol. xxiv., p. 346, when 

and 9 is changed into ^, becomes 

^+1_3^+(1_2)(1_3.)^+- 

where 1 + Sg,^^ ^/^-^y-f -)," ■ 

(1 — Ax) (1 — Agj) (1 — Aj'*) ... 

If, then, 00+ a,^, («) + ... = /,+/,^, («, 3*) + .... 
we see that ao+a,3(l— g')+a43'(l— 3')(1 — 3*) + ... 

= 6,-(l+3') b,+3'(l + 9') 64-2* (1+3') 6.+ ... • 
Again, by § 9, we get 

a,+a,3 (1 - 3') +a«3' (1 -3')(l-3«) + ... 

= ro+yi3*(i-3)+y«9*(i-3)(i-3') + -, 

so that a^+a^q (1— 3')+a4g'(l— 3')(1— 3*) + ... 

= to-(l+9*) 2'i+3« (1 + 2*) ^-3»(l+«») fc.+ "M 
and, by § 7, 

nil 3 J|l+ (l-jXl-g*) + (l_5)(l_5.)(l-5.)(l_g«) +*••/ 

= l_g,_gl4.gV + g¥-... 

= n [1-3^] n [l-3« '•*"] (c/. Ex. 4, § 9). 
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The foregoing examples will illustrate tbe great fertility of tbe 
method employed for deducing identities which are difficult to prove 
by other means. It may be noticed that, when all the b's are equated 
to unity, the expression for Oq vanishes identically. The equation 
§ 1, (4) would lead us to infer that Oj would also vanish identically 
on the same supposition, as indeed is obvious from §1, (13). 
Similarly, it may be shown that all the as vanish identically when 
the 6's are equated to unity. Consistently with this fact, it will be 
then seen that, if in any relation connecting an o-series with a 
6-series the coefficients of the a's form a convergent series, then the 
6-series vanishes identically, as in § 2, (9), § 8, Ex. 4, Ac. ; but, if the 
6-series does not vanish identically, then the coefficients of the a's 
form a divergent series, as in § 2, (7), § 8, Ex. 1, 2, 3, Ac. 



On Regular Difference Terms. By A. B. Kempe, M.A., F.R.S. 

Read and Received April 12th, 1894. 

1. Let a, /3, y, ... be a system /S„ of n quantities, which may be 
termed roots; and let w differences a— /3, a— f3 ; /3— y, a — y ; <fcc., be 
formed with these, each root entering into v of the differences. Then 
the product of these w differences will be called a regular difference 
term of the system /S„, and will be said to be of degree n, order r, and 
weight w, • ' 



. .' •/.- 



2. The expression 

(a-/3)'(/3-y)(y-i)»(a-«) 

affords an example of a regular difference term of degree 4, order 3, 
and weight 6. 

3. We may have difference terms into which the different roots do 
not all enter the same number of times ; such difference terms are, 
however, irregular, A difference term will be irregular although each 
of the roots which enters into it enters the same number of times as 
the others, provided that there are other roots of the system under 
consideration which do not enter at all. Such a difference term will, 
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however, be a regnlar difference term of the reduced system which 
consists only of the roots which do enter into the term. 

4. Where the degree of a regnlar difference term is even, the order 
may be as low as unity ; but, where the degree is odd, the order can- 
not be less than 2, for we have 

vn = 2ir, 

i^d thns both degree and order cannot be odd. 

Begnlar difference terms of even degree and order 1, or of odd 
degree and order 2, will be called elemental terms of the system of 
roots considered. Elemental terms of order 1 may be called linear 
elements, and those of order 2 quadratic elements. 

5. The product of two or more regular diffei*ence terms of S„ will, 
of course, be also a regular difference term of 6'^, and its order will 
be the sum of the orders of the factors. A given regular difference 
term of Sn may therefore be such as to admit of being expressed as 
the product of two or more regular difference terms of S« of lower 
order ; but, on the other hand, it may not be so expressible. Thus 

x(«-0'('?-fl)' (—.)*, 

a regular difference tenn of degree 10, order 3, and weight 15, of the 

system of roots -> ^ v /» 

a, /3, y, ^, e, C, »?, 0, i, k, 

does not admit of being expressed as the product of regular difference 
terms of the same system of lower order. 

6. Regular difference tenns which admit of being expressed as the 
product of othera of the same system, of lower orders, may be said to 
be decomposable. 

7. Regular difference terms which are not decomposable may be 
said to be primitive. Elemental terms ai'e, of coui-se, piimitive. 

8. Regular difference terms which are so completely decomposable 
that they can be expressed as the product of elemental terms may 
be designated pure composite terms. 

9. It is known that, for a given system of n roots, the number of 
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primitive regular difEerence terms is limited ;• so tbat every regular 
difference term is either one of this limited number of primitive 
terms, or is the product of two or more of these, or of their powers. 
Some progress has also been made towards the specification of the 
orders and forms of primitive terms.f 

10. It does not, however, appear to have been hitherto observed 
that every regular difference term^ whether decomposable or primitive, 
of a system of roots iS„, can he caressed as the sum of pure composite 
terms of 8n, and therefore as a rational integral function of elemental 
terms of S^. 

11. For example, the primitive regular difference term referred to 
in § 6, viz. : — 

(„_/3)(„_y)(«_3)(/3_,)(;3-O(y-'»)(y-e)(^-0(«-«) 

can be expressed in the form 

[(«-i3)(y-«)(«— )(«-«)«-.!)] 

X [(a-y)()3-3)(e-0(.J-«)(<-«)] 
X [(a-J)(/3-y)(«-O(.»-0)0-O] 

+ [(a-i3)(r-O(3-0('-<)('»-^] 

X [(a-y)(/3-«)(e-0(,-«)(.-«)] 
X [(a-J)03-,)(y-tf)(e-O(.-r)] 
+ [(a-/3)(y-«)(^-e)(f-.l)(.-«)] 

X [(«-y)(/3-«)(«-0(«-0('»-fl)] 

X [(«-3)(i3-y)(e-«(,-e)(.-«)] 

+ [(«-/J)(y-0(?-e)(7-tf)0-0] 

X [(a-yX/J-OCJ-cXe-OC-J-^)] 
X [(„_a)(/3-,)(y-(?)(e-0(.-«)], 



* See * * XJeber die Endlichkeit des InyarientexiBYstems far binary Grundformesi, " 
by D. Hilbert, in the Mathemati»ehe Annalen, Vol. xxxnz., where the result is 
obtained by the aid of a theorem of Professor Gordan with reg^ard to a class of 
diophantine equations. 

T See ** Die Theorie der Regularen Graphs,'* by Julias Petersen, by the Acta 
Maihimatieaf Vol. xv. 
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tliat is, as the sum of four pure composite terms, each of which is the 
product of three linear elemental terms. 

12. The object of the present paper is to demonstrate the theorem 
of § 10. This theorem is one of some importance. Thus, to confine 
ourselves to one example, let Q„ be a quantic the roots of which are 
those of the system Sn ; then, if T be any regular difference term of 
8m the expression «m 

where the summation extends to all terms derivable from T by 
transpositions uiter se of the n roots, is an invariant of Q,, and every 
rational integral invariant of Q^ is a rational integral function of 
invariants of that form. Now, if T be exprassible as the sum of pure 
composite terms of Sny every rational integral invariant of Q. is 
expressible as a rational integral function of invariants, such as 

where E^, J5?„ J5?„ ... are all elemental terms of S„ being linear or 
quadratic according as n is even or odd, and the summation, as 
before stated, is of all terms obtainable by ti'ansposition (not of the 
elemental terms ^„ E^, <fec., but) of the roots a, /J, y, ... . Prom 
this result the proof by Hilbert's method (see foot-note § 9) of the 
finiteness of the number of the invariants of a quantic Q« in terms 
of which the whole system of its invaiiants may be expressed 
follows immediately. 

13. A regular difference term of degree 2 is of the form 

and is clearly a pure composite term, for each factor (a — /3) is a 
linear elemental term. 

14. A regular difference term of degree 3 is of the form 

(a-)8r(/3-y)-(y-a)'» = [(„_/3)(/J-y)(y-a)]-, 

where 2m = r, and is clearly also a pure composite term, for each 
factor [ (a — /3) (/3 — y) (y — a) ] is a quadratic elemental term. 

15. We have 

(a-HXy-S) = („_y)(/3_a) + (a-3)(y-/3), 

and similar identities in the case of any other four roots. By the 
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use of these identities any difference term A' of a degree >3 can be 
expressed in a variety of ways as the sum 

^1 T* A.2 "T" ^8 "i . • • 

of a number of other difference terms. Each of the latter is derived 
from A' by transpositions of roots, and therefore the number of a's, 
of /3's, <fcc., in each is the same as the number in A\ If, then, A' be 
a regular difference term, each of the terms A{, Ai^ ... must also be 
regular. 

16. The transpositions of the roots referred to in the last section 
are not transpositions such as those referred to in § 12, viz. : — of the 
whole set of a's with the whole set of /J's, and so on ; but are trans- 
positions of individual a's with individual /3's, and so on. Thus to 
each a in A' there will correspond a definite a in A{, in At, and so on. 
Consequently, if for any root a in A' we substitute a new root ^, not 
one of those in A\ and if we also substitute £ for the corresponding a 
in each of the terms Al, A^, -4J, ..., the identity of § 16 will be con- 
verted into another identity ; and, if any term A, of the former 
identity breaks up into factors in any particular way, there will be a 
corresponding term in the new identity which will break up into 
factors in the same way, one of those factors containing a root £ in 
place of a root a. 

17. In precisely the same way, we may substitute Ts for any 
number of a*s in A', and thus obtain a new term J, and if we also 
substitute a root £ for each of the corresponding a*8 in each of 
the terms A[, Ai, ^j, ..., and thus obtain corresponding teims 
Aij A^, A^, ..., we shall have 

and, if A', breaks up into factors in any particular way, A, will break 
up into factors in the same way, these factors, however, containing in 
some cases £'s in lieu of certain of the a's. This result will be found 
of importance in the sequel (§41). 

18. In the demonstration which follows it will be shown that every 
regular difference term of order t; of a system 8n may, by the use of 
the identities of § 15, be expressed as the sum of certain regular 
difference terms of jS>„ of order v, designated uncrossed terms ; that 
each of these uncrossed terms may, by the same means, be expressed 
as the sum of certain other regular difference terms of 8n of order r, 
called reducible terms ; and that each of these reducible terms may 
be expressed as the sum of pure composite terms of order v, provided 
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that every regular difference term of the same order v of anj sjBtem 
8n-i of (n— 2) roots can be expressed as the sum of pure composite 
terms of /S^-S' Since, then, we know that regular difference terms of 
order v and of degree 2 or 3 can he expressed as the sum of pure 
composite terms, being, in fact, themselves pure composite terms 
(§§ 13, 14), it will follow that every regular difference term of order 
V and degree n of a system S^ can be expressed as the sum of pure 
composite terms, and therefore as a rational integral function of 
elemental terms of jS>„. 

19. For the purpose of the demonstration let the roots of Sf», taken 
in any order, be represented respectively by the symbols 

[1], [2], [3], ... [n-1], [»] ; 

and let it be supposed that 

[»+r] = [r], 

the roots being thus regarded as composing a cycle of period n. The 
numbers contained in these symbols may be termed the places of the 
roots they respectively represent. 

20. In the case of any difference 

the number («— r) (which may, of course, be negative) may be 
termed the distance between the roots composing the difference. 

21. A difference {M-M} 
may be thrown into the equivalent forms 

"-{W-M}. 
{[«+3]-l>]}> 

Of these four forms, that will always be supposed to be employed in 
which the distance between the roots is positiye and a minimum. 
Thus, where a difference 

{W-W} 

is considered, it is to be undei*stood that 
and s — r ;^ (n -h r) — «. 
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22. We may graphically represent the n roots of a regular differ- 
enoe term by small circular nuclei arranged at the angular points of 
a regular polygon of n sides, and numbered successively 1, 2, 3, ... n; 
and any difference 

{W-W} 

which is a factor of the term may then be represented by a line lying 
along a side or diagonal of the polygon connecting the angular points 
numbered s and r. Thus the regular difference teo^m 

{C5]-W}{[4]-[3]}{[33-[2]}'{[2]-[l]}{[6]-[l]}' 

x{[5]-[33}{[4]-[2]}{[4]-[l]} 

may be represented by the regular graph 




23. If 2>, ^, r, 9 be four numbers such that 

8 > r > q> p, 
the two differences 

(H-M) and {[r]-|>]} 
may be said to cross, or to be a crossed pair ; other pairs of differences, 
e.g., {W-W} and {[j]-|>]}, 

or {W-M} and {W-M}. 

or {W-W} and {W-|>]}. 

being said to be uncrossed. 

24. In the graphical representation two differences which cross 
will be represented by two lines lying along diagonals which inter- 
sect. 
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25. A difference term may be said to be crossed or uncrossed 
according as it does or does not contain any crossed pairs of factor 
differences. 

26. By the aid of the identity of § 15, we may express the product 

. , , {[»]-[?]). {W-|>]} 

m the form 

{H-W}-{C?]-[p]} + {H'[p]} •{["]-[?]}; 

i.e., we may express the prodnct of a crossed pair as the sum of two 
prodncts of uncrossed pairs. 

27. Consider now the identity 

{W-M}-{W-l>]}-{[y]-W} 
= {W-W}.{M-[p]}.{[y]-W} 
+ {W-[j']}-{H-[3]}.{[y]-W}. 

Here, if { [,] - [r] } and { [y] - [x] ] 

ai*e a crossed pair, we have either 

y>8>x>r>q>p, 
8>y>r>x>q>p, 



or 



or 



8>y>r>q^x>p, 



or 8>y>r>q>p^xi 

and therefore either 

{W-M} and {[y]-M} 
are a crossed pair, or 

{[r]-[p]} and {[y]-[x]} 
are so. 

So, if {[3]-|>]} and {[y]-[x]} 

are a crossed pair, we have either 

y'^s > r > q > X >p, 

or s>y'^r>q>x>pj 

or 8>r>y>q>x>p, 

or s>r>q>y>p>x; 
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and therefore, again, either 

{W-M} and {[y]-W} 
are a crossed pair, or 

{H-W} and {[y]-M} 
are so. 

Furthermore, if both 

{W-H} and {[y]-M}, 

and {M-W} and {[y]-[x]}, 

are crossed pairs, we have 

8 > y >r> q> x> p^ 
and therefore both [ [ti] — [g] } and { [y] — [«]}, 

and {W-M} and {[y]-M}, 

ai*e crossed pairs. 
Since, then, the pair 

{W-M} and {[r]-[p]} 

are a crossed pair, and the pair 

{H-W} and {M-M} 

are not, we see that the number of crossed pairs formed by the three 
factor differences of 

must be greater than the number of crossed pairs formed by the 
three factor differences of 

{W-W}.{[2]-I>]}.{[y]-W}- 

In precisely the same way we may prove that the number of 
crossed pairs formed by the three factor differences of 

must be greater than the number of crossed pairs formed by the 
three factor differences of 

{W-[i']}-{H-[9]}-{[y]-W}- 
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28. Suppose now that the regular difference term T of the system 
8n contains as a factor a crossed pair 

80 that we may put 

T= X{W-[2]}.{[r]-[p]} 

+ X{W-[i>l}.{[r]«[5]} (=2;) 

then, since L consists of factor differences, such as {[y]"-[^]}r it 
follows immediately from § 27 that both T^ and T^ must contain a 
smaller number of crossed pairs than T, 

Taking any crossed pair in Tx, we may by the same process put 

Tx = T, + r„ 
and, similarly, we may put T^ = T,4-T„ 
and therefore T= r,-|-T, + !r,+r„ 

where T, and T^ contain a smaller number of crossed pairs than 2\, 
and T, and T, a smaller number than T^. 

Proceeding to deal with T„ T^, T,, and T, in the same way, and 
continuing the process on the derived terms, we shall at each stage 
obtain teims containing a smaller number of crossed pairs than are 
contained in the terms from which they are derived ; and we can 
continue the process on the derived terms so long as we obtain terms 
which contain any crossed pairs. In this way we shall ultimately be 
able to put 

where the terms on the right-hand side of the identity are all un- 
crossed regular difference terms of 8^ none of them containing any 
crossed pairs. 

29. We proceed next to consider a special property possessed by 
any uncrossed regular difference term U of S»'f and to show that, by 
means of the identities of § 15, U can be expressed as the sum of 
certain other regular difference terms of 8^^ designated reducible 

terms. 
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30. The dilPerences under consideration may be divided nto two 
classes, viz. : — we have differences of the fonn 

{[r+l]-[r]}, 

in which the distance between the roots is unity, and differences in 
which the distance is greater than unity. 

In the graphical representation of a regular difference term, made 
in accordance with § 22, differences of the former description will be 
represented by lines lying along the sides of the polygon. Such 
differences may accordingly be called side differences. 

Differences of the other sort will similarly be represented by lines 
lying along the diagonals of the polygon, and may therefore be called 
diagonal differences. 

31. The special property of Z7 which we have to consider is this — 
there must be one root of the system 8^ which enters only into factor 
differences of U which are side differences, and does not enter into 
any which are diagonal. There must, in fact, be two such roots; 
but the existence of one is sufficient for our purposes. 

In other words, there must be a root [r] which enters only into 
differences 

{[r + lJ-W} and {W-[r-l]}, 

and consequently 27 contains a factor 

{C'+l]-M}*.{W-[r-l]}-*. 
where the sum of the indices is t?, the order of U. 

32. The proof of this presents no difficulty. If there are any 
diagonal differences which are factors of U^ there must be one or 
more in which the roots are at a minimum distance apart (2, where 

(i = 2. 

Let {[«+^]-W} 

be one of these. Then each of the roots 

[«-hl], [« + 2], ... [5+d-l], 

enters only into side differences. For, since JJ is uncrossed, any root 
[5-f c], where c<d and >0, cannot enter into differences which cross 

».e., [« + c] can only enter into differences such as 
VOL. XXV. — NO. 497. 2 k 
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•where 
or such as 
where 
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In the former case the distance between the roots is 

s-\-c — e, 
which, since c^d and e ^ s, must be < d. 

In the latter case, the distance between the roots is 



which, since 
must also be < d. 






Thns [« -f- c] can only enter into differences in which the distance 
between the roots is < d. 

But the minimum distance between the roots in the case of the 
diagonal differences of U is d. Thus [«+c] cannot enter into any 
diagonal differences, but only into side differences. 

33. The result arrived at might also have been obtained from a 
consideration of the graphical representation of U, in which there 
will be no intersecting diagonals (§ 24) ; and from a recognition of 
the fact that, in a regular polygon in which there are no intersecting 
diagonals, there must be at least two summits from which no 
diagonals pi-oceed. 

34. Since, then, Z7 contains a factor 

{['•+i]-H}MW-['-i]}'-*' 

we may put 

I7=C{[r+l]-[r-l]}'{[,-+l]-[r]}'{[r]-[r-l]}-'. 
where C has no fact<irs containing [r], and no factor 

([■.,+i]_[,_i]|. 

35. Now, each root of Sn enters v times into U ; thus there will be 
(v^h—k) factor differences in G containing [r + 1], and (k^h) con- 
taining [r— 1], and these differences will be distinct from each other. 



••♦'..-- 
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Let the product of the former be denoted by O^.a-a* ^i^d of the latter 
by Ck^k' Then we may put 

D-=i).(7..».»C*.4[r+l]-[r-l]|»{[r+l]-[r]}»{[r]-[r-ll]'-\ 

where D is the product of factor differences which do not contain 
either [r+1], [r], or [r— 1]. The number of these will be 



vn 



= ~-2v + h (§4) 



V 



Now, in cases where 7*>3, and it is with such that we are now 
dealing (§ 15), this last number must be at least h, i.e., there are as 
many factora in i) as in 

{[r + l]«[r-l]}\ 

36. Let {[&]-W} 

be any factor of D ; then, by the identity of § 15, we have 

{[r + l]-[r-l]].{[6]-[a]} 
= ([,+ l]_[6]}.{[r-l]-[a]} 

+a'-+i]-M}.{m-['-i]}; 

i.e., since [a] and [6] are both different fi-om [r-f-1] and [r— 1], D 
being the product of factor differences which contain neither of the 
latter i-oots (§ 35), we can express 

f[r + l]-[r-l]}{[6]-[«]} 

as the sum of two teims which do not contain 

{ir+l]-[r-l]] 
as a factor. 

In the same way, by tai ing h factor differences of D, we can expi-ess 

each of the h factors of * 

{[r + l]-[r-l]}», 

when multiplied by one of those factors of D, as the sum of two 
terms which do not contain 

{[r + l]-tr-l]} 
2 A 2 
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as a factor, and thns we can express 

I>{['-+l]-[r-l]}» 
as the sum of terms which do not contain 

{[r+l]-[r-l]} 
as a factor. 

37. We may therefore put 

U= {[r+l]-[r]}' {[r]-[r-l]}-» {B.+B,+B.+ ...}, 
where none of the terms B^, Ef, B^, ... contain [r] or the factor 

[[r+l]-[r-l]|. 

38. Any regular difference term 

{[r+l]-[r]}*{[r]-[r-l]}-»B. 

where B does not contain 

{[r+l]-[r-l]} 

as a factor, and does not contain [r] , may be said to be a reducible 
regular difference term of the system of roots iS>». 

39. Each of the roots of 8^ other than [r— 1], [r], and [r+1] 
enters v times into B ; the root [r] does not enter at all ; the root 
[r— 1] enters k times, and the root [r-|-l] enters (v— Aj) times. If, 
then, we were in E to put the root [r-f 1] in place of the root [r — 1], 
[r+1] would enter v times, and B would become a regular difference 
term IT, of order v and degree (w— 2), of the system of roots 8^.% 
obtained by withdrawing the roots [r] and [r— 1] from the 
system 8^^ 

40. Consequently the difference term B may be obtained by sub- 
stituting for k properly selected roots [r-|-l] in E*, k roots [f— 1], 
where [r— 1] is not a root which enters into B\ 

41. Suppose, then, that any regfular difference term R of order v 
of a system 8n^% of (n~2) roots can be expressed as the sum 

Bi'\-Bi'^B^'\' ,,, 

of a number of pure composite terms of that system. It follows 
immediately from § 17 that we can put 
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where B is obtained by substituting k roots [r— 1] for k properly 
selected roots [r+1] in B\ and jBi, E,, 22,, ... are obtained by making 
corresponding substitutions in B{, Ri, i^, .... It also follows that 
JR„ 2^, i^s, ... break up into factors corresponding to the elemental 
factors of the pure composite terms R'l, i^, i^, .... 

42. Taking first the case where n is even, and therefore n — 2 is 
even, and consequently the elemental factors of any term B'^ are 
linear (§4) and v in number, we see that i2«, the corresponding 
term, breaks up into v factors, into each of which each of the roots 
of 8^.2 other than [r-f 1] enters once and once only. Into k of these 
factors [r+1] will not enter, but [r— 1] will do so in the case of 
each once and once only ; while [r— 1] will not enter into the remain- 
ing v—ky but [r-f 1] will do so in the case of each once and once 
only. 

Now, considering the term 

{C^+i]-W}*(W-['--i]}-*^" 

we see that, corresponding to each of the k factors of B, into which 
[r— 1] enters, there is a factor 

{[r+ll-M], 

and, corresponding to each of the v— A; factors of B, into which [r+l] 

enters, there is a factor 

{W-[r-l]}, 

and in each case the product of the two corresponding factors gives a 
term into which each of the n roots of 8^ enters once and once only, 
t.e., g^ves a linear elemental term of 8^, 

Thus {L'-+i]-H}* [H-['-i]}-*«. 

is the product of v linear elemental terms of 8^. 

Hence, provided that i2^ is a pure composite term of the system 

or 

{[r+l]-[r]}'{[r]-[r-l]}-*i?. 

will be a pure composite term of the system 8^ ; and, consequently, 
provided that B* can be expressed as the sum of terms such as B'„ 
which are pure composite terms of iS^.s, B can be expressed as the 
sum of terms such as 

{[r+l]-[r]}'{[r]-[r-l]}-'iJ„ 

which are pure composite terms of 8^. 
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43. We can arrive at tlie same result in the case where n, and 
therefore also n— 2, is odd. Here the elemental factors of S[ are 

quadratic, and are -~- in number, v being necessarily even, (§4). 

Gonsequentlj i2« breaks up into -^ factors, into each of which each 
of the roots of S^., other than [r + 1] enters twice and twice only. 

mm 

Into / of these factors (where / is zero or some integer not > —, and 
such that A;—/, and therefore also r— A;— /, is even) the roots [r— 1] 
and [r-fl] both enter once and once only ; into —^ of the remain- 

ing factors [r— 1] enters twice and twice only, and [r+1] does not 
enter at all ; and into the rest of the factors, ^ ^' in nuznbery 

[r+1] enters twice, and twice only, and [r— 1] does not enter at all. 
Hence, considering the term 

we see that, corresponding to each of the / factors of the first desorip* 
tion, we may take a factor 

{[^+l]-W}-{W-[r-l]}; 

corresponding to each of the ^^ — -^ factors of the second description, 
we may take a factor 

{[r + l]-[r]}'; 

and, corresponding to each of the ^ — ^ factors of the third 

description, we may take a factor 

(W-E'-i]}'; 

and in so doing we shall exactly take all the factors of 

{['•+i]-W*{W-['-i]}-*- 

In each case the product of the two corresponding factors gives a 
term into which each of the n roots of 8n enters twice and twice 
only, i.e., gives a quadratic elemental term of 6*„. 

Thus ([r+l]-[r]}' {[r]-[r-l]}-'i?. 

is the pix)duct of —- quadi'atic elemental terms of S„, and is there- 
fore a poi'e composite term of S^- 



^t^* 
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Consequently, as in the preceding section, we see that, provided 
that Bgis BL pore composite term of the system Sn-i, 

([r+l]_[r]}»{[r]-[r-l]}'-*i?. 

will be a pure composite term of 8^^ and therefore, provided that 
i2' can be expressed as the sum of terms such as R'„ which are pure 
composite terms of iS^„.j, JR can be expressed as the sum of terms 
such as 

([r+l]-[r]}'{[r]-[r-l]}'-*ie., 

which are pure composite terms of iS„. 

44. Whether, then, n be even or odd, 

{['•+i]-H}*{W-[^-i]}-*«. 

I.e., any reducible term of 8^, can be expressed as the sum of terms 
which are pure composite terms of iS„, provided that E' can be ex- 
pressed as the sum of terms which are pure composite terms of 8^.2- 

45. Hence the general regular difference term T of 8^ of order r, 
being expressible as the sum of uncrossed terms of 8^ (§ 28), which 
uncrossed terms are expressible as the sum of reducible terms of 8n 
(§ 37), can be expressed as the sum of pure composite terms of 8ni 
provided that any regular difference term of 8^.2 of order v can be 
expressed as the sum of pure composite terms of 8n-v 

46. In other words, any regular difference term of order v and 
degree n can be expressed as a rational integral function of elemental 
terms of the system of roots to which it belongs, provided that any 
regular difference term of order v and degree n— 2 can be so expressed. 
But we have seen (§§ 13, 14) that regular difference terms of order v 
and of degrees 2 and 3 can be so expi^essed. Therefore every regular 
difference term can be expressed as a rational integi*al function of 
the elemental terms of the system of roots to which it belongs. 

47. We may carry the matter a step further. If we represent the 
roots, as hitherto, by the symbols [1], [2], [3], ... [n], the elemental 
terms may be divided into crossed and uncrossed terms. Now, every 
crossed elemental term may be expressed as the sum of uncrossed 
elemental terms (§ 28). Hence every regular difference term can he 
expressed a^s a rational integral function of the uncrossed elemental terms 
of tJie system of roots 

[1]. [2], ... W 
to which it belongs. 



860 Proceedivgi. [May 10, 



Thursday, May lOth, 1894. 
Prof. GREENHILL, F.R.S., Vice-President, in the Chair. 

The following communications were made : — 

On the Kinematical Discnmination of the Eaclidean and non- 
Euclidean Geometries : Mr. A. E. H. Love. 

Permutations on a Regular Polygon : Major MacMahon. 

The Stability of a Tube : Professor Greenhill (Dr. J. Larmor in 
the Chair). 

Researches in tte Calculus of Variations — Part V., The Discrimi- 
nation of Maxima and Minima Values of Integrals with 
Arbitrary Values of the Limiting Variations ; Part VI., The 
Theory of Discontinuous or Compounded Solutions: Mr. B. P. 
Culver well. 

The following present was made for the Album : — cabinet likeness 
of Mr. E. P. Culverwell. 

The following presents were made to the Library : — 

** Proceedings of the Royal Society," Vol. lv., No. 332. 

" Philosophical Traiwaotioiis of the Royal Society," Vols. 180-184, 1889-1893, 
and a list of Fellows of the Society, dated November 30th, 1893. 

'^Beibliitter zu den Annalen der Physik und Chemie,'* Bd. zvnz., St. 4; 
Leipzig, 1894. 

*' Seventh Annual Report of the Canadian Institute" ; Toronto, 1894. 

** Bulletin of the New York Mathematical Society," Vol. m.. No. 7. 

'* Bidletin des Sciences Math^matiques," Tome XTin., Fev. and Man, 1894; 
Paris, 1894. 

• 

Macfarlane, Alex. — ** Principles of Elliptic and Hjrperbolic AnalysiA," 8to ; 
Boston. 

" Transactions of the Russian Mathematical Society," Tome xv. ; Odessa, 1893. 

" Tninsactions of the Canadian Institute," No. 7, Vol. iv., Pt. i., March, 1894 ; 
Toronto. 

"Atti della Reale Accademia del Lincei — Rendioonti," Vol. zn., Faaa 7, 
1 Sem. ; Roma, 1894. 

'*Annali di Matematico," Serie 2, Tomo xxn., Fasc. I and 2, April, 1894; 
Milano. 

** Educational Times," May, 1894. 

'^Annales de la Faculte des Sciences de Toulouse," Tome vm., Faao. 1; 
Paris, 1894. 

'* Journal fiir die reine und angewandte Mathematik," Bd. oxin., Heft 2 ; 
Berlin, 1894. 

'• Annals of Mathematics," Vol. vm., No. 4 ; Virginia University, May, 1894. 
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** Indian Engineering," Vol. XV., Nos. 12-15. 

** Trigonometrioal Survey of India," Vol. xv. ; Dehra Dun, 1893. 

Wright, J. M. F. — ** Commentary on Newton's * Prindpia,* " 2 yoIb., 8vo ; 
London, 1828. 

Brougham, Henry Lord, and E. J. Bouth. — *' Analytical View of Newton's 
•Principia,* " 8vo ; London, 1856. 

<* American Journal of Mathematics," Vol. zvz.. No. 2 ; Baltimore, April, 1894. 

Byerly, W. E.— ** Fourier's Series and Spherical Haimonios," 8vo ; Boston, 1893. 



Researches in the Calculus of Variations — Part V., The BiscrimU 
nation of Maxima and Minima Valvss of Integrals with 
Arbitrary Values of the Limiting Variations. By E. P. 
CuLV£EWBLL, M.A., F.T.C.D. Eeceived May 8th, 1894. 
Bead May 10th, 1894. 

1. Discussions of tme maxima and minima of integrals with 
variable limits, as distinguished from merely stationary solutions, 
are rare in the standard text-books. Moigno has none; Jellett, 
Todhunter, and Carll have each obtained different and erroneous 
results in the one example they all give, that of the maximum solid 
of revolution for g^ven superficial area (see Jellett, Gal. of Var,, 
pp. 161-165 ; Todhunter, History of Cal of Var., p. 408 ; Carll, CaL 
of Var.f pp. 122 and 129). The only other problem with variable 
limits I can find attempted in those text-books is one selected by 
Mr. Todhunter in his Historyy p. 328, in order to show that the 
ordinary method is insufficient when the limits themselves enter into 
the quantity to be integrated. Mr. Carll adopts Mr. Todhunter's 
view, insisting even more strongly on the inadequacy of the ordinary 
method. But the ordinary method, though clumsy, is in every case 
adequate. 

The absence of examples is doubtless due to the fact that writers 
on the calculus of variations have considered the variability of the 
constants as introducing only a problem of the differential calculus, 
and have contented themselves by saying that, if the stationary value 
of the integral be expi'essed in terms of the arbitrary constants, the 
rule for ascertaining whether the solution is a maximum or a mini* 
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mom is well known. But the direct solution springs so natnrallj 
from the equations of the calculus of variations that reference to the 
difEerential calculus is superfluous. 



2. Following the notation on pp. 242-244 of Proe. of tlie Lond. 
Math. SoCy Vol. xxiii., I use A to denote variations of the UmiUng 
values of x and y. Then, if IT* be the integral, we may write the 
reduced form of the first variation as 



Wz= 



(ttAaj+il^Ay+^,A2^+<fcc. + ^.iA2/-»0-»-r ^^^ -0) 



Now, if we suppose \8 to be the stationary value of the integral 
expressed as a function of the limiting values of «, y, #, ... ^*'^\ then 
the change in the stationary value as we pass from one set of 
limiting values to another is clearly 



AS = ^ A*'+ ^, A»"+ ^1 Ay'+Ac.+ ^j^ Ay"'-". 



dx 



dx 



(2). 



Since therefore each stationary value makes M = 0, we get from 
comparing (1) and (2) the following values of the partial differential 
coefficients of S with regard to limits : — 



dS 
dx' 



t do A' do jf e 

= — tt, -—= — 40, ■— =— il„ <fcC., 

dy dy 



do . */ dS , jf* do , Af ft. 
ax dy dy 



d^S dl'S 



7, <&c., are obtained by diffei*entiating these values, 



Hence , ^ , , , , , 
dx ax dy 

and the ordinary method of calculating the stationaiy values by 

direct iutcgi*ation, and then finding by differentiation the first and 

second partial differential coefficients, i^equires us to take a lot of 

tix>uble to obtain what the equations of the calculus give us at once. 

3. If the stationary value S is a, maximum for fixed limits, and if 
S itself is a maximum when the limits are vanable, then evidently S 
is a true maximum among all neighbouring values of the intcgi*al. 
But if while /S is a maximum among integrals with the same limits, 
it is a minimum among stationary integrals with consecutive limits, then 
it is neither a maximum nor a minimum among all consecutive 
integi-als. 
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4. Example L — To find the curve which generates the solid of 
revolution of maximum volume for g^ven superficial area, one 
extremity x*y to lie on the axis of revolution, and the other x'y'* to 
lie on the curve y =^0 (x). (The references to Jellett, Todhunter, and 
Carll on this problem have already been given.) 

Here, taking ^ = as the axis of revolution, we get for U 

U=r(y'+ayy/TTf)dx, 

a being Euler's multiplier, and from ^17 = we get 

'■+^=<' <'>■■ 

but, since y' = 0, we get = 0, which gives for the solution 

and the Jacobian condition, as extended to this case (see Proc, Land. 
Math. Sac, Vol. xxiii., p. 249) shows that for fixed limits 17 is a true 
maximum. 



The limiting terms are 

r ! (y'+ay^T+f)^x+-^L.(^y^^Sx) \ (4), 



and when we substitute for ^ its value v^a* — y'/y, from (3), the 
coefficients of ^' and Ax" disappear, and, since Ay' is always zero by 
the conditions of the problem, the limiting terms reduce to 



or y" \/a' — y"* Ay". 

But, if 2vV be the given value of the superficial area, we have 



a« = 



2ifc'-y»' 
and therefore, finally, 

dS _ y" (V-y'^) 
df y/{:M-y'^' 

Hence y" = and y" = db A; give us stationary solutions. To 
ascertuin if the stationary solutions give maxima values to the 

integral, take - ~,^ , and substitute these values. Now the sign of 
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iPS/dy'^ is easily seen to be the same as that of 

y(2fc'-y"»)' 

in which the positive sign is to be giyen to the square root. Henoe 
y'' = gives a minimum value to S, and therefore neither a maxi- 
mum nor a minimum value to U, but 1^"=^ k gives a maximum value 
to 8, and therefore also to U. 

So far, we have not considered the form of the limiting curve 
y =:0(x). To find for what values of x" we get maxima values of 
U we must express 8 as & function of x'\ Of course, we get 

' ■ d8 ' ' d8 dy ^ ^ »r\ dS 

doT dy" dx" dy'' 

Hence we get stationary values for the same values of y* as before, 
and also when (x") = 0. Again, 

d^8 nti /^tt\ d8 . r/« /^/xTj d^8 



^ = r(.")^,4-[^(^')]'|^ 



Therefore, if the curve y = (a;) has at any point P a mimmwm 
ordinate greater than A;, or a maximuTn ordinate less than A;, then 
these ordinates give maxima values to CT, for dS/dy" is negative if 
y>k, and positive il y<k,* 

Example 11. — To find the brachistochrone for a particle descending 
from a curve y' = ^ («') to another curve y* = ^ («0i ^^® initial 
velocity being that due to a height h, 

Mr. Todhunter gives this as a problem in which the fact that the 
limit appears in the quantity to be integrated introduces a difficulty 
not provided for in the ordinary method, and after three pages of 
work he leaves the second variation in a form which cannot be calcu- 
lated because it still contains arbitrary variations under the integral 



* Prof. Jellett*8 result is that, if the ordinate of y « 9 {x) be a minimtini, the 
volume will be a true maxiTnum, while, if the ordinate be a maximum, the volume 
will only be a maximum compared with others obtained by the revolution of a 
circular are. He does not give his work, nor does he give the value y ^ k tX all. 

Mr. Todhunter, in amending Prof. Jellett's conclusions, seems to have forgotten 
that, if iS be a minimum, U is not also a minimum, a point which Prof. Jellett evi- 
dently had in view, and he must also have made some error in his clerical work, 
since his result is that, \i y s» k be a maximum or a minimum ordinate, U is also a 
maximum or a minimum respectively, whereas y ^ k always makes U a maximum, 
independently of the curve y = ^ W* 

Mr. Carll, in reprodu ing Mr. Todhunter's result, says that he has carefully 
<^ecked the work, but he also has fallen into some clerical exror in calculating hu 
fvjdx* (p. 130), which does not change sign, as he states^ but is always negative. 
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sign. He then abandons the problem as insoluble bj known methods 
(see his History ^ p. 328). 
Taking the axis of x vertically downwards, the velocity at any 

point X is proportional to \/A -!-«—«, which I shall write as ^/H. 
Hence the problem is to make 






(4), 



a minimum. 

The stationary curve gives 

y ^yJT 

where a is a constant of integration ; and the limiting conditions give 

Ay' = a' («') A«' and Ay" = 0' (»") AaT. 

Hence, eliminating ly' and y" from the limiting terms by means of (4), 
we easily reduce ^ f7 to the form 



Hence —-;= ~( \ ; ::- )» t^ = ^. '^ H . "-(5), 

and it is only necessary to find -^-^ , ^, ^„ , and -j-ni^ and put their 



values into 



daj'*' dx'dx' 



S d}a I d?8 \« 
"^ dx'^ \dx'dx''l • 



dx 



in order to complete the solution. Thus the work of the calculus of 
variations is complete. 

But the further differentiation is very complicated, because the 
constant a is a function of x' and x'' determined by the condition that 
the solution passes through the points x'y' and x"y'\ The equation 
which determines a is 



— |a (versin"'* versin'* — ) = ...(6), 

\ d a / 

and the utmost simplification we can make is to get rid of transcen- 
dental functions of a from the second differential ooefficients ; a itself 
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cannot be eliminated completely. I have calculated them ont in tliis 
f oim, but, as the result is still extremely complicated, it is not given 
here. 

The ordinary method appears to promise well. The time along 
the stationaiy curve is 

t = ^a [ versin * versin * — ) , 

\ a a / 

and the problem is to make this a minimum where a is a function of 
X* and x" determined by (6). The problem is more difficult than it 
looks, however, the work required to find even the first difEerential 
coefficients in (5) being very long. 

5. The critena for distinguishing maxima and minima values 
for fixed limits of x and y when s is the independent variable, and 
the length of the curve is not given, were not included in the previous 
paper in Vol. xxiii., and the discussion there promised must now be 
given. 

Let Z7 = I uds 



Jq 



then the extended Jacobian criterion only applies when we suppose «, 
as well as the rcy-limits, to be unchanged by the variation given, and 
therefore even for fixed limits of P and Q it is necessary to investi- 
gate the effect of a variation of s. The paper referred to enables 
us to ascertain whether the stationary curve is a maximum when 
compared with any other curve of the same length, and there- 
fore, if we express the stationary value, /S, of the integral for a curve 
of given length with the given a-y-limits, we have only to' ascertain 
whether that stationary value is a maximum when the length be 
varied, that is, we have to find the signs of 

^ .„^ / d^S V d^S dl'S 
ds' 



'5 , f_^SY ^8 ^ 



We can see, too, that this must include that part of the criterion for 
fixed a^-limits which relates to the conjugate point (see Vol. xxiii., 
p. 247). For the value of the integi*al, taken along a stationary 
curve from any point to the conjugate point, differa only from its 
value taken along a consecutive stationary curve by tenns of the 
third order. Hence the portion quadratic in A« must vanish 
when the integi'ation extends from any point to its conjugate, 
i.e.y the second differential coefficients of S with regai*d to the ^-limits 



1894.] Besearelies in the Calculus of^ Variations. 



367 



change sign, and, if the maximTun property held within those limits, 
it holds no longer when the integral is extended hejond them. 

The following problem illustrates this. 

Example IIL — To find the minimum surface of revolution round 
an axis y = which passes through two points whose common dis- 
tance from the axis is y\ Here 

Z7=f {y+i\(*»+3>'-l)}d». 
and Az', Ay', &c., are zero, since the limits of x and y are fixed, 



iUz= 



y-X)^s^\'^{{l-£m)iy-|^(X:t)i.]ds. 



Hence 



^-i(^^> = ^' i(^>=^' 



from which we obtain 

y-X = a, (y-ay = («+6)« + c*, 

aj-|-(^ = 6log{(«+6) + \/(«+6)«+c»}, 

a, h, c, and d being constants. Taking the a;-axi8 symmetrically, 
c2 = ; also 26 = — s" -^s^ so that we obtain 



y'-a = X = -|-(e^"+e-'") 



(7). 
(8), 

(9). 



From (9) we see that X is positive throughout, so that, when all 
limits are fixed, the integral is a maximum. Again, from the 
expression for I U^ we have 

dSld8":='¥{y'-\) =a. 



Hence 



d?8 da 


d^S 


da 


d^S da 


ds*'^~ ds''' 


ds'^" 


ds" 


ds'ds' ds' 



da 



ds"' 

and the sign of the first of these coefficients gives us all we require. 
Differentiating (7) and (8), we obtain 

-2 (y'-a) ^, = i («"-0 +2c ^„ 



f^''" " »' 
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Hence, putting a = 0, and eliminating y' hj (9), we obtain, adFter 
one or two reductions, 



(PS 



da 
ds" 






The denominator of this fraction is always negative (this is 
evident when x' is greater than c, and when x* is less than c it may 
be seen by expanding). The numerator is the well-known quantity 
whose sign distinguishes whether the *' conjugate point " has been in- 
cluded in the integration, in which case the minimum property no 
longer holds. 

In the following problem all the limits are variable. It is a modi- 
fication of the well known problem of describing the curve which, 
with given perimeter, shall contain the greatest area, and is remarks 
able in that it has an indefinite number of maxima and minim.a 
solutions. 



To make U={'''(j^'-28+ ^V''V'''y' sb)ds 



a maximum or a 



minimum. 



Adding ^X (a&'+^'-l) to the bracket, we get for BU, 



It 

X — « 



'(V+Ay")+ r [^*£ ('-y-^^)+^y£ («-^y)] ^...(10). 

Hence, from equating to zero the quantity undeifNihe integral sign, 
we get 

y^>d: = h, x-\y = a (11), 

a and h being constants of integration. Combined with 

these give readily enough 

X = r, aj = r cos r^+cj+a, y = rsin f— +cW(6) ...(12), 

r, a, hy and c being the four constants of integration, which with a' 
and s" enable us to satisfy the six conditions at the limits. Using 
(11) and (12) to simplify the limiting terms in (10), and writing, as 



.-«■ ^-., 
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before, 8 for the stationary value of U, we get for the six conditions 
at the limits the equations 

^ = 0, ^ = 0. &c. = 0, 

OS (is 

where ^-, = -(__2. -r), ^ = y-2* -r (U). 

^=+/+y"6 = -jg. (14). 

die' ^ 2 dx ^ '' 

dS \ .t X . X X +aj dS /'%n\ 

_=-Xi,-- + _ = « Y- = -df (^^>- 

Hence, for the stationary value, we get, taking «">»', 

»"= Z+yZ*TIr, «' = Z- v/i*T^ (16). 

(The fact that s' and «" are given by the same quadratic equation 
arises from the constancy of A, and is, of course, a mere accidental 
peculiarity in the pi'oblem.) 

Again, (14) and (15) taken with (12) give us 

cos (''"+cWcos(~ -he) =0 (17), 

sin (- +c) +sin (— +c) = (18). 

These equations combined give us 

*— =^'= (2«+1)t (19). 

T 

From (19) and (16), we get 

2v/ZM^=(2n + l)nr (20), 

from which we obtain approximately, if we take n = 0, 

r = -86xZ or r = — •46xZ (21), 

and, whatever value we take for », we always get one positive and 
one negative root. 

When the limits are^ired, we always get either a maximum or a 
minimum value of U, which is evident geometrically, since the pro- 
blem is then to di'aw between two points a curve of given length 
which shall contain with the chord the greatest area, or the least 
area (i.e., the maximum negative area). The solution, as is well 

VOL. XXV. — NO. 498, 2 b 
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known, is a circalar arc, and when rds or r {%' — «') is positive it 
gives the minimnm, and when negative the maximum, valne. Henoe, 
by (19), when n is a positive integer the solution is a minimum, and 
wlien n is a negative integer it is a maximum. 

There is, however, nothing in the problem to fix the positions or 
directions of the axes of x and y coordinates, and it is evidently per- 
missible to fix the origin at the centre of the circle which gives the 
solution of the problem, and to take y and y" as zero, i.e., to choose 
the 2/-axis so as to pass through the two extremities of the semi- 
circle. If also Wfe choose the positive direction of the ^-axis from x' 
to x\ we get for the constants a, 6, and c the following equations : — 

a = 0, 6 = (22), 

sin(~' +c) =0, 8in(— +c) =0 (23), 



cos 



(•- +")=-!• cos(l^+c) = +l (24); 



but when r is negative the signs on the right-hand of the equation 
('24) must be changed if x* is to be positive, and x negative. That 
the four equations (22) and ( 23) are consistent is evident either by 
the geometry of the solution or from (17), (18), and (19). These 
equations, with 

«"_,;' = +2y,^ y"-;/' = (26), 

enable us greatly to simplify the work of obtaining the second 
differential coefl&cients of S. We do not require to determine the 
constant c. 

In testing whether the solution is a maximum or a minimum, we 

JO 

must, of course, use the expressions for --^ , <fcc., in (13), (14), and 

as 

( 15) in their unreduced forms, reducing by the values corresponding 

to the stationary solution only when all the differentiations have 

been performed. Before differentiating (13), (14), and (15^, it is 

convenient to obtain the differential coefl&cients of r, a, and 6, with 

respect to the limits. 

From (12), wo get 

^/(x''--xy^07^Yf = 2rsin ('l^') (27) ; 
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therefore = ^ f2sm'-^^ - ^^^'oos'-^Vcos*-^'; 

as \ r r 2r / 2r 

but, by (19), cos ?^^ = 0, 

wherefore, for the stationary valne 

^■'S-'-" (^'' 

Again, from (27), 

X —X dr In * 8 — « 8 —8 8 —8 \ 

, , = = — — , ( 2 sm — cos —rz — , 

>/{x*-xy±{y"-yy d£\ 2r r 2r /' 

which becomes for the stationary value, by (19) and (26), 

dx'" '- dx ^^^' 

again, for the stationary value 

i!; = -i^,- = _2LzJf.'=o (29). 

dy dy" 4r 

Again, from (12), we get 

«"+«'— r cos f ~+cj + cos f — +cj = 2a. 
Hence 

*'|-h(7H+»°(7H] = ^g' 

in which the quantities inside the brackets vanish by (23) and (24). 

f-=f--=* <^<"' 

and, similarly, we show that 

p: = j^, = (31). 

dy dy 

Again, y"+y'-2r sin f — +c j +Bin {— +cj J = 26; 

2 B 2 
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therefore 

- £-[""(7 *')*"' (f +')-7'"{^*') - r ""(f +•)] 

Reducing this by (19), (23), (24), and (28), we get 

— = 

dy ~ 

dh^ir 
4 






4r 




(32), 



dx' 
and, similarly, we may easily show tliat 

dh ^ dh rv 

It is now easy to find the second differential coefficients. From 
(13), we get 



(33). 



(34), 

taking the positive i-oot. This is also the value of d^S/ds"^, and 



d^S 



/ ? // 



ds ds 



-±=0 
d«" 



(35). 



Again, from (13) and (28), we get 



d}8 



dr 



d^S 





ds'dx ' d. 


/- a- 


d^"dx" 




Similarly, we get 










d^S _ 
ds'dx'' 


d^S 
d8"dx' 


+ i 






• 3 




and, from (14) 


and (32), 










d^S d}S 
dx'* dx'dx" 


d'S 
dx" " 


_db _ 
dx' 


TT 




4 



(37). 



(38). 



(39), 



while it is easy to see that the romaining coefficients, which all haye 
dy' or dy" in the denominator, vanish. 
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Hence, from (34) to (39), the part depending on the limits may be 
wHtten as 



(40). 



•86irA«'«+A/(Aaj'-Aa;")-l- Z (Aaj'-Ax")*' 

o 
each line of which is evidently positive. 

Hence the integral is a true minimum for these values of the 
limits. 

There are, however, other solutions with n > or n < 0, and these 
must be examined. Since we take s' ^s positive, it is evident from 
(20) that 2n + 1 and r must have the same sign, and hence, if n be 
taken positively, only the positive root of r can be used. If we work 
out the condition analogous to (40), we shall find that every positive 
root for r got from putting n = 1, 2, 3, Ac., in (20) gives a new mini- 
mum solution in which the integration extends over an arc 3t, 5t, 
Ac, round the circle, so that the ai*ea may be counted many times 
over in the integral, while, similarly, each negative value of r got 
from (20) by putting n = — 1, n==— 2, Ac., gives us a maximum 
value of the integral. Thus there ai*e to this integral an indefinite 
number of maxima and minima solutions. 

As this result is in direct opposition to the principles laid down in 
Moigno, Jellett, and other text-books, which state that, if the limits 
are all variable, it is impossible that there should be a maximum or 
a minimum value, it is well to point out the en'or in the arguments 
used by these authors, and thus remove a prima facie doubt as to the 
correctness of the above solution. Jellett gives two reasons : first, 
he counts the disposable constants and finds them insufficient in 
number, but the insufficiency is due to his leaving out the two dis- 
posable limits x' and x" (or in the above problem »' and «") ; secondly, 
he says that we may see a priori that there can be no maximum or 
minimum because the integral must be susceptible of all ranges of 
values if everything but its form be arbitrary, an argument which is 
obviously invalid, as it would equally show that the expi^ession 
(y—a){y — h)(y—c) had no maximum or minimum. Moigno's reason 
is that when all the limits ai-e variable the solution i-equires «' = x'\ 
and the whole integral disappear, the error hei*e being that he has 
omitted all the other solutions which give x' different from «" ; in 
the pi*esent example we have taken a root s' different frcxBl tlM $^* 
ix)ot. But, besides this fatal objection, there are two ^*^' 
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that even if we admit his statement, the resulting value zero for the 
integral would be a time stationary value, and might be a true maxi- 
mum or minimum ; and, second, that there are many integrals in 
which the initial and final coordinates do not appear symmetiicallj. 

• • • • 1 > 

G. When we examine the maxima and minima of double integrals 
with variable limits, we find an entirely new problem before ns, be- 
cause the ordinary rules of the calculus of variations for ascertaining 
the maxima and minima values of single integrals are not applicable 
to the single integrals which we obtain as limiting terms in dealing 
with double integrals. In fact, none of the rules for the discrimina- 
tion of maxima and minima values already given, either in the 
pi*e8ent paper or the preceding one, are applicable where y is a single- 
valued function of x. 



Thursday, June 14th, 1894. 

Mr. A. B. KEMPB, F.R.S., President, in the Chair. 

There not being the number of membera pi-esent required by 
Rule XLiv. to constitute a " Special '* Meeting, Mr. Tucker was called 
upon to communicate abstracts of the following papers which had 
been received : — 

The Solutions of 

8i"l^ (^^) // =/W» cosh (^^) y =/(i»')» 

\ a Constant : Mr. F. H. Jackson. 
A Theoixjm in Inequalities : Mr. A. R. Johnson. 
Some Pix:)perties of Two Circles : Mr. Tucker. 
Note on Four Special Circles of Inversion of a System of 

** Generalized Brocard *' Circles of a Plane Triangle : Mr. J. 

GHffiths. 
On the Order of the Elimiuant of Two or More Equations : Dr. 

II. Laclilan. 

Impromptu communications were then made by Prof. Greenhill 
(on a Gyix)static Top). Dr. Laniior, and Prof. M. J. M. Hill. 
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There being at this time a quorum, the meeting was made 

Special. 

The President read out five resolutions which had been approved 
by the Council, and invited discussion upon them, and upon the 
"Memorandum and Articles of Association of the London Mathe- 
matical Society," printed copies of which were put into the hands of 
the members present. 

After some discussion, the resolutions, having been slightly 
amended, wei*e submitted to the meeting and carried unanimously in 
the following forms : — 

1. That the London Mathematical Society be incorporated under 

§ 23 of the Companies Act, 1867, with the Memorandum and 
Articles of Association submitted by the Council. 

2. That before such Incorporation all the liabilities of the present 

Society be discharged by the Treasui*er, and all persons dealing 
with the Society as creditors be informed that the Society will 
be incorporated under § 23 of the Companies Act, 1867, and 
the present constitution be terminated. 

3. That the Incorporation be effected by the Council. 

4. That immediately after the Incorpoi'ation of the London Mathe- 

matical Society all the property now held by tinistees for the 
benefit of the Society be transferred to the Society itself, and 
that the Council take all necessary steps to effect this transfer. 

5. That upon such incorporation and transfer being completed, the 

present constitution of the Society shall be teiminated. 

The following presents were received : — 

"Proceedings of the Royal Society," Vol. lv., No. 333. 

**BeiblatteT zu den Annalen der Phygik und Chemie,*' Bd. zviu., St. 5; 
Leipzig, 1894. 

**• Proceedings of the Edinburgh Matl^ematioal Society," Vol. i., Session 1883. 

** Berichte iiber die Verhandlungen der Koniglich SiichBischen G^esellschaft der 
Wissenschaften zu Leipzig," 1894, i. 

** Memoirs and Proceedings of the Manchester Literary and Philosophical 
Society," Vol. vm., No. 2 ; Manchester, 1893-4. 

**Nyt Tidsskrift for Mathematik," A. Femte Aargang, Nos. 2, 3; and B. 
Femte Aargang, No. 1. 

** Archives Ncerlandaises des Sciences Exactes et Naturelles," Tome xxyu., 
Livr. 4 and 5, and Tome xxvni., Li>T. 1 ; Harlem, 1894. 

'*Jahrbuch liber die Fortschritte der Mathematik," Bd. xxni., Heft 2; 
Berlin, 1894. 

** Bulletin de la Soci^t^ Mathematique de France," Tome zxn., Nos. 3 and 4 ; 
Paris, 1894. 
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'* Bulletin of the New York Mathematical Society/* VoL m., No. 8 ; May, 1894. 

**ReDdioonti delCiroolo Matematico di Palermo," Tomovni.,Faac. 1, 2, and 3; 
1894. 

** Atti della Reale Aocademia dei Linoei — ^Rendiconti," Serie 6, VoL zn., Fmo. 
8, Sem. 1 ; Roma, 1894. 

D*Ocagne, M. — ** Siir la Composition dee Loin d'Erreurs de Situation d*im Point" 
(from Comptrs Rendut). 

"Educational TimcB," June, 1894. 

** Indian Engineering," Vol. xv., Nos. 16-20. 

** Royal Society Catalogue of Scientific Papers,*' Gir.-Pet, Vol. x., 4to ; London, 
1894. 

Mannheim, Le Col. A. — " Principes et Developpements de G^m6trie CSnteati* 
que," 4to : Pari«, 1894. 

**Memorio della Refi^a Ac(»idemia di Soienze, Lettere ed Arti in Modena, 
Serie 11, Vol. ix. ; Modena, 1893. 
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Note on Four Special Circles of Inversion of a System of 
Generalized Brocard Circles of a Plane Triangle. By John 
Griffiths^ M.A. Received May 26 th^ 1894. Bead June 
14th, 1894. 

Connected with a system of generalized Brocard circles of a 
triangle there are four circles — say, J, /„ J,, J, — with respect to each 
of which the inverse of every circle of the system is a circle of the 
same system. Or we may briefly say that a system of generalized 
Brocard cii'cles is self-inverse with i-egard to fonr different centres. 

In a note recently communicated by me to the Society (see Pro^ 
ceedings^ Vol. xxv., Nos. 479, 480), it was shown that a triangle ABC 
has three systems of what may be called genei*alized Brocard circles, 
or, shoi'tly, G.B. circles. Every ciixile in each of the three systems in 
question possesses properties analogous to the Bi'ocai'd circle of ABG^ 
and can be constructed by means of a certain number of points 
dependent on a variable primary point U, taken on one of three given 
circles connected with the triangle ABC 

If 27 be a point on the circular arc BUC which touches AC in C,* 
and the angle JJBG be denoted by w, the equation in isogonal coordi- 
nators of the G.B. cii*cle of the fii'st system corresponding to 17 is 

(IBC (.r, ?/, z, cot cii) = X.r f /it/ 4- T — ^ = 0, 



* See Fig., page 381. 
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where X = sin B sin C [ cosec' A — (cot w — cot O)' } ; 

fi = sin B (cot w— cot C) ; 

V = sin G (cot w— cot B) ; 

% 2 sin B sin C . 
= . — cot W, 

sinil 

and cotO = cot^ + cot B+cot C. 

For example, let m = O, t.e., let U be the positive Broeard point of 
ABG, then the corresponding circle is expressed by the equation 

ix cosec ^ = 2 cot O. 

This is satisfied hy 

sinO sin 2I sinB /-ix 

sm B sin 6 sin A 

sin Z? sin (7 sin A //>\ 

sin sm -4 sm B 

a; = 2 cos -4, y=2cosJ?, 2; = 2 cos (7 (3). 

In other words, the corresponding circle is the Broeard circle, 
since it passes through the Broeard points and the centre of the 
circum-circle of the tnangle ABC. 

[The expression GBO ( U) is used in this note as an abbreviation 
denoting the generalized Broeard cii'cle of the first system whose 
primary point is V, taken on the fixed circular arc BUG touching AG 
inO.] 

Section I. 

Tlie Envelope of GBG ( U) is a Bicircular Quartic, 

Since the equation OBG (a?, y, z, cot «) given above can be wiitten 
in the form 

-X:cot*w-rcot« + if=0, 

it is seen at once that its envelope, as U moves along the fixed circular 
arc BUG, is expressed by 

where X = xsinBBinG; 

r= 2a;sin^sin C cotO-hy sinJS-l-zsin C-2?i2^i3L^. 

sin J. 

Z = xBinB sin C (cot* O— cosec* il) H-y sin 2/ cot G-^^sain^ 
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Hence, since a linear relation 

in isogonal coordinates denotes a circle, and 

2^ = 

a right line, it follows that the envelope of OBG (17) is a bicircnlar 
quartic, two of whose bitangents are the lines 

aj = 0, 

ajsinBsin (7(cot'0— cosec'^)+ysin Boot 0+«sin(ycot B = 0. 

Now a bicircnlar quartic may be regarded as the envelope of a 
circle whose centre moves on a fixed conic, and which cats a fixed 
circle orthogonally. Supposing then the primary point U to move 
along the given arc BUG, it is seen that OBO (CT) cuts a fixed circle 
/orthogonally, and its centre describes a conic U (a hyperbola). 
The asymptotes . of H are perpendicular respectively to the two 
bitangents given above whose intersection is the centre of /. It is 
thus shown that the centre of / is the point 

(jr = 0, y sin-Bcot (7 = — rsinCcotB). 

In other words, the centre of the orthogonal circle of the first system 
of generalized Brocard circles lies on the side BGoi the triangle ABC, 

Section IL 

A System of Generalized Brocard Circles is Self- Inverse with regard to 

four Different Centres, 

It is known that a bicircnlar quartic — considered as the envelope 
of a variable circle which is orthogonal to a fixed circle J, and whose 
centre moves on a fixed conic H — is self- inverse with regard to four 
different circles /, J,, Jj, .T,, each of which cuts the remaining three 
orthogonally. The centres of J„ Joi "^s ^^^ ^^® vertices of the common 
self-polar triangle of the curves J and H. Hence we may assume 
that every G.B. circle of a given system can be inverted into a G.B. 
circle of the same system with respect to each of four different 
centres.* 



♦ GBC iV) cutB ,7 orthojronally, and ite envelope is a certain bicircnlar qnartic, 
Q say. Conversely, a cin^le which eatisfien thc«e two c/)ndition8 is a G.B. circle. 
Now / and Q are both nelf- inverse with respect to each of the circles J|, Jj, /j. 
Hence the inverse of GBC ( U) ^nth regard to each of the three ifl a G.B. circle. 
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Qeomelrical Cowtructiom jor J, S, J^, J„ J, in the easa of a Syitem of 
O.B. Cirdte ; and MiMcellaneong Theorems. 
The constmctionB given- below are for the first syBtsm only, but 
the results will, of coarse, apply, mutatii mutandit, to the second and 

third systems. 

(1) Constmction for /. 

Let M be the mid-point of the side BC of a triangle ABC, and D 
the foot of the perpendicniar from A upon BC ; draw MB parallel 
to the perpendicular DA, and take 

MB = MB = MC; 

join D and IS, and through R draw i£/ perpendicnlar to RD, to inter- 




\JBC and the perpendicular from J upon /lif are two bitangeDts of the qnartia 

sect OB produced in /. Then J is the centre, and JR the radins, of 
the orthogonal circle J of the system of G.B. circles in question. 

(2) Constraction for H, the locus of the centre of a G.B. circle of 
the first system. 

Through A draw a parallel to the base BC to intersect MBa in a ; 
join a and B, and through B draw Bh perpendicular to Ba ; the point 
k where Bh mceta altM \n the centre of the hyperbola //. 
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Bisect AD in /i and produce Mfi to K^ so that 

ftK = MfA ; 

let the join of K and h intersect AD in fi ; then /a' is a point on H, 

Lastly, the asymptotes of H are hMB, and the parallel throngb k 
to MfiK. Hence the curve is completely determined. 

(3) The hyperbola H bisects the linear segment Mfi, and the circle 
upon Mfi as diameter is a G.B. circle. 

(4) Constimction for the vertices of the common self -polar triangle 
of J and H, 

With the point /i' as centre, and ^'h or fiK as radius, describe a 
circle to intersect the perpendicular AD (produced both ways, if 
necessaiy) in Jj, /, ; then the triangle MJ^J^ is self -polar with regard 
to each of the curves / and ET. 

It thus follows that the cireles J,, /„ J", are completely known, 
since each is oi*thogonal to /, and their centres M, «7,, /, are known. 

It may be remarked here that the circle /, is imaginary, the square 
of its i*adius being MB . MC, where MB -{-MO = 0. 

(5) The circle upon /, J", as diameter is a G.B. circle ; t.e., the 
inverse of the bitangent BC with respect to either J, or /,. This 
may be proved in the following manner. 

Since the polar of the point /, with respect to / passes through J^ 
the ciixjle whose diameter is J,/, is orthogonal to /. 

Again, since the polar of J, with regai-d to H passes through J", the 
pair of points in which the join of J, and J", meets H cut the linear 
segment ,7,/j harmonically. But, clearly, since «/,/, is parallel to an 
asymptote of H, one of the pair of points in question must be at 
infinity. Hence the remaining point must bisect Jj/3. In other 
words, the circle described on J^J^ as diameter is a G.B. cii^cle, 
because it cuts /orthogonally, and its centre /w' lies on H, \^K and 
h ai*e the K and points of the circle in question. See Proc, quoted 
siipra^l Similar reasoning will apply to the circle whose diameter is 
the linear segment Mfi, [M and /i are the and K points of this 
circle.] 

Section IV. 

Inversion with refipect to the Circles /, .7|, Z^, /,. 

(1) Since / is the orthogonal circle of tlie system fonned by 
GBG (U), any circle of the system is self-inverse with regai*d to /. 
The primary point U is unaltered. 
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(2) With regard to Ji, whose centre is Jfcf, and the square of whose 
radius = — j (B0)\ the inverse of OBG ( U) is another circle, 
GBC (Ui)y whose primary point U, is collinear with Z7 and the 
vertex A of the triangle. This result may be illusti^ated by means 
of a figure. 




Fio. 2. 

Let BVJJC be the circle which passes through J?, (7, and touches 
AG in (7. Through the point m, where BU intersects the median 
AM^ draw Cm to meet the circle in V ; project TJ and V through M 
into F, and ZJj ; then [7, is the primary point of the G.B. circle in- 
verse to GBG ( TJ) with respect to Jj. 

The points A^ U^ Ui are collinear, and there is a relation 

cotw + cotwj = cot J?+cot 

between the cotangents of the angular coordinates of the primary 
points 17, Uy (See Proceedings, quoted supra,) 

There are some other interesting relations between a pair of G.B. 
oircles inverse to each other with respect to /i- For example, if K 
denote the K point of GBG (UK) and A{ the A' point of GBG (U^A{) 
the inverse of GBG ( UK) with regard to /j, then the join A'l and K 
passes through the vertex A, 

(3) With reference to /„ the inverse of GBG (U) ia another circle 
of the same system, viz., GBG (U^), The line joining the primary 
points U and U^ of this pair of circles passes through a fixed point on 
the polar of ^ with respect to the circle BUG, which touches AG in G. 
This is expressed algebraically by the relation 

cot kt cot «j— i (cot B + cot G) (cot uf -h cot to*,) =- constant. 
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A precisely aimiUr result is obtained in the case of inversion witk 
respect to Jg ; vii., 

Gotw cot ■*(— I (cot B+cotO)(cot«>+cotw^ soonstftnt. 



It maj be remarked that the in 
Bjstem with i«gard to ant/ centre of 
irhose enrelope is a bicircalar quartic. 



of a gcneraliBed Brocard 
ia a B/Btem of circles 




ConstrMlim for a Pair of Oeneraliied Brocard Circles Inverie to ecuih 
other Kith respect la the circle J,. 

In the above figure M and ft are the mid-pointo of BO and the 
perpendicular AD, respectively, and MO is parallel to AD. 

Take any point K on ifji; through K draw KA' parallel to OB 
and intersecting MO in A' ; let AK, AA' pi-odaced meet OJlf, KM, 
respectively, in Al and ff, ; then K, A[ is parallel to BO. -Again, draw 
BO perpendicular to BA[ aad. BO, to BA' ; if these perpendicolars 
meet OMO, in and 0„ the two circles OA'K and OiA',K, are a pair 
of G.B. circles inverse to each other with regard to the imaginary 
circle.',, whose centre iaif, and whose diameter = </—{BOy. 



1894.] Generalized Brocard Circles of a Plane Triangle. 383 



II. 
Note on " Isogonal " Coordinates. [October 24>thy 1894.] 

1. The isogonal coordinates of a point P, taken, say, inside a 
triangle ABC, are 

__ sin^ _ sin0 sini/r 

^^sin(e-hA)' ^""sin(9 + jB)' ^ "" sin (,/r -t 0) ' 

where ^r— tf, w— ^, ir— ^ denote the angles BPO, OP A, APB, respec- 
tively. 

A 




Fig. 1. 



Since O+^-l-i/' = ir, or 2 cot cot ^^ = 1, 

it appears that the fundamental relation between x, y, z is 

2 {x—yz) sin A = 0. 

Ex. — If 0=^0, = -^, and yjf = B, then P coincides with the 
positive Brocard point of the triangle ABO, and its coordinates are 



X = 



6' 



a^ 
c 



z = 



2. There is no difficulty in proving that x, y, z are proportional to 
the trilinear coordinates a, /3, y of P. We have, in fact, 

X _^ z S g sin A 

a /3 y lifiy BID. A 

These relations give, as before, 

2 (.c— yz) sin ^ = 0. 

In Fig. 2, produce BP to meet the circumcircle ABO in Q, and 

join CQ ; then 

aa = 2AJ5Pa =lPB.PC sin d, 



since 



lBPC^tt-^B, 
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Fio. 2. 


Also 


Bin A OQ 


" ainiO+A) PQ' 


therefore 


a CQ coaece 
aa OP'PB.PQ' 


or 


X Bin B cosec 
2BBin^ «mA PB.PQ 


It thus follows that, 


if ie be the radiuB of the circle ABC (whose 


centre is the poiat 0), we have 




2Ita 
"-S^-OP''' 


and, similarly, y 


2B0 IRy 
I^~OP" ^- S'-OP'' 



For example, the trilinear and iaogonal coordinates of are R cos A, 
S cos B, S cos C, and 2 cos A, 2 cos B, 2 cos C, respectively. 

(S) The equation S (x—yz) ainA = Q 

remains nnaltered when we write therein — , — , — for r, y, z. In 

X y z 

other words, ( — , —, — ) denotes the isogonal of (ir, y, s). 

(4) A lineaj* relation 2A:r+2 = 

in X. y, s denotes a circle. For the trilinear equivalent is 

Ex. X = constant is the equation of a circle through the vertices 
^ and C of ABC. 



V • 
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In particular, if P lies on the circle throngh B and G whioli touches 
AC in Cy then 

iPBC = ta = zPCA, /,PCB=G-w, and /.BPC^tc^C, 



Hence 0^=Cy and 



also 



X = 



sin G 



sin C 

sin ((7+^)"" sinB' 

J^ = l = 



sin uf 



X 



a sin(C— w)' 



or 



y = 



sin (7 



smci) 



cosecB 



sin J? sin ((7— w) cotw--cot(7' 
z_ _y_ _ sin (B—w) 



smii) 



or 



If 



e = sin G (cot w— cot B). 
cot III = 2 cot ^, 



then P coincides with the positive Brocard point of ABC, i.e., with 

(c_ a^ b\ 



'^■ 



Equations of a Pair of GenerdUzed Brocard Circles Inverse to each other 
with respect to the circle J,. {See Sect. IV. supra.) 

If (ar, y, z), (af, y\ z) denote a pair of points P, P inverse to each 
other with respect to /, we have 

X •=.x\ 
, 2sin(7 sin'P-hsin'O sin 

y = — X jf - . ; 

sin A sin A sin B sin B 

, 2 8inP 8in*P-hsin'C sinP 

z = X ■ y —. — . 

sin -4 sin -4 sin sinO 

This being so, it is found that the linear equation 

GBG {x\ y\ z\ cot Wj) 
= « sin J? sin (7 {cosecM — (cot Wi— cot O)'] H-y'8inB(cotwi— cot G) 

sin B sin G 



+ z sin G (cot «j — cot P) — 2 



sin J. 



cot Wj = 
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is tranBformed by the above substitutions into 

= a!BinBHinO{cosecM-(cot».— cotn)*}+y8ijiB(oot»t— ootO) 
+«flinC(cotu-cotB)-2-— ^2J^cot» = 0, 






cot « -)- cot w, = cot B+ cot 0. 



In other words, the expression QBG (?, y, «, cot h) is an invariant, or 
the inverse of a O.B. circle with respect to /, is another G.B. circle 
of the Bame system. The relation 

cotw+cotw, = cotB+cotO 

shows that the primary points 11, [7\ of this pair of circles are 
collinear with A. (See Fig. 2, Sect. IV.) 



The coordinates of ETare 



1 



sinB' '^ " cotw-cotC 
a = BinC(cotu-cotB), 
e just proved above. 



Similarly, for [7„ we have 



1 



-cotO' 



I = sinC(oottt>,— cotB). 
e that 



and 

Hence it follows at o 

— = sin B RinC (cot w-cot B)(cot w— cot d) 

y 

= BinBsinC(cot<u,-cotB)(cotw,-cotC) = ^, 
X — 21 . 



i.e., U,.U„ A are collinear. 

This result may be illuBtrated by taking 
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the Brocard a«ngle of ABG. The coordinates of U, JJi then become 



I c a h 

oca 



*>=T' y'= 






ab 



Formulss connecting the Isogonal Coordinates of a Padr of Points («, y, z)^ 
(»', y\ z) Inverse to each other with respect to a circle represented by 

Ix+my-^-nz—h = 0. 
The formnlfiD in question are 



= lL— = 



JqX—XqJ Joy—yoJ JqZ—ZqJ (J^—Jc)J'^J^h' 
where (a?o, y^, Zq) denotes the centre of the circle, and 

/= Ix-^-my-^nz—k^ /o= ^o+^yo+^^o""^* 

Ex. 1. — Let 
J = a;(sin«5 + sin»0)sin(5— 0) + ysin5sin»^-«sinOsin'ui 

—2 sinB sin sin (B—C). 

The centre of the circle /= is given by 

«n _ sin (.5-0) tan (7 
" sinilsmjD 



and 



«o = 



_ 8in(a-^)tan^ 
sinil sin 



In this case the formnlsB ultimately become 

{/8in(5— C) + 2f)sinJ5 6inC} x = 2pa; sin 5 sin (7, 

( ... ] y' = 2^ sin^ sin 0-2J?^ cos 5, 
^ •' ^ ^ sinil 

(...]/=?p;5sinBsinC+2J?^co8 0, 

2 c 2 
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whera p = einM— i oiniBsiaiO. 

Hence, writing the eqn&tioii of a G.B. circle of the first STstem in the 
form 

Bin A 
where X = aioBBin£7{iX)Bec'^— (cotw— ootO)'}, 

/li = gin S (cot «-cot 0), 
y =:BiiiO{cot«-cotB), 
we Bee that the equation of ite inverse with respect to J is 

^ainBsin0|Aa:+^y+M- ^^^Ij^cot*.} = fc,/, 

where &, = 2 oosec J { sin £ sin (7 ain B— C cot w 

+;j8in'CcoaS— rBin'SooaC} =0. 

In other words, a G.B. circle of the first syBtem is self-inverse with 
respect to J. 

Ex. 2.— Let 

J=x(ain'5+sin'C)+ysinBsin^-(-i8inC8inil-2BinB8in'0. 

In this case the centre of / = coincides with the mid-point of BO, 

or ^„ = 0, y. = 2^-^, ^.^S^l^f. 

and the formolte become 



sinVB-j-si 



C BJnO . 

ainB ' 



sin A sin B 
,8in'B-|-Bin'0 einB 
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Some Propertiei of Tko Tticker Circleg. By K. TncsiB. Bead 
June 14tb, 1694. Recast October 24th, 1894. 
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Mr. B. Tacker on 
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1. ABG is a triangle of which O, O' are the Brocard points. Take 



AF = 


-•AF, 


= Aa = 


cWI\ 


BD: 


= BA = 


BO: 






0E=: 


CE,= 


on- 


= ha^/K ; 




ATT- 


AE{: 


= Aa' = 


h<?l\. 


Br 


=zBF{ = 


:B0' 






Giy = 


: CB[ = 


:Cn' 


= aV/K 





= ac'/X, 1 



= cayXf 



' ... 



.(i.). 



2. From these valnes, we get 

BF = ciK-Vyk, CD = a (X-c*)/X, ^^ = 6 (X-a«)/X 
BB^-aQi-- 6«)/X, OJEr= 6 (X-c')/X, 4i?^ 



BI>I=a(X+6«)/X, Oj&;=6(X + c»)/X, ^^ = c (X + 



= 6(X-a«)/X^ 

y...(u.), 

= c(X-a»)/Xj 
a')A/ 



Hence 






therefore ^^, ^^i are parallels to B(7. Also 



^^ h AF, 

. ■—- — * • 

AE c AEi 
therefore FE\ FiE{ are antiparallels to BC, 

3. The circle round FF'EE' passes also through D, U. This circle 
we call {A), And also F^FiE^E\D^B[ is circumscriptible. This 
circle we call (B). 

4. The following resnlts are easily got : — 

FE: = abclX -BW^ EB' = F^E{ = B^F[=: E,B[ ; 

^AFE' = 6VA/X' ; 



therefore 



XAFE'=z/^ = ^AFiE{; 
^AF. Ar = 6V (X-a')/X« = .Ij^ . ^^ ; 
^Fj . il^i' = 6V (X+a«)/X« = ilBj . ^^; ; 

FP^c (a'+6'-X)/X, FjJ?^ = c (a«+6«4-X)/X ; 
EF=^a(\--df)l\, E^ri=:a (X + o')/X. 
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5. The points are given (in trilinear coordinates) by 



i>, 


X-c' 


be 


2A/6X ' 


-E7, 


ca 


X-a' 


X 2A/cX 


F. 


X-6« ab 





2A/aX 


y. 


be 


X-6« 


2A/cX 


K 


X-c« 


ca 


X 2A/aX 


K 


ah X— a' 





2A/feX ^ 



(iv.). 



The subscript letters are easily seen from 

J>i, X+c* -5c I X 2A/6X^ 





A', -he A + 6* X 2A/cXj 


6* Assume 


AF'E' = ^ ; 


then 


sin(^ + 0) _^^_X-a» 
sin^ ^jE?' 6c ' 



whence 



t.e„ 



in like manner, 



cot0 = (2X— ^•)/4A = tan -^, 
= ABf = BFD = CLE. 



(v.). 



7. Assume 
then 



AF[E[ = f ; 



0-y 



8. Let p, p' be the radii of (J.), (jB) respectively ; then, from § 4, 

abcl\ = FE' = 2p sin = 2p cos ~ ; 



therefore 



p = = 2ic sm — 



2X cos 



01 



similarly, 
hence 



p' = 2B cos 



(vi.); 
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9. Since 

EF=2psinFE'E = ^ sin B = 4E sin B sin ^ = 268in ^ = D'E", 

therefore the triangles DEF, D'E'F' sre similar to ABC, with 
modnlos of similaidty 2 sin --> , and congruent to one another. 

Analogous results hold for the triangles B-^E^Fi, B[E{F[y with the 
modulus of similarity 2 cos — . 

10. From § 5, we get the equations to (ii) and (B) to be 

X«. Sa/3y = Soa . 26ca (X=Fa«).... (vii.), 

the minus sign for {A) and the plus sign for (B). 

The radical axes of these circles and the circumcircle are parallel to 

S6ca = 0, 

I.e., their centres are on the circum-Brocai*dal axis. This is as it 
should be, for, from §§6 and 9, we see that (-4) and (B) are Tucker 
circles. From a property of these circles (see Simmons in Mllne*s 
Compdnion, p. 131), the cooixiinates of the centres 0, Oj, of (-4), (B), 
respectively, are 



psm(A+^), psin(B+^), p8m(o+-|)- 
p'cos(j+-~), p'cos(b+-^^, pco^yC^^j 



...(viii.)« 



11. The equations to D'E, E'F are respectively 

6(\-a')a+a(X-6*)/3-a5cy =0 
— ahca 

these intersect in 



-a')a+a(X-6*)/3-^cy =01 
+c(X-6^)/3 + fe(X-c»)y=0/ 



C^')l 



a y i8(X — 6*) . . 

a c —0 (X— r— o") 

hence Ap, Bq, Cr are the symmedians of ABC, i.e., the symmedian 
point of ABO is the centre of perspective of pqr and ABC. 

Fix)m § 2, pqr is similar to the pedal triangle of ABC, and 
qr=^b cos B sin' -^ / cos A cos B cos 0. 
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12. If p\ q\ r be the analogous points for the subscript points, 
analogous results hold, and the three triangles have a common centre 
of perspective. In this case 

qr = h cos B cos* -^ / cos A cos B cos G. 

13. The circumcentre of ABG evidently bisects the join of 0, Oj. 

14. If d, e, / be the mid-points of DD', EE\ FW, it is easily seen 
that d|p, eq^ fr meet in 0. 

The equation to eq is 

-a5a(X+c«-a^) + (c^-a')(X-6«)i3 + 5cy (\-c«+a») =0; 

hence we see that it cuts the B-median in a point whose perpen- 
dicular distance from 

CA = h sin w. 

16. From the figure we see that 0, Oi are respectively the in- 
centres of pqr^ p'q'r. From § 6, 

hence in-radius of pqr = p sinj — . 

Similarly, in-radius oipqr = p'cos — . 



If fi» 



16. Since z AFU = -^ — ^=^ -S^A 

therefore OFD = w, 

i.e., O is the positive Brocard point of DEF, In like manner, Q' is 
the negative Brocard point of D'E'F\ 

Let (I),, a;, be the other Brocard points of these triangles. Then 

hence la^BB = 2?+ -^; 

therefore Wj is given by the ratios 

a«cco3(5-|^) :6«acos(cf-|?) : c«6 cos (^- 1?), 
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and H| hj the ratios 

.■.c..(0-|):J..c.(^-|):..aco.(B-|). 

17. We can show that is the nega-tive 'Brocard point of Dj E,F„ 
and n' the positiTe point of L[ E\F\. 

The other points •»;, wj are given by the ratios 

...i.(0-|):W.l„(^-|):»..i„(B-|). 

18, The equations fo {A), (B) may be put in the form 

(a^aBin«>)(/3T6 8in<B)(yTc8in«)-«^y = 
(see Simmons, I.e., p. 136, or Casey, Conic*, 2nd edition, p. 421). 
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P. 342, lines 3, 4, 5. Insert the factor (AA^) immediately before (^lA,). 
F. 362. On tbe last line but three, the terms in the eeries ehould contain 
ascending povera of z, i.t., x with the £, term, f' with the B^ term, anA bo on. 
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NOTES. 



Mr. Johnson sends tlie following abstract of the amended form of 
his " Theorem in Inequalities " (p. 374). It will be seen that it is a 
genei*alization of the A.M. and G.M. theorem, and that the converse 
of the theorem is not true. 

A Theorem in hiequalities. 

The theorem is that, iipr denote the mean value of the products of 
n positive quantities taken r together, then 

jpi» p*j» p\^ - pT 

are in descending order of magnitude. 

The following proof depends on the theory of equations. 
The roots of the equation 

/ (af) = a!--n .i,,x-'+ '^i^^ p,af-'- ... + (-1)>. = 

ai*e the n positive quantities. The arithmetic mean of the recipi-ocals 
of the n roots of / {x) = exceeds the geometric mean. This gives 

Also, the roots of / (jr) = being real and positive, so are those of 
f (ar) = 0, /" (x) = 0, Ac. The same consideration applied to the 
roots of these equations in turn gives 

Pn'2 ^Pm-I » Ptk-Z ^ Pn-2 ' *^' *^- 

Mr. Love sends the following note : — 

Since my paper " On the Motion of Paired Vertices with' a Com- 
mon Axis " in this volume of the Proceedings (pp. 185-194) was 
published, I find that the problem there treated has been previously- 
discussed by W. Gr(5bli. His. dissertation, " Specielle Probleme iiber 
die Bewegung geradliniger paralleler Wii'belfaden," is published in 
the Vierteljahrsschrift der Naturforachenden Gesellschaft in Zurich^ 
1877. The author determines the actual path of each of the vortices 
in the combination, and gives figures for a number of special cases ; 
he does not consider the relative motions of the two vortices on the 
same side of the axis of symmetiy. 
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